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PREFACE

With the advent of modern functional analysis and the theory of distributions it
became possible in the early 1950's to systematically explore and develop the
theory of partial differential equations (PDE) to a degree previously unimaginable.
One important feature of this work was the determination of "natural" spaces of
functions of distributions in which to pose various differential problems. Then
linear differential operators were treated as abstract linear operators A mapping
a domain of definition D(A) CF into G for suitable locally convex topological
vector spaces F and G. The abstract operational properties of A were studied
and existence-uniqueness theorems for example were then deduced as results in
operator theory. This kind of approach was extensively developed also for certain
types of nonlinear problems beginning in the early 1960's. In theoretical and
applied work in other aspects of PDE one frequently has recourse to these now well
established operational methods and distribution techniques. It is no accident
that this material interacts naturally with various geometrical and variational
points of view for example and enriches studies in these contexts. Much of this
material already appears in book form but research continues and we will report on

some recent work as indicated below.

One fascinating area of study which took form in these years involves abstract
evolution equations of the form du/dt = A(t)u with u(0)= ug- Here t~u(t) is
an F valued function of t with u(t) € D(A(t)) where we shall confine our
attention to families of densely defined linear operators A(t) in F. Investi-
gations of such problems played off operator properties of the A(t) against
properties of d/dt to produce a variety of powerful results and in this spirit
one is led to study ordinary differential equations (ODE) with operator coeffi-
Re)

cients of the form (Dt = d/dt; = Diu)

m
(1.1) T

A (0)Du = £
j=0 ¢
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where the Aj(t) could be thought of as arising from differential expressions in
n "space' variables (xl,...,xn) = x but could of course also be more general
operators (e.g. pseudodifferential operators). These could represent evolution
type problems with Cauchy data u(j)(O) = uj (0 < § <m~1) prescribed (or
incomplete Cauchy data u(j)(O) = uj for some j € {0, m-1}); although we will

usually take Am(t) = 1 this is not necessary. Similarly systems of the type

.
(1.2) d_an+E o) =0

t 0

can be studied where o is an F" valued m vector and Alt) = ((Aij(t))) with

linear operator entries A,,(t). To formulate guidelines under which problems of

13
the form (1.1) - (1.2) will be tractable let us think of the Aj(t) as arising
o o
from differential expressions of the form Zaja(x,t)Dz where Dz = Dll...Dnn

with Dk = a/axk. Now the D commute in an obvious sense and generate groups

k

Tk(E) = exp EDk in saf CO(Rn) where Tk(E)f(x) = f(xl,... + g,...,xn). Not

)xk

surprisingly these features interact naturally with d/dt and corresponding to

the case where the aju(x,t) = aju(t) are independent of X one considers in

general spaces F a family A, of densely defined commuting operators generating

k

one parameter groups Tk(E) = exp EAk in F with Aj(t) = Zaja(t)Au =

o o
1 n o
e . = L. A
Zaju(t)Al An Such situations as well as systems with Aij(t) Zalja lead

to a variety of interesting solvable problems which will be discussed below.

Some siutations involving noncommutative families Ak are also discussed. Another
related tractable situation occurs when F 1is a Hilbert space and spectral methods
may be employed. For example let F = Lz(Rn) and recall that 1 B/BXk = (—A)%Rk

1
where the Riesz operators Rk are continuous in F and A =1 + (-L\)’i is a

densely defined positive selfadjoint operator. Assuming that aju(x,t) = aju(t)

L~ k
again we have Ia, (t)Da = Ia, (t)(-i)‘a‘Ru(A - l)la‘ = la, (t)RuA where
a o dax ja Jka
Ra = Rll...Rnn. Thus in terms of one nice unbounded operator A and a commuting
family Rk of bounded operators we can write Aj(t) = Zgjk(t,R)Ak with continuous

polynomial valued operator functions t = gjk(t,R) ()R®. Similar remarks

= gajka
apply to systems. We will present some recent results for ODE with operator

coefficients of the types indicated and relate some of the results to formulas in
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operational-calculus. Some variable domain operator problems with Ak = Ak(t) are

also treated as well as various other techniques for higher order equationms.

We wish to emphasize here that the use of operator methods to solve differential
problems represents a great achievement of mathematics in the last 25 years or so.
It is not an artifical construction of effete snobs to avoild messy analysis in LP
(and generate publications) but rather a synthesis of such contexts which isolates
the important natural features and produces elegant general theorems. Anyone who
struggled with differential problems in the early 1950's surely must be impressed
and gratified by the power and economy of these methods. Some of that messy analysis
was misguided, repetitive, or unnecessary and came about because the wrong problem
was being studied or the important features were obscure. One difficulty was to
find the right spaces in which the differential expressions would have good proper-
ties when realized as operators in these spaces. Today some messy analysis is still

usually necessary (and healthy) but it can be better focused.

Another aspect of the material discussed in this book can be illustrated by the

following examples of ''related" differential equations. Consider the problems

2
(1.3) u, - A"u = 0; u(0) = Uy
2
(1.4) Ve T A"w = 0; w(0) = ugs wt(O) =0
(1.5) + 4%z = 0; 2(0) =
. ztt = U3 UO

where A 1is an appropriate linear operator in a separated, complete, locally
convex topological vector space F (wherein u(t), w(t), and =z(t) take their
values) and U, € D(Az). For example F could be E = E(R) (= cw<m) with the
Schwartz topology), or D' = D'(R) , with A = d/dx, in which case we would be
dealing with certain Cauchy problems for the heat and wave equations and a half
plane Dirichlet problem for the Laplace equation. As will be proved later, under

suitable hypotheses it is possible to connect the solutions of (1.3) -~ (1.5) by

integral formulas of the form
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(1.6) u(t) = J K(t,T)w(t)dT
0

1.7) z(t) = I I(t,T)u(t)dT
0

(1.8) z(t) = I H(t,Dw(T)dT
0

where the kernels K, I, and H are given by

(1.9)  K(t,1) = (mt) Zexp(~r2/4t)

s -

(1.10) I(t,T) %—ﬂ tT exp(—t2/4T)

2

th_l(t + Tz)_l

(1.11) H(t,T)

(and one checks easily that (1.8) follows from (1.6) and (1.7)). On the other

hand in terms of operational calculus .the solutions can be expressed formally as
(1.12) u(t) = exp(Azt)uo; w(t) = cosh(At)uO; z(t) = exp(iAt)u0

such that the formulas (1.6) - (1.8) are known integral transforms when A 1is
replaced by a parameter *A. One objective in this monograph will be to report on
some relationships of this sort and show how they arise via transmutation. In

fact we develop in Chapter 2 a formalism based on the transmutation concept which
connects eigenfunction transform kernels of ODE and displays the transmutation
operator accordingly; numerous examples are given. As a byproduct one obtains a
new derivation of inversion formulas such as the Hankel transform. Using the idea
of a generalized convolution this also yields elegant expressions for the solutions
of certain PDE. An abstract treatment of generalized translation operators is also
given and the application of transmutation methods to problems in inverse scatter-

ing theory is indicated. An abstract transform theory is also developed.

In order to make the abstract presentation of differential problems more accessible
we have included an appendix wherein certain basic facts from functional analysis,
distribution theory, etc. are outlined. Such material is of course standard

knowledge for specialists but it should be helpful for graduate students or others
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to have it readily available here. We suggest that the reader glance at the
appendix before reading the text since specific references to the appendix will not
be made. Standard notations will be used throughout and in this regard if a
reference to formula (x.y) appears in a given chapter it means (x.y) of that
chapter. If a reference (x.y.2z) appears it means formula (y.z) of Chapter x
while a reference (I.y.z) (resp. (A.y.2)) means formula (y.z) of this Preface

= Introduction (resp. Appendix 1). Theorems, Lemmas, Remarks, etc. will be
labeled consecutively. We have also found it useful to state various '‘formal"
theorems wherein nothing is really proved or assumed beyond the formalism but
precise versions of the result appear later as theorems or examples; such theorems

are denoted by the symbol Theorem x.y(F).

The author would like to express his gratitude to Leopoldo Nachbin for his
encouragement to write a monograph for the Notas de Matematica series. This

resulting contribution is dedicated to my children David and Malcolm.
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CHAPTER 1

GENERAL TECHNIQUES

1.1 Preliminary results. In order to deal with ODE having operator coefficients
there are many techniques available when F 1is a Banach or Hilbert space (see
Remark 1.9 for some references). However for various reasons, some of which are
connected with properties of solutions, it is essential to work in "larger" spaces
¥, which for convenience will always be assumed to be complete, separated, locally
convex topological vector spaces. It will be instructive to begin our discussion
with some constructions having immediate application to problems of obvious interest
and to proceed from such particulars to more general theorems. For background
material on functional analysis let us refer to Bourbaki [1; 2], Carroll [4],
Horvath [1], Kothe [1], Reed-Simon [1], Schaeffer [1], and Treves [1]. First let
h € CN(R; F) (i.e. h{(x) EF for x € R, and as an F wvalued function of

x€ R, h is N times continuously differentiable in the topology of F). As a
topological vector space CN(R; F) 1is assumed to have the topology of uniform
convergence of the functions and their derivatives of order < N on compact
subsets of R . It is known that CN(]R; F) = CN(]R) ée F where CN(IR) = CN(]R; T)
and ée denotes the completion of CN(R) ® F in the € topology of uniform
convergence on products of equicontinuous sets in CN(R)' x F' (cf. Schwartz

[2; 3] and Treves [1]). If KC R is compact then CN(K) = CN(K; L) has the
natural Banach topology with CN(K; F) = CN(K) @E F as above. Let now hu =

\Y

th 8 f; + h in CN(R) @E F where h; € CN(R) and fu € F (finite sum in V).

. \YJ
Then we are able to define <S,h> = <h,S$> = lim<ha,S> = 1lim Z<h§,s>fa for
S € CN(R)' since taking B' C F' equicontinuous, one knows that <hq,Sxf'> =
<<h ,§>,f'> = I<h’,$> <f°,f'> > <h,Sxf'> = <Sxf',h> uniformly for f' € B'. But
o o a

this asserts that <h@,S> converges in F, tc what we define as <h,S>, since if

00
V 1is a closed convex disced neighborhood {(nbh) of O in F then V =V with
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v® = B equicontinuous (v’ denotes F - F' polarity) and the topology of F

colncides with the topology of uniform convergence on equicontinuous subsets of

F'. This leads to

Definition 1.1 If h € CN(R; F) and S € CN(R)' then <S,h> = <h,$> € F ig

well defined,

Remark 1.2 It is of particular interest to apply this construction to the case
where S € E' = E'(R) 1is of order < N with supp SC 1L = {x 1] < o < =},
Set K={x: |x| <a+¢e} and let h€ CN(K; F). Then by Schwartz [1] S €
CN(K)' and we can define <h,$> = <§,h> € F as above. This will be of use when
working with hyperbolic problems (cf. Carroll [5; 6; 12; 13; 14] and Carroll-

Showalter [8]).

Lemma 1.3 For L C R compact the composition § - <S h> : CN(L)' + F 1is con-

tinuous for any h € CN(L; F) fixed.

Proof: CN(L) is a Banach space, hence barreled, and bounded sets in CN(L)' are
consequently equicontinuous. Let Sn + 0 in CN(L)' and set A' =

{s € CN(L)' : ]]Sl]i 1} with B' C F' also equicontinuous. Then if hy =

%hz 8 f; + h in CN(L; F) (finite sum in V) one has the quantity ‘<ha,Sn xf'> -

<h,Snx f'>| uniformly small for o > o and n >n (so that Sn € A') while

0
f' € B'. This means that <h,Sn> - <ha’sn> can be put in any closed convex

(o]

disced nbh V of 0 in F by taking B' =V', n>n, and a > ao(V). But for

o
o fixed one can make each |<h:,8n>, arbitrarily small for n sufficiently
large so that <ha’sn> = E <h;,sn>f§ €V for n> nl(a,v). Consequently

<Sn,h> € 2V for n sufficlently large. QED

Since our construction of <S,h> for S € CN(L)’ fixed shows that h » <§,h> =
<h,S> CN(L; F) » F is continuous one has established now that the bilinear map
(S,h) » <S,h> CN(L)' xCN(L; F) - F is separately continuous. But the Banach
space CN(L)’ is barreled so we know for example (cf. Bourbaki [2] and Horvath

[ihH
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Lemma 1.4 The bilinear map (S,h) * <S,h> : CN(L)' XCN(L; F) > F 1is hypocontinuous

relative to bounded subsets of CN(L; ).

In particular this means that if Sn -+ 5§ in CN(L)' and hn is a sequence with
hn > h in CN(L; F) then <Sn,hn> = <S,;h> in F. We note in this respect that
hn will be a Cauchy sequence automatically and hence bounded (c¢f. Bourbaki [1; 2],
Carroll [4], Horvéth [1], etc.). One remarks also that the continuous map

a/ax @ cNL) 8 F -~ MLy §_F defined by d/dx \z)h: & f) = (d/dx 8 l)\X)h: ® £ =
% d/dx h; ® f; extends by continuity to be a continuous linear map CN(L; F) »

CN-l(L; F) for N > 1.

When working with abstract differential problems in general spaces F as indicated
it is extremely useful to utilize the concept of locally equicontinuous group or
semigroup as developed by T. Komura [1] and Dembart [1] (cf. also Bablola [1],
Komatsu [1], Lions [1], Lofstrom [2], Miyadera [1], Oucii [1], Schwartz [4],
Waelbroeck (1], Yosida [1], etc. for various other general semigroups - for the
standard strongly continuous semigroups in Banach spaces see Hille-Phillips [1]).
We recall that a closed densely defined linear operator A in F 1is said to
generate a group T(x) € L(F) provided T(x)T(y) = T{x+y) for x,y € R, T(0) =
I, and 1im(T(x) - I)f/x = Af as x > 0 for f € D(A). We will be concerned
primarily with groups T(x) and simply mention that semigroups arise in the same
way except that T(x) 1is only defiﬁed for x > 0. The group T(x) is said to be
locally equicontinuous if x = T(x)f € CO(F) for any f € F while given any
(continuous) seminorm p on F there exists a (continuous) seminorm q on F
such that p(T(x)f) < q(f) for [x| Sx <@ (any finite x  will do). The
group is equicontinuous if this last condition holds for all x € R and will be
called quasi-equicontinuous if p(T(x)f) < q(f)exp a[x[ for some a (x € R).

In general with any of these groups or semigroups it is well known that d/dx T(x)f=

AT(x)f = T(x)Af when f € D(A).

Example 1.5 Let F = CO(R) with the topology of uniform convergence on compact

subsets of R . The operator A = d/dx generates a locally equicontinuous group
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T(x)f(y) = f(x+y) which is not equicontinuous.

We will now sketch formally an important technique due to Hersh [1; 2] for treating
differential equations with operator coefficients (precise theorems are spelled

out when needed). The method was first developed by Hersh for Banach spaces F

and later extended to general F by Carroll [5; 6] using the construction <S$,h>
of Definition 1.1; it has proved very useful in the study of various abstract
differential problems (cf. Bobisud-Hersh (1], Bragg [1], Carroll [5; 63 12; 13; 14;
15; 163 17], Carroll-Showalter [8], Donaldson [1; 2; 3; 43 5; 73 8], Donaldson-
Hersh [6], Hersh [1; 2; 3]1). The idea goes as follows, assuming everything makes

2
sense., In (I.1.1) let Aj(t) = 2 ajk(t)Ak where A 1is a densely defined linear
0

operator in F generating a suitable one parameter group T(x) = exp Ax. We set
m 2 _—

(1.1) P(t,D,A) = | ] a,k(t)DiA.
3=0 k=0

m .
so P(t,Dt,A) = X Aj(t)Di and consider the abstract Cauchy problem for t > 0,
0

ue€ dY(m),

_a. (1 _ .
(1.2) P(t,Dt,A)u =0; u (0) = uj (0<j<m-1)

M,
where uy € p(a J) for suitable Mj. Now replace A by -D, = -d/dx and look
for distributions Gn(t,x), 0 <n<m-1, satisfying
(1.3) P(t,D ,-D.)G_ = 0; DG | = § . 8(x)
>7t? k' n ’ t n't=0 nk

where 5nk is the Kronecker symbol and 0 < k < m-1 (cf. Carroll [4], A. Friedman
(11, Gelfand—gilov [1; 25 3]1). There is an obvious abuse of notation in writing
Gn(t,x) for a distribution G € Dé,x but we will employ this notation anyway
since no confusion is likely to arise. Assume now such Gn exist and that a suit-
able distribution pairing or bracket <Gn(t,-), h{+)> € F can be defined for the
corresponding Gn(t,-) € P'(R) and appropriate h(+) € CQ(R; F) of the form

h(x) = T(x)un for large enough Q (this may involve growth at @, etc., and will

be illustrated by examples below). Then formally a solution of (1.2) can be

written as
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m=-1
(1.4) u(t) = nzo<cn(t,-), T(+)u >

since we have then formally

k ml o
(1.5) poul,_g = 2 <G (t,*), T()u >[ o
n=0
m—1
= 3 <8 8, T(Hu > = u
n=0

for 0 <k <m-1 while, since AkT(-)un = DET(‘)un, the differential equation in

(1.2) takes the form

m .
(1.6) P(r,D ,A)u = jZOAj(t)Diu -

o 2 ik m—1
jzo kZoajk(c)DCA nz()(G“(t’.)’ T(-)u > =

m-1
P <1

()pde_(e,+), ATy > =
. k tn n
n=0 j,

a,
Kk J

m-1
J<a

JipHyk . . =
RS jk(c)Dt( D) Gn(c, ). T( )un>

m-1
3 <P(t,D ,-D )G (t,*), T(*)u > =0
n=0 t X n n

The key fact of course is that AT(-)un = D,T(*)u while <G_(t,*), D h(*)> =

<(-Dx)Gn(t,-), h(+)> for a reasonable distribution pairing. We summarize this in

Theorem 1.6(F). Under the types of hypotheses indicated let the Gn satisfy (1.3)

and let u(t), given by (l.4), be well defined. Then u satisfies (1.2) formally.

Example 1.7 As a simple but important application of this technique let us apply
it to the problem (I.l.4) when A generates a locally equicontinuous group T(x)

in F. We are led to consider

(1.7) Gtt - GXX = 0; G(0,x) = 8§(x); Gt(O,x) =0

The (unique) solution of (1.7) is evidently G(t,x) = %[6(xﬂ't) + 8(x-1t)] and for

u, € D(AZ) we write the solution of (I.1.4) as w(t) = <G(t,=), T(-)uo> where
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upon restricting t to be suitably finite (e.g. t < T < @) the bracket can be
defined rigorously as in Remark 1.2. 1Indeed in this event the &-functions in G
have support at x+t =0 and x -t =0 so |x] < T where we will assume

T < X and take say L = {x : \x] < T} with K = {x : ]x' < xo} where X is
the number associated with the locally equicontinuous group T(x). Upon evaluation
of <G(t,*), T(-)u0> we obtain w(t) = %[T(t) + T(—t)]u0 = cosh(At)u0 as indicated
in (I.1.12). Note here that from the specific nature of <G(t,+), T(-)u0> in this
case it is clear that A2<G(t,'), T(')u0> = <G(t,*), AZT(-)u0> for uy € D(Az).
Finally in order to obtain Dt<G(t,-), T(')u0> for example we write AG = G(t,*) -
G(to,‘) and look at 1im<AG/At - Gt(to,'), T(')u0>. Since AG/At - Gt(to,') >0
in Cl(K)’ it follows by Lemma 1.3 that Dt < G(t,*), T(°)u0> = <Gt(t,-), T(°)u0>

in F.

To show that the w(t) constructed above is the unique solution of (I.l.4) suppose

w 1is any solution of W o~ A2w =0 in C2(F) with w(0) = wt(O) = 0. Let us
write G(t,s,x) for the solution of G, - G _ =10, G(s,s,x) = 8§(x), and

tt XX
Gt(s,s,x) =0 (0<s<t) sothat evidently G(t,s,x) = %[6(X +t - s) +
x+t-s
§(x - t +s)]. Similarly let H(t,s,x) = % J §(E)dE (integral in E'(R) -
x-t+s
see e.g. Bourbaki [3; 4; 5] or Carroll [4] for vector valued integration) be the
solution of H - H =0, H(s,s,x) =0, and H (s,s,x) = 8(x) (0 < s < t).
tt XX t - -

It is easily checked that Hs = -G and Gs = —Htt = -Hxx' We use now a technique
for uniqueness in this simple example which is a substantial variation of a pro-
cedure of Fattorini [l] and Hille [2] and was developed by Carroll [5; 63 12; 13; 14]
and Carroll-Showalter [8] to apply to much more general second order singular and
degenerate hyperbolic problems (cf. also Carroll [16; 17], Donaldson [4; 5; 7], and

later sections of this chapter). We consider the function ¢(t,s) = ¢,(t,s) +
1

¢2(t.S) where

It

(1.8) ¢1(t,5) <H(t,s,*), T(')ws(S)>;

¢2(t,s) = <G(t,s,*), T(*)w(s)>.
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The brackets make sense as before and for completeness we will check the continuity
and differentiability of ¢1 and ¢2 as functions of s (0 < s < t)., Here we
recall that Vg " A2w =0 with w€ C2(F) and w(0) = ws(O) = 0, First, recall
that one need only consider sequences s, > Sy to determine continuity, etc. of
functions defined on R (cf. Carroll [4]), so let Sy - S, and consider for
example A¢2 = <G(t,sn,'), T(’)w(sn)> - <G(t,so,°), T(-)w(so)> =

<G(t,sn,'), T(')w(sn)> - <G(t,so,-), T(-)w(sn)> + <G(t,so,'), T(‘)w(sn)> -
<G(t,so,°), T(')w(so)>. Now is p is a (continuous) seminorm on F we have
p(T(x)w(sn)) < q(w(sn)) for some (continuocus) seminorm q on F (here ]xf < X
<« for suitable X when t < T < X, as above). But w(sn) is a Cauchy
sequence in F, hence bounded, so q(w(sn)) will be bounded. Thus T(x)w(sn) is
bounded in CO(K; F) for suitable compact K as above and AG = G(t,sn,') -
G(t,so,-) + 0 in CO(K)'; hence by Lemma 1.4 <AG, T(')w(sn)> + 0. Similarly for
Aw = w(sn) - w(so),p(T(x)Aw) < gq(w) >0 for xE€K (i.e. T(x)Aw > 0 in

CO(K; F)) and hence <G(t,so,-), T(*)Aw> + 0. This proves the continuity of
¢2(t,-) and that of ¢1(t,-) follows by a similar argument. For differentiability

we consider first (B/BS)¢2(t,s) which formally can be written (3/Bs)¢2(t,s) =

<Gs(t,s,‘), T(+)w(s)> + <G(t,s,*), T(')ws(s)>. Then with As = s, -~ 8, we look at

A
2. 06 o
(1.9) e < As’ T( )W(Sn)>

Aw
+ <G(t,So,'), T(*) s >

Now, with a view to applying Lemma 1.4 again, AG/As ~ Gs(t,so,°) in Cl(K)' and
T(x)w(sn) will be bounded in Cl(K; F) since (d/dx)T(x)w(sn) = AT(x)w(sn) =
T(x)Aw(sn) will be bounded in CO(K; F) as well as T(x)w(sn)‘ To see this it

is clearly sufficient to verify that Aw(*) 1is continuous when w(*) and A2w(')
are continuous. This "obvious" fact actually needs a little proof which we supply
for completeness. Thus (cf. T. Komura [1]) when x E»Xo for example one can write

X n
(T(x) - I)w(sn) = J T(n)Aw(sn)dn and (T(n) - I)Aw(sn) = J T(E)Azw(sn)di go that
o o
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(1.10) (T(x) - I)w(sn) =

X n 2
J [Aw(sn) + J T(E)A w(sn)dE]dn

o o
X N )
= wa(sn) + J J T(E)A"w(s_)d&dn.
o ‘o n
X (N 9
But (T(x) - I)w(sn) > (T(x) - I)w(so) and evidently J J T(&)A W(sn)dgdn >
X (N o ‘o
J J T(E)Azw(so)didn. Thus XAW(Sn) and hence Aw(sn) converges with w(sn) S0
o“‘o .
that Aw(sn) - Aw(so) since A 1is closed and consequently Aw(e) € CO(K; F).
Therefore Lemma 1.4 applies to the first bracket., For the second bracket in (1.9)
we know Aw/As -+ ws(so) in CO(K; F) since w€ CZ(F) and hence the bracket tends
to the desired expression. Next we look at (3/35)¢1(t,s) = <Hs(t,s,-), T(')ws(s)>

+ <H(t,s,*), T(')wss(s)>. In view of previous arguments there is obviously no

problem in justifying this formula. Since now H_ = -G and G_ = -K__ we obtain
(1.11) E% (t,s) = <H_(t,s,*), T(-)ws(s)> +

<H(t,5,%), T(Du_ ()> + <6_(£,5,%), T()u(s)>

+ <G(t,s,*), T(')ws(s)> = <H(t,s,*), T(')wss(s)>

- B (,5,0), T()u(s)> = <H(t,s,+), T()lw__ - A%w]> = 0.

Here we observe that for suitable K as above with supp H(t,s,*) C L CK we can
transport DX around under the bracket <, > in a distribution sense as was done
formally in (1.6). Therefore ¢(t,t) = w(t) = ¢(t,0) = 0 and w(t) = 0. This

concludes our discussion of Example 1.7 and we state the result as

Theorem 1.8 Let F be a complete separated locally convex space and let A
generate a locally equicontinuous group in F. Then the unique solution of (I.1.4)

in C2(F) is given by w(t} = cosh(At)uo.

This theorem is a special case of more general results to follow but it has been
proved as an illustrative example to introduce various techniques. We will give

another such result for (I.1.3) before proceeding to general equations and systems
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in Section 2 (see Example 1.10).

Remark 1.9 Differential equations with operator coefficients and operational
differential equations in various spaces have been studied extensively in the last
25 years or so and a complete bibliography would be virtually impossible to
assemble. In addition to the references already cited in this respect, let us
mention however a few others which contain valuable background material, provide
other points of view, or have in some way influenced our thinking. For material in
book or lecture note form, information involving both ordinary and partial
differential operators in Hilbert space (linear and nonlinear) can be found in
Akhiezer-Glazman [1], Berezanskij [1], Brezis [1], Caldercn [1], Coddington-Levinson
[1], Ekeland-Teman [1], Foias-St. Nagy [2], Garding [1], Garnir [1], Gohﬁerg—Krein
[1], Lax-Phillips [1], Naimark [1], Showalter [1], and Stone [1]; developments of
the theory 1in Banach and other spaces appear in Aubin [1}, Barbu [1], Berger [1],
Browder [1], Colojoara-Foias [1], Courant-Hilbert [1], Daleckij-Krein [1], Dunford-
Schwartz [1}, Duvaut-Lions [1], Ehrenpreis [1}, A. Friedman [2; 3], B. Friedman [11],
Goldstein [4], Hille [3], H6rmander [1], Kato [4], Krein [1], Ladas-Lakshmikantham
[11, LadyZenskaya—Uraltzeva [1], LadyZenskaya-Solonnikov-Uraltzeva [2], Lakshmikan-
them-Leela [1], Lions [4; 5; 6; 7], Lions-Magenes [8], Martin [1], Massera-Schaeffer
[1], Maurin [1; 2], Palamodov [1], Pascali [1], Schechter [1], Sobolev [1], Strauss
[1}, Treves [2; 3; 4; 5], and Zaidman [1]. Some further papers dealing with differ-
ential problems in general spaces or in distribution spaces are Carroll [1; 2; 3],
Dettman [2; 4], DuChateau {1], Fattorini (2], Foiag-Gussi~Poenaru [1], Million8&€ikov
{11, Ovsyannikov [1], Schwartz [5), Sebastiao-Silva [l; 2], Steinberg-Treves [1],
and Treves [5; 6; 7]. We will omit any discussion of hyperfunctions, ultradistribu-
tions, microfunctions, etc. beyond mention of Komatsu [2] and Shapira [1]. For
problems in abstract operator equations and abstract boundary value problems see
Aubin [2), Browder [2; 5; 6; 7], Calkin [1], Carroll [7; 27; 28; 30], Cordes [1],
DaPrato [1; 2; 4], Dezin [1], Milman [1]), Vi8ik [2], and Wyler {1]. For linear
abstract evolution problems and semi-groups see for example Balakrishnan [1; 2],

Beals [1; 2], Emami-Rad [1], Feller [1], Goldstein [1; 2; 3; 5], Goldstein-Sandefur
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[7; 81, Grisvard [1], Hackman [1], Kato-Tanabe [1], Kato [2; 3], Kisynski [1],
LadyZenskaya (3; 4], Lyubi¥ [1], Phillips [1], Poulsen [1], Raskin-Sobolevskij (1],
Sobolevskij [1], Tanabe [1], ViSik [1], and Vigik—Ladyzénskaya {3]. Some abstract
Cauchy problems are treated by spectral methods in Carroll [18; 19; 20; 21; 227,
Carroll-Neuwirth [23], Carroll-Wang [29], Sandefur [1), and Walker [1]. Variable
domain abstract evolution problems are studied in Baiocchi [1; 2], Bernardi [1],
Bernardi-Brezzi [2], Carroll [31], Carroll-Cooper [24], Carroll-State [25], Carroll-
Mazumdar [32], Cooper [1], Kato [6; 7], and Mazumdar [1; 23 3; 4]. Some fundamental
papers on nonlinear evolution problems, nonlinear semigroups, variational inequali-
ties, etc. are Bardos-Brézis [1], Brézis [3], Browder [3; 4], Crandall [1],
Crandall~Pazy [2], Crandall-Liggett [3], Dorroh [1], Kato [5], Y. Komura [1],
Lagnese [1; 2], Leray-Lions [1], and Segal [1]. For Sobolev equations see the book
of Carroll-Showalter [8] and for example Galpern [1], Lagnese (3; 4; 5], Levine

[4], Rao [1], Showalte; [6; 7; 8; 9; 10], Sobolev [2], Ting (1]. For operational
calculus let us mention Berg [1], Bozinov (1], BoZinov-Dimovski (2], Churchill [11,
Ditkin-Prudnikov [1], Doetsch [1], T. Donaldson [1], Erdelyi [2], B. Friedman {2],
Groetsch (1], Hirschman-Widder (1], Jury [1], Krabbe [1], Laptev [1], Lighthill (1],
Maslov [2], Mikusinski [1], vander Pol-Bremmer [1], Rubel [1], Sneddon [1],

Struble [1; 2; 3], Ungar [1; 2; 3], Zemanian [1].

Example 1.10 We will now solve (I.1.3) and produce the connection formula (I.1.6)
relating solutions of (I.1.3) and (I.1.4). Such formulas have led to the concept
of related differential equations studied mainly in a concrete analytical setting
by Bragg [1; 2; 3; 4; 5], Bragg-Dettman [6; 7], and Dettman [1; 2; 3; 4]. Such
problems are also connected with the idea of transmutation of operators developed
by Delsarte {1], Delsarte~Lions [2; 3], Hutson-Pym [1; 2], Levitan [1; 3], Lions
{2; 3; 4), Mar%enko [1; 3], and Povzner [1]; this will be discussed in detail later
and further references given. First let us look at (I.1.3) and apply the Hersh

technique as in Example 1.7, Thus one considers

(1.12) Gt - Gxx = 0; G(0,x) = §(x).
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A solution to this is easily seen to be G(t,x) = 5 K(t,x) where K 1is given by

(I.1.9). This can be derived for example by taking Fourier transforms in (1.12)

2

in X to obtain ét +s°CG =0 with 6(0,5) = 1 where we use the Fourier trans-

{os]
form ¢(s) = Fo(s) = I d(x)exp isxdx so that (Fo') (s) = -is@(s). Thus a(t,s) =
-_00

exp(—szt) and it is known that f; % K(t,x) = exp(—s2t) (cf. Titchmarsh [1]).

Let now A generate a quasiequicontinuous or equicontinuous group T(x) 1in a

complete separated space F (recall p(T(x)f) < q(f)exp a|x| in this event). We

consider formally then as a solution of (I.1.3)

(1.13) u(t) = <G(t,*), T(u > = L [ K(t,x)T(x)u _dx
o 2 oo o
= I K(t,x)cosh(Ax)uodx = J K(t,x)w(x)dx
(o] (o]

where w(x) 1is the unique solution of (I.1.4) obtained in Theorem 1.8. Because
1

of the nature of K(t,x) = (7t) ﬁexp(—xz/at) as x > © and the growth estimates

for T(x)uo it is easily seen that the integral in (1.13) makes sense and one can

differentiate under the integral sign for t > 0. This leads us to state

Theorem 1.11 Let F be a complete separated lqcally convex space and let A
generate a quasiequicontinuous group in F. Then the unique solution of (I.1.3)

in CI(F) is given by (1.13).

Proof: It remains to prove uniqueness so we look at the solution of Gt = Gxx for
1 -1 2

t > s with G(s,s,x) = 8(x) given by G(t,s,x) = 5[ﬂ(t-s)] Zexp (-x“/4(t - 8)).

Then let u € Cl(F) be any solution of (I.1.3) with u(0) = 0 and consider for

t

{v

s > 0
(1.14) o(t,s) = <G(t,s,*), T(+)u(s)> =
J G(t,s,x)T(x)u(s)dx.

It is clear that GS = —Gt so formally
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(1.15) ¢y = <Gs(t,s,-), T()u(s)> +
<G(t,5,4), T()u_(s)> = <G(t,s,%), A’T(+)u(s)>
- <Gxx(t,s,'), T(*)u(s)> =0

2
since <Gxx(t,s,-), T()u(s)> = <G(t,s,*), DxT(')u(s)>. The calculations evidently
make sense for quasiequicontinuous T(x) and now from ¢(t,s) = constant we have

o(t,t) = u(t) = ¢(£,0) = 0. QED

There is no need to discuss a fancy bracket <, > here in the manner of Example
1.7 since we put everything immediately in the form of integrals. This could also
have been done in Example 1.7 of course because of the nature of the distributions
G and H. However in general various brackets clearly must be defined and we

continue in this spirit in Chapter 2.

1.2. General systems. For nonhyperbolic problems the distributions Gn which
arise in (1.3) will not have compact support in x and one is obliged to define
pairings <Gn(t,'), T(')un> relative to suitable spaces of F wvalued functions
in x and distributions in x delimited by growth conditions at =~ (cf. for
example the construction in Example 1.10). In this section we utilize pairings of
the type employed by Donaldson [4; 5; 7] when F was a Banach space. We will
continue to work in general complete separated locally convex F, thus generalzing
Donaldson's constructions, and will spell out the details more completely as in
Carroll [16; 17]. For heuristic purposes it seems more appropriate to deal with
single equations separately and then extend the treatment to systems. Thus let
LS(F) be the space of continuous linear maps F » F provided with the strong
operator topology (i.e. Qa » Q 1in LS(F) means Quf > Qf for each fixed

f € F). We consider (1.2) (with u € C"(F)) and for convenience take ajk(t) =
ajk independent of t with Am(t) Z 1; extensions of the theory for continuous
ajk(') are immediate (cf. Theorems 2.6 and 2.8). Let A generate a quasiequi-

continuous group T{(x) 1in F for example so that in particular T(+) € CO(LS(F)).
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Set U(t,x) = T(x)u(t) so U(t,x) 1is an F wvalued function of (t,x) and let
us write U(t,x) - U(to,xo) = T(x)u(t) - T(x)U(to) + T(ule ) - T(xo)u(to). Let
p be any (continuous) seminorm in F and observe that p(T(x)(u(t) - u(to)) <
qu(t) - u(to)) exp a|x| for some (continuous) seminorm q in F. As ¢t -+ ty
u(t) ~ U(to) for u € C°(F) and hence q(u(t) - u(to)) exp o|x| > 0 uniformly
for x near X (xo finite). On the other hand since x =+ T(x) € CO(LS(F)) the
term (T(x) - T(xo))u(to) + 0. This shows that (t,x) » U(t,x) 1is continuous with
values in F for t > 0 and x finite. Next it is evident that T(x)Dtu(t) =
DtT(x)u(t) whereas for t fixed T(X)Aju(t) = DiT(x)u(t) and we want u(t) €
D(AZ) for all terms in (1.2) to make sense. Now operate on (1.2) with T(x) to

obtain
= . k =
(2.1) P(Dt,Dx)U(t,x) = 03 DtU(O,x) = T(x)uk

for 0 <k <m-1 where we have written P(Dt’A) = P(t,Dt,A)- Note here we will
be working with P(Dt’Dx) instead of P(Dt,-DX) as in the Hersh technique in

Section 1.1.

Now if (2.1) can be solved then wu(t) = T(-x)U(t,x) will be formally a solution of
(1.2) so let us concentrate first on (2.1). TFor fixed t it is useful here to
regard U(t,+) € Ls(®; F) for some suitable space ¢ 2 D(R) of ¢’ test func-
tions. Here LS(¢: F) denotes L(®; F) with the strong operator topology (i.e.
Qa +Q in Ls(®; F) means Qa(¢) + Q(¢d) in F for each ¢ € d). The puairing
will be denoted by <U(t,*), ¢(+)> € F and since U(t,*) is a continuous F

o
valued function we can write <U(t,<), ¢(+)> = J U(t,x)d(x)dx (Riemann tvpe

—® %0
integral in F) and this can also be written for fixed t as (J T(x)d(x)dx)u(t)

—®

with the integral in LS(F). The space ¢ must be chosen in accordance with the
nature of the group T(x) and with the growth properties of certain multipliers
an(t,s) and an(t,T,s) defined below - examples will be given. We will want to
take Fourier transforms so let us assume & C §' with F: & » $ a topological
isomorphism and it will be useful to make a blanket hypothesis that ¢ and & are

complete and barreled. Let us recall next the Parseval formula (cf. Schwartz [1])
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<FQ,$> = <Q,F¢> for ¢ € 8 and Q€ S' (S and §' are the standard Schwartz
spaces. If ¢ = F(Y) now one obtains <FQ,Fy> = <Q,FF)> and we observe that

00 00

(Fy) (s) = J Y(x)exp isx dx = J Y(-8)exp(-1s£)dg = 2ﬂ(F—IW(—x))(s). Hence
(FFY) (x) = 2m(-x) and ome has <FQ,Fy> = 2m<Q,y(-x)> (cf. Gelfand-Silov [1]).
It is in this way that one defines 6 = FQ formally as an F-valued linear operator

on Fo =20 given that Q € LS(Q; F).

Definition 2.1 Let Q€ LS(¢; F) and define FQ = 6 € Ls(g; F) by the rule
<a,$> = 27<Q,$(~x)> € F for $ € & where ¢ =Fp and F 1is a topological

isomorphism ¢ - 3.

This definition was used by Donaldson [4; 5; 7] for F a Banach space and we will
show now that it makes sense for general F. First let $a - $ in & so that

6 =F $u +F 8 =¢ in 0. Then <Q,¢,(-x)> > <Q,6(-x)> in F since QE€
LS(¢; F) and hence ¢ =+ 27<Q,¢(-x)> 1s a (uniquely defined) continuous linear map
a : 6 + F the action of which we denote by <6,$>. Consequently a is well
defined and Q - 6 : LS(Q; F) » Ls(a; F) is clearly onto. Now let Qa + Q in
LS(®; F) so that for fixed ¢ € & one has <Qa,¢(-x)> + <Q,¢(-x)> in F; it
follows that <au,$> > <6,$> in F and the map Q - a : LS(¢; F) » Ls(i; F) is
continuous. Similarly if au > a in Ls(é; F) then QOL +Q in LS(Q; F) so we

can assert

Proposition 2.2 The map Q -~ 6 : LS(¢; F) > Ls(é; F) of Definition 2.1 is a topo-

logical isomorphism for amy complete separated locally convex F.

We observe in passing that the standard formulas (DXQ)A = —isa, etc., are pre-
served since one has for example <(DXQ)A,$> = 2ﬂ<DxQ,¢(-x)> = ~2ﬂ<Q,Dx¢(-x)> =
2m<Q,¢' (-x)> = <a,(Dx¢)A> = —is<6,$>. Now apply this Fourier transform Q - 6
to U{t,*) for t fixed in (2.1) so that writing ﬁ(t,s) for FXU(t,-) we have

~ kn ~_Na
(2.2) P(Dt,-is)U(t,s) = 0; DtU(O,s) = T(')uk(s)

for 0 <k <m-1. In conjunction with this problem we consider the ordinary

differential equations (ef. (1.3))
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L \a Ca. oka _
(2.3) P(D_,-1s)G_(t,s) = 0; Dth(O,s) = dnk

(0 <n,k <m-1). Assume that the equations (2.3) can be solved for an(t,s) which
are multipliers in 3 for each t and suitably differentiable in t with values
in Ls(é) as multipliers (examples will be given later). Then the solution of

(2.2) can be written formally as

. m-1, PN
(2.4) U(t,s) = ¥ G (t,8)T(*)u_(s)
L 7n n
n=0
and taking inverse Fourier transforms we obtain the formula (Gn(t,') = F_lén(t,s))
m-1
(2.5) U(t,x) = ) G (t,)*T()u_ =
£ n n
n=0
m-1 (o
n% L;%&,DTQ—Eh%ﬂ

There is some conscious abuse of notation in writing integrals for distribution
action but this should cause no confusion. We will continue in a formal manner to
prove the following theorem; a more precise statement and a rigorous proof are

contained in Theorem 2.6 to follow but this result seems worth stating separately.

Theorem 2.3(F). Let ¢ be a space of ol test functions where D C & C S' with
F:d-» 5 a topological isomorphism; ¢ and % are also assumed to be barreled
and complete. Let T(x) € L(F) be a suitable group generated by a closed densely
defined operator A in the complete separated locally convex space F with u, €
D(Al) and T(‘)un € Ls(¢; F). Suppose t = an(t,s) € Cm(Ls($)) as multiplier
functions (i.e. the Dtan(t,s) are multipliers In ¢ for 0 <k <m depending
continuously on t 1in Ls(a)). Then G(t,s) is a solution of (2.2) in Ls(@; F),

U{t,x) satisfies (2.1) in LS(Q; F), and a solution of (1.2) is given formally by

the formula

m-1
(2.6) u(t) = T(-x)U(t,x) = § <G {t,*), T{-*)u >
n=0 n n
m-1 g
= nzo J_wcn(t,g)T(-a)undi

i - «)AT (> = YRT (o i
provided T( x)[Gn(t, YFT( )un] [Gn(t, Y#T( )un]x=0 makes suitable sense.
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%
Proof: Calculating formally one has from (2.6) (Aj = Aj(t) = g ajkAk = Pj(A))
T i
(2.7) P(D_,A)u(t) = § AD =
1=0
m-1 m 5
L <) DG (t,), P (AT(-")u > =
n=0 i=0
m-1 m i
= 7 <.2 DG (t,*), P (-D)T(~*)u > =
n=0 i=0
m-1 m 1
) <'E D P (DG (t,*), T(~)u > =
n=0 i=0
m-1
I <P(D,\D G (t,), T(-*)u > =0
n=0

since from (2.3) P(Dt,Dx)Gn(t.x) = 0. Further because Dth(O.x) = dnké(x) by

(2.3) we obtain Dtu(O) = u for 0 <k <m-1. QED

To obtain uniqueness theorems for the solution u(t) of (2.6) for (1.2) we look at
uniqueness for (2.2) and employ a variation of a technique developed in Carroll

[12; 13; 14] and Carroll-Showalter [8] which was indicated here already for the

wave equation in Example 1.7. The uniqueness argument in Donaldson [4; 5; 7] for
Banach spaces is incomplete (although correctly displayed in Donaldson [8]) and

the present exposition following Carroll [16; 17], in the rigorous form given below
for systems, serves to generalize and complete this argument, since in the present
context the two approaches are shown to be equivalent. The uniqueness question had
been open for a number of years and earlier proofs by Hersh [1l; 2] and Carroll [5: 6]
required (unnecessary) hypotheses on F' and A*. We proceed formally at first

and will make everything rigorous later. Thus let an(t,T,s) satisfy

~ ) _on. ki _ s
(2.8) P(Dt,-is)Gn(t,i,s) = 0; Dth(T,T,S) Sk

(O<n<m~-1; 0<T<t<T<® 0<k<m-1). One can think of these equations

as arising from a system (0 < k,n < m-1)
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d > R
(2.9) T Gn(t,T,s) = P(-is) Gn(t,T,s);
N —
Gn(T;T,S) = (Gbk)
> 5
where (Gnk) is the column vector with entries énk and G 1is the column vector
ka
(Dth(t,T,s)). We are assuming Am = Am(t) = 1 so the matrix TP(-is) has the
form
0 1 o] 0
(2.10) P(-is) = o} 0 1 e 0
0 0 0 1
-A -Ap A, . -A )

~ L .
where Aj = Pj(—is) =z ajk(—is)k (recall here that P(Dt,A) was written in the
o

4 ]
form £ P,(A)DY - cf (2.7))
o 1 t

~ 5
Now let &(t,T,s) = (Gn(t,T,s)) be the fundamental matrix with entries

kA
Dth(t,T,s) (0 <k,n <m-1) with k denoting the row index and n the

column index. Then one has
d -~ oA

(2.11) I &(t,T,8) = P(-is) &(t,T,s)

with &(T1,T,s) = I and it is well known that
d 2 “ .

(2.12) el €(t,t,s) = -G(t,T,s)P(-is)

(cf. Carroll [4], Schwartz [5]). Such a formula generalizes easily to the case
when P also depends on t (cf below). In particular, applied to the columns
En(t,T,s) of @(t,T,s), we will have various formulas for the terms DTDEan(t,T,s)

of which the most relevant are (0 <n f'm-l)

(2.13) DTGn(t,T,s) = —Gn_l(t,T,s) + Pn(—is)Gm_l(t,T,s)

~

where G_l = 0. Suppose now that T =+ 6n(t,T,s) € Cl(Ls(@)) as multiplier func-

tions of 1. Let G(T,s) be any solution of (2.2) with t replaced by T and
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D:ﬁ(O,s) =0 for 0<k <m-1. For t fixed consider the expression

m-1 n
(2.13")  ¢(t,T) = ) G (t,1,8)D"0(T,s)
n=0 n t

Clearly ¢(t,t) = ao(t,t,s)ﬁ(t,s) while ¢(t,0) = 0. However, formally, using (2.13)

m-1 n
(2.14) ¢ (t,0) = ] DTGn(t,T,s)D:U(T,s) +
n=0

mol, n+ln
+ ] G (t,7,s)D) U(1,s) =
n T
n=0
m-1 e m-1 n nn
- nZlcn_l(t,T,s)DTU(T,s) + z=0Pn(—is)Gm_l(t,T,s)DTU(T,s)

m-1
+ 7 & (r,1,90™ (.0
n=0 " T

m=1, n+lna a mn
But ) Gn(t,T,s)DT U(t,s) can be written in the form Gm_l(t,r,s)DTU(T,s) +

n=0
m=1, ~
kEIGk_l(t,T,s)D:U(T,s) so that (2.14) becomes
N o m:l n ~
(2.15) ¢ (6,1 = G, (6,T,8)[D + ngoPn(-is)DT]U(T,s)

which vanishes identically. Consequently ﬁ(t,s) = ﬁ(t,O) = 0 and ﬁ(t,s) = 0.

Thus formally we can state (cf. also Theorem 2.8 below)

Theorem 2.4(F). Assume the hypotheses of Theorem 2.3(F) and that T » 6n(t,T,s)
€ Cl(Ls(a)) as multipliers. Then the wu(t) of (2.6) is the unique solution of

(1.2) in C™(F) with T(+)u € L (35 F).

We consider now the case of general first order systems and will be more rigorous

in our treatment. Thus consider
d—)
u > > >
(2.16) It = P(t,A)u; u(0) = ug

where G(t) is a column vector with entries uj(t) (0 <3 <m=1) and P(t,A)

is an mXm matrix with entries

(2.1 py (e,0) = ] cijk(t)Ak
K
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where k E-Mij <M and the Cijk(.) are continuous. Let the closed densely
defined A generate a suitable group T(x) as before and write ﬁ(t,x) = T(x):(t)
for the vector with components T(x)uj(t). We assume ui(t) € D(AM), which can be
assured by appropriate hypotheses on :o (cf. (2.22)) and operate on (2.16) with

T(x) to obtain

d

(2.18) at

T(e,x) = T(x)P(t,A)u = p(t,nx)ﬁ(t,x) :
000,%) = T(x)u
o

Denote by L:(¢; F) the space of m-vectors with components in LS(®; F) and
Fourier transform (2.18) in x to get

~

(2.19) Ue,s) =P(t,~is)0(t,s);

(<%
& e

3 "
U(0,s) = T(*)u
o
for ﬁ(t,') € L:(@; F). 1In conjunction with (2.19) we consider
(2.200 4 8(t,8) = P(t,-i9)B(r,8); §(0,9) = T

where &(t,s) is an mxm matrix. If the entries éij(t,s) of a(t,s) are
multipliers in $ for each t and belong to Cl(LS($)) as multiplier functions
of t (which will be assured if t ~ éij(t,') € CO(LS(s)) and polynomials are

multipliers in 8) then a solution of (2.19) in L:(@; F) can be written as

~

(2.21)  U(t,s) = &(t,s)T(0,s)

‘:; A"‘) m,o m
where U(0,s) = T(')uo(s) < LS(¢; F). A solution of (2.18) in LS(¢; F) is then

given by ﬁ(t,x) = F—lﬁ(t,s) G(t,')*:(O,-) and formally

(2.22)  a(t) = T(-x)T(t,x)

u

T(=%) [B(t,*)*T()u ]

[B(t,)*T()0 ] = J_mm<t,a>f<-g>ﬁodé

is a solution of (2.16).

Let us examine the constructions and see what can be asserted precisely. First
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note that (2.22) formally displays :(f) € F and shows that ui(t) € D(AM)
whenever the components of Ko belong to D(AM). Now under our assumptions
@(t,s) € Ls(ém) for fixed t and we have defined a map (&(t,s), a(s)) >

m

E(t,s)0(s) : L ™ x L™(&; m) ~ L‘;‘<$; F) by the rule <&(t,*)q(+),d(+)> =

s s
<6('),éT(t,')$(-)> for $ e " (@T denotes & transpose). This corresponds to
defining a map from LS(Qm) X L:(Q; F) to L:(Q; F) by the action (G(t,x),a(x)) *>
E(t,=) * 6(') since F(B(t,*) * 6(-)) = @(t,s)a(s). We know &(t,s) satisfies

(2.20) in Ls(ﬁm) so that E&(t,x) satisfies
(2.23) dd—t E(t,%) = P(t, D)E(E,X); E(0,%) = 6(0T

in LS(®m). But under our definitions it is then clear that @, acting by multipli-
cation (resp. &, acting by convolution) satisfies (2.20) (resp. (2.23)) in

LS(L:(a; F)) (resp. LS(L:(Q; F))). Note here that ﬁa** H in LS(L:(a; )
means ﬁi}é) > ﬁ(a) in L:(g; F) for 6 € L:(@; F); but this is equivalent to
<fﬁ£é),$> > <ﬁ(é),$> in F for é € §". Hence we can say that Gt(t,-) * T(-):O=
P(£,D)E(c,*) *T(-)Ko =P (t,A)E(t,s) * T(-)KO in 17(0; F). Let us explicitly
observe here that one can pass the verification of continuity and differentiability
for @(t,s) in the above spaces to transpose action. Thus if G(t,s) = éij(t,s)

is a typical multiplier element and w(s) = T(°)uok(s) € Ls(a; F) then G(t,s)&(s) €
Ls(a; F) since <G(t,s)§(s),$(s)> = <§(s),§(t,s)$(s)>. Setting AV = G(t,s) -
G(to,s) we have <AGQ,$> = <Q,AG$> so that t »+ v(t,*) € c°(Ls($)) as a multi-
plier implies Avw » 0 in L (8 F) as t>t  or to J(t,) € c°(LS(LS(6; ;).
Similarly one looks at <(Av/At)w,$> = <u,(AV/At)$> <&,Gt$> = <Gt&,$> for t -

V(t,*) € Cl(Ls(a)) as a multiplier.

Remark 2.5 Let us note here that if % € L:(Q; F) and $ € " then natural

distribution pairings yield

> T
2.24)  <POITI0> = <F, BT )F0> = <E [P 01 (x)>
and applying the Parseval formula one obtains

(2.25) <Pi)T,3> = 21< POOT, (00> = <F, P (-i)F>
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(here E(Dx) is any matrix of the form E(t,DX) above). Similarly using the

notation a(t,s) = G(t,-is) = FG(t,DX) = F&(t,x) we have

(2.26)  <B(t,-1s)T,3> = 21<6(t,D )T, $(-x)>

= 2n<¥,[mT(t,Dx)$](-x)> = <T,6%(t,~is)>

These formulas show for example that using the multiplier "adjoints" T * (t,s) =
T ~
G* (t,-is) = & (t,-is) in L:(@; F) is consistent with using the operator

"adjoints" &% (t,x) = €% (t,D ) = G}T(t,-Dx) in L‘;‘(cb; F).

Now we have shown that Gt(t,') *T(-)—Jo =TP(t,A)E&(t,") *T(')zo in L:(®; F) with
G(0,*) * T('):o = :o and it remains to particularize to x = 0 in order to obtain
(2.22). Tt is to be noted that in this process the space ¢ virtually disappears
from consideration in (2.22) but it really occurs implicitly in two ways in that
T('):(t) S L:(¢; F) and G&(t,*) € LS(Qm) under convolution (satisfying (2.23)).
In general there may be many suitable ¢, or perhaps none, for which this is the
case, and this question will be examined later. The requirement T(-):(t) €

L:(@; F) 1is obviously not too much of a restriction in any event. In order to
set x =0 in ﬁ(t,x) = G(t,*) *T(-):o we wént ﬁ(t,') to be a function of x,
say continuous, and to satisfy (2.16) we must have Dtﬁ(t,O) = [Dtﬁ(t,x)]x=0 =
[Gt(t,-)* T('):o]xzo. Now for KOGED(AM), T(-):o € CM(Fm) by assumptions and thus
C(t,*) *T('):o and Gt(t,-) *T(-):o =P(t,A)E(t,*) *T('):o involves the convolu-
tion of elements gij(t,') in &(t,*) with terms T(*)f for f € F. Hence
evaluation E at x =0 will be possible for example when, under convolution,
t(t,*) maps C;(Fm) - Co(Fm) where h(*) € CZ(F) means h(*) € CO(F) and
p(h(x)) < kp exp a|x| for any seminorm p in F (recall p(T(x)f) < q(f) exp a|x|
for quasiequicontinuous groups). Further requirements of the type Yok € D(AN)

(N < ») played off against the order of the distributions gij(t,') in G(t,*)
will give other situations where evaluation would be possible (cf. A. Friedman [1],
Gelfand—gilov [3]). Under the present hypotheses one expects a suitable evaluation
to exist for parabolic and hyperbolic systems for example and this will be

N
illustrated later. For now we will simply assume Uk € D(A") for some N such
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that evaluation E at x = 0 1s possible and E{EB(t,*) *T('):o] = DtE[G(t,')*

N
T(-)uo]. Then we can state

Theorem 2.6 Let & be a space of ¢” test functions where D C ¢ C 8" with
F:0+8 a topological isomorphism; ¢ and $ are also assumed to be barreled
and complete in general. Let T(x) be a quasiequicontinuous group generated by
a closed densely defined linear operator A 1in the complete locally convex space
F with the components U of :o belonging to D(AN) for suitable N and
T(')Uok € LS(¢; F). Suppose t ~ &(t,s) € Cl(LS($m)) as a "multiplier" satisfy-
N _m o, m .
ing (2.20). Assume G&(t,*) maps Ca(F ) > C(F) under convolution and that

evaluation E at x = 0 satisfies E[Gt(t,') *T('):o] = DtE[G(t,-) *T(-)Ko].

Then u(t) given by (2.22) is a solution of (2.16).

Remark 2.7 It was mentioned earlier that if the entries éij(t,s) of &(t,s)
are continuous multiplier functions of t and polynomials are multipliers in &

then t - éi (t,s) € Cl(LS($)) as a multiplier. To see this write from (2.20)

3
AAJ.k n 1 t+At . R
(2.27) 5 ¢ ° i Jt % PjQ(T,—ls)ng(T,s)¢(s)dT.

The integrands T ~ p (T,—is)égk(T,s)$(s) are continuous functions of T with

L
values in & since T = égk(T’S) € CO(LS($)) as multipliers and ij(T’—iS) =
chgk(‘r)(—is)k is a polynomial (cf. (2.17)). Hence by standard facts about

vector valued integration (cf. Bourbaki [3; 4; 5]) (Aéik/At)$ > Dt§ (t,s)d

ik

in ¢ and é.

1 a
€ .
3k C (LS(®)) as a multiplier

Now for uniqueness we will give two proofs and show them to be equivalent in the
present context. The first is based on the technique of Carroll {12; 13; 14]
whereas the second is the author's version of the approach in Donaldson [4; 5; 7]
modeled on Carroll [16; 17}. First we consider the ordinary differential equations

(cf. (2.20))
(2.28) é%—@(t,T,s) = P(t,-is)B(t,7,8); OB(T,T,8) = I

and as with (2.12) one knows that
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4

T t(t,7,8) = -B(t,T,s) PP(T,-is)

(2.29)

Theorem 2.8 Assume the hypotheses of Theorem 2.6 and suppose further that T -
@(t,T,s) € CO(LS($m)) as a multiplier while polynomials are multipliers in b,
Then the solution :(t) of (2.16) given by (2.22) is unique in the class of

> m
solutions satisfying T(*)u(t) € LS(¢; F).

Proof: Following Remark 2.7 we know from (2.29) that T - &(t,T,s) € Cl(LS(ém)).

~

Let now ﬁ(t,s) be any sclution of (2.19) in L:(@; F) with ﬁ(O,s) = 0 and we

will show that ﬁ(t,s) = 0. First consider ﬁ(t,T,s) = @(t,T,s)ﬁ(T,s) [S L:(@; )
for t fixed and 0 < T <t so that a(t,t,s) = ﬁ(t,s) while $(t,0,s) = 0. Let
:; ~m -> :;

¢ €9 and look at T » Y(t,T) = <YP(t,T,s), $(s)> € F. To check continuity and

differentiability it suffices to consider sequential AT = Tn - T (cf. Carroll [4])

and in an obvious notation we write

~

~ AT ~ > ~
Ay > AT > A_U AT >
(2.30) e UCT + A1,8), 5 d(s)> + o E (t,7,8)¢(s)>.

We recall that the bilinear map (6,@) > <6,$> H LS($; F) X > F is separately
continuous and since % is barreled it follows that this map is hypocontinuous
relative to bounded sets in LS?$; F) (cf Horvath [1]). Now the sequence

G(T + A1,s8) 1is Cauchy in L:(@; F). and hence bounded while (A@T/AT)$ -

G$(t,T,s)$(s) in 8™ fo the first bracket in (2.30) converges to

N . 5
<G(T,s), Gi(t,T,s)$(5)> in F. Similarly the sequence AU/AT is Cauchy in
L:(@; F) and hence bounded so the second bracket in (2.30) converges to

3 AT 3 ;
<UT(T,S), & (t,T7,s)¢(s)> in F. Hence we obtain

3 5 2 . 5 :
(2.31) ¥ (6,1 = <€ (c,7,8)0(1,9), $(s)> + <B(r,T,9)T (t,1,8), $(s)>

This shows that { is continucusly differentiable and from (2.19) and (2.29) yields
wT(t,T) = 0. Hence the continuous furction T - Y(t,T) 1s constant so that

~

Yle,t) = <ﬁ(t,s), $(5)> = y(t,0) = 0 for any fixed t. Since $ € gm is

~

arbitrary this implies that ﬁ(t,s) =0 in L:(@; F). This entails uniqueness

for (2.16) since if :(t) were any solution of (2.16) with :(O) = 0 and
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> > m 5
T(*)u(t) = U(t,*) € Ls(é; F) then the corresponding U(t,s) satisfies (2.19) in

L (%5 F).

Second proof: Let ﬁ(t,s) be any solution of (2.19) as above with ﬁ(O,s) = (
and set $(T,t,s) = GT(T,tris)go(s) € ™ for $o e " arbitrary and T fixed
(0 <t < 1; see Remark 2.5 for the notation GT(T,C,—iS)= @T(T,t,s)). Then from

(2.29) we have

(2.32) % 8 (r,e,8) = ~P (t,-is)E (1,t,8)

T e
so that in , ¢(T,t,s) satisfies

~

(2.33) %% = =P (t,-i8)8; $(T,T,s) = $0(s).

Consider now 6(t,T) = <ﬁ(t,s), $(T,t,s)> € F which makes sense for t fixed.
For At = t -t sequential

A 3 3 .
Y Ad AU 3
(2.34) Y <U(t + At,s), IR ¢(1,t,8)>

Using again the hypocontinuity relative to bounded sets in L:(@; F) of the map

,$ > <6, > LS(@; F) x & > F for & barreled one sees that et = <ﬁ,$t> +

L Pl(t,-i8)3> + < P(t,-is)0,8> = 0 (from (2.33) and (2.19)). Thus

t > 6(t,T) is continuous and constant so 6(T,T) <E(T,s), $O(s)> = 0(0,7) = 0
and since $0 e s arbitrary it follows that E(T,s) =0 in L:(@; F) for

any T. QED

Remark 2.9 The equivalence of these two proofs in the present context is seen
I N N T 3
from the fact that y(t,T1) = <&(t,T,-is)U(1,s), ¢(s)> = <U(1,s), & (t,T,-is)d(s)> =
> 5 5 >
6(t,t) = <uU(t,s), ¢(t,T,s)> where $(s) is taken for ¢o(s). The technique of *
the first proof however, as used in Carroll [12; 13; 14] with singular or degenerate
problems, involves no recourse to F-valued distributions and could be so applied

here directly to (2.16). Thus the equivalence is a consequence of context.
L]

Remark 2.10 We note that the statement of Theorem 2.4(F) is somewhat stronger than

the theorem which would result as a corollary of Theorem 2.8. A strict corollary
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ka N
would require T - Dth(t,T,s) (S Cl(LS(¢)) for O f_k,n <m-1 whereas we only
need this statement for k = 0 as indicated in the formal demonstration of Theorem
2.4(F)., This can be made rigorous following the formulation of Theorems 2.6 and

2.8 but we will omit an explicit statement of this fact.

1.3. Examples. We will give first some results for singular and degenerate problems
using the pairing of Definition 1.1 (cf. Carroll [12; 13; 14} and Carroll-Showalter
[8]) and then turn to some examples of general parabolic and hyperbolic systems
following Donaldson [4; 5; 7]. The singular and degenerate problems considered do
not fall into the framework of Section 2 since they are not of the form (1.2)

(either Aj(t) is singular at t =0 or Am(t) vanishes at t = 0),

Example 3.1. Euler-Poisson-Darboux (EPD) equations. As the basic equation we

consider

2m+1 2
(3.1) U + Y = A%u; u(0) = us ut(O) = (0

where A generates a locally equicontinuous group T(x) in F. The case where

A2 = A in R has been of considerable interest and an extensive survey of such
equations appears in Carroll-Showalter [8] (cf. also Carroll [33; 34] and Carroll-
Silver [9; 10; 11] for group theoretic aspects). We will treat here only the case

m > -} and denote the corresponding solutions u by um; parallel results are
easily proved for Re m > -% while for other values of m the theory changes a

bit (cf. Carroll-Showalter [8]). 1In the study of such equations with A2 = A
various growth and convexity properties of the solutions were shown to be of
interest and to handle this it was absolutely necessary to work in spaces F
containing objects of unrestricted growth (e.g. F =E = Cm(Rn)) . Thus our

program of phrasing the theory of operator differential equations in general

locally convex spaces F has a very realistic motivation. Banach or Hilbert spaces
will simply not suffice to naturally encompass certain interesting types of solutions

(using weighted Banach spaces suggests itself but this distorts the operator
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realization A2 of A). Thus following the procedure of Section 1 we consider

(cf. (1.2) - (1.3))

m 2mtl m _ om , _m _ . om -
(3.2) R, + e Rt =R R (0,x) = 6(x); Rt(O,x) 0.

Here G has been replaced by R 1in conformity with the notation of Carroll-
Showalter {8] where Rm was called a resolvant. One can work with Rm(t,') e s

and Fourier transform (3.2) in x to obtain

(3.3) R +—21“£’—l RT o+ S2R® = 0; R™(0,8) = 1; R7(0,8) = 0

where R" = FR™. The solution of (3.3) 1is
(—1)k (st]Zk 1

(3.4) (e,s) = 2"(m + 1)(st)"“‘Jm(st) = I'(m + 1)kZO 7 () Toen -

Now a version of the Sonine integral formula can be employed here in writing for

m > -k

2l (m+1)

1
Am B A=l _ 2wk
(3.5) R (t,s) = T T () JOR (Et,8) (1 - £7)

dg

%

(cf. Carroll-Showalter {8]) where ﬁ_%(t,s) = Cos(st) with R *(t,x) = ux(t) =

l'[G(X +t) + 6(x - t)]. Consequently
2

1
m 2T (mD) L2
3.6 K60 = ) Jo(l eH™ (oa

where the integral is taken in E' = E;. We set cn = P(m + 1)/TG)T(m + %) so

that (3.6) can be written
m 1 2.m-%
3.7) R(e,x) = c J (1 - &%) *6(x - &r)dg
-1
and express a solution of (3.1) as

(3.8) )

[l

1
<R™(t,*), T()u > =c J 1 - Ez)m_%<5(x - &), T(x)u >d&
[s] m -1 [s]

1 1
n J (1 - iz)m_%T(Et)uodE = 2c Jo(l - E?')m";E

-1

I

cosh(AEt)uodﬁ

(bracket of Definition 1.1). For m = -} (3.1) is a wave type equation and we
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4

have already expressed the unique solution as u “(t) = cosh At ug (cf. Theorem

1.8). It is known that

2
A _ _-s't Am+1
(3.9 Rt(t,s) = Tt D) R™ “(t,s)
(3.100  &t,9) = %? B Lie,s) - B"e,8)]

which correspond to recursion relations

Gy RN - A" (e %)

-t
2(mtl)

2m g™l ) - R%(e, )]

(3.12) R?(t,x) -

in E;(A = Di). Consequently

(3.13) u?(t) = <R{(£,%), T()u > =

t m+1 t m+1

Tt D) <ORTT(E,*), T(H)u > = T R (£,*), AT(*)u >
te 1

ot w20 _ a1 2 2
- T KT, AT > = e J_lu ™ (g0)a%u dE
s ™

2(m+1) ’

Similarly o™ = %? [um_1 - u™] and combining this with (3.13) one obtains (3.1).

The calculations can all be justified as in Example 1.7 and we can state

Theorem 3.2 Let A generate a locally equicontinuous group in F with u € D(AZ).

Then for m > -% a solution of (3.1) is given by (3.8).

The uniqueness question for this problem (m > -}%) is answered by the following
argument (see Carroll [12], Carroll-Showalter [8]). For O < 1 < t and constructs

resolvants Rm(t,T,x) and Sm(t,T,x) satisfying in E'

m 2mbl  m m m
G.14) Vet + t t - XX

with RT(T,7T,x) = 8(x), R:(T,T,x) =0, s™(t,T,x) =0, and ST(T,T,X) = 8(x) (cf.
Carroll-Showalter [8] for details). When T = O, Sm(t,O,x) = 0, while for 0< T

<t <b the distributions Rm(t,T,') and Sm(t,T,') have supports contained in a
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fixed compact set K = {x : |x| < xo} and, with their x derivatives in D', are

of order < 2. Furthermore one has

—ASm(t,T,x)

[

(3.15) R:(t,T,x)

—Rm(t,T,x) + 23$1-Sm(t,T,x)

(3.16) S?(t,r,x)

and the constructions which follow all make sense as in Example 1.7. Thus let

u € C2(F) be any solution of (3.1) with u(0) = ut(O) = (0 and set

(3.17)  R(t,T) = <R"(t,T,%), T()ul(1)>

(3.18) S(t,T)

<s™(t,7,), T(+)u (1)>

(bracket of Definition 1.1). Then, referring to Example 1.7 to justify the calcu-

lations (cf. also Carroll-Showalter [8]), we can write (cf. (3.15) - (3.16))

(3.19) R (£,T)

~<s"(e,1,0), T()AT(D> + <RT(E,T,0), T()u (1)
(3.20) 5_(£,T) = <s™(t,T,%), T(+)u  (T)>

+ <-R"(t,T,") + @ o

ST(t,T,*), T(‘)UT(T)>.

Setting ¢(t,T) = R(t,T) + S(t,T) we have ¢(t,0) = 0 = ¢(t,t) = u(t) since

+ 2m+1

(3.21) ¢ = <s"(e, 1,0, T [u + =T

u —Azu]>=0
T

(i.e. T » ¢(t,T) 1is continuous with ¢T = 0). This proves

Theorem 3.3 Under the hypotheses of Theorem 3.2 the u{t) of (3.8) is the unique

solution of (3.1) in C2(F).

Example 3.4 Degenerate Cauchy problems. We consider problems of the form

(a(0) = 0)
(3.2D)  u__+s(Du_+ Ar(Du - A%a(thu + b()u = f

(3.22) u(0) = ut(O) =0
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where A 1is the generator of a locally equicontinuous group T(x) 1in

discussion here follows Carroll [13; 14] to which we refer for bibliography.

F.

29

The

Such

problems are an extension of the classical Cauchy problem for the Tricomi equation

in the hyperbolic region and thus are of interest in transsonic gas dynamics for

example. Various abstract versions have been treated by Carroll [26], Carroll-Wang

[29], Krasnov [1], Lacomblez [1], Walker [1], and Wang {1; 2] while some classical

results can be found in Berezin [1], Bers [1], and Protter [1] (cf. also Barantzev

(11, Bitsadze [1], Brezis [2], Carroll-Showalter [8], Friedman-Schuss [4], Schuss

[1], Showalter [2; 33 4; 5], Smirnov [1l; 2], Weinstein [1; 2].

(cf. (1.2) - (1.3)) we replace A by -d/dx

(3.23) G, + S(c)Gt - r(t)Gx - a(t)GXx + b(t)G =0

tt

for G(t) € S;. It is assumed that s, r,

with a(0) = 0. Taking Fourier transforms

(3.26) &+ s(08, + 1yr(0)8 + a(t)y’8

and it will be convenient to eliminate the

t

g(t) exp J Y(£)dE where Y satisfies the
o]

(3.25) Y' + sy + Yz +b=20; y(0) = 0.

In order to produce a suitable 7Y we note

satisfies

(3.26) o" + s(t)a' + b(t)a = 0

in (3.21) and consider first

a, and b are continuous while

x >y (3.23) gives

+b(t)6 =0

b(t) term as follows. Let

Riccati equation

that if one sets

Yy =a'/a

and we choose o to be the unique solution of (3.26) satisfying o/(0)

a'(0) = 0, Then v(0) = 0 and the continuous function

some interval 0 <t < T < to where to

is the first zero of af{t).

Following Section 1

a(e)> 0

a(c) =

then

= 1 with

(¢}

Y will remain finite on

We can

then restrict our attention to [0,T] since for t > T the problem is not

degenerate and can be handled by the methods of Section 2.

consider

Thus on [0,T]

we
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(3.27) B + (s + 2Y)8' + (ay’ + iry)s = 0

which we write as a system

£.?"']; IP(t,y)=[ 0 y

>y —>. - -
(3.28) g =®(t,ne; g = ( ir-ay sy

y/\
g
>
z

We look for solutions ? and of (3.28) satisfying

> ¢ 0 > z 1
G.29) ¥ - [{{i] ™= (1) zm - [ygt ](r) = ()

where 0 < 17 <t < T. By well known theorems there exist solutions ?(t,T,y)
and i(t,T,y) of (3.27) satisfying the prescribed intial conditions at t = T
and these functions are continuous in (t,T,y) and analytic in y for

0<1<t<T and y € L. It is easily shown also that

(3.30) iT = (ay2 + iyr)(T)Q; QT = -Z + (s + ZY)(T)Q

(cf. Carroll [4]). By an argument now in Gelfand—gilov [3] 1f one writes the solu-
tion of (3.28) 1in the form g(t,T,y) = Q(t,T,y)g(T,T,y) where Q(T,T,y) = I then
| @, T,y ]| < c exp cly| (e = 7) where || || denotes the matrix norm (so that

in particular lqijl < [{@]l when @ = (qij))' Hence one can state

Lemma 3.5 The functions Q(t,r,y) and i(t,r,y) are continuous in (t,T,y) for

0<T<t<T and y &L while for (t,T) fixed, yY, y2, Y, and Z_ are

entire analytic functions of y of exponential type < cT.

For various reasons we need to establish growth estimates on Y, Z, etc. and
writing first ¥ = ¢ + iy one has ¢" + (2y + s)¢' + ay2¢ - yry = 0 with ¢" +
2y + s)v' + ayzw + yré = 0. Multiply the first (resp. second) equation by ¢'

(resp ') and add to obtain

d A
330 o ¥

5 2 S12 . 022012, 15 (2
JP 2y + lF, 17+ ay® S R0 < GRRT 15 D).

Assuming now a € C1 we obtain for 0 <7 <t <T
- 2 t a2 2,62
(3.32) [Yt| + ZJ (2y + s)|Yt] dg + a(e)y |¥]* <
T

t
1+ J [(a' + rz)yZIYIZ + ‘\?t|2]d£.
T
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This type of inequality can be handled by the use of Gronwall type lemmas (cf
Carroll [4]). Thus set P = (a' + rz)y2 and Q@ =1 - 2(2y + s) so that |Q| < e
t
~ 2,a =
on [0,T]. We add CJ ay |Y|2dE to the right side of (3.32) and set =E = IY
T

ay2|§|2 so that

Il

t oao t
(3.33) <1+ J PlY|%dE + ¢ J = gt
T

T

By Gronwall's lemma
t ~ g

(3.36)  E < E(t,1) + J PIY|“E(t,E)dE
T

where E(t,£) = exp c(t-£). Forgetting the |§t|2 term in = for the moment
and following a Gronwall type procedure we obtain for P >0
2,52 £
(3.35) ay“|Y| < E(t,T)exp J Pdg
T

where P = (a' + r2)/a. This yields

Lemma 3.6 Given a € Cl, b,r,s € Co, P > 0, and ? the solution of (3.27)

satisfying ?(T,T,y) = 0 with ?t(T,T,y) 1 it follows that for y real and
0<T<t<T
2,0 2 t 2
(3.36) a(Oy |¥(e,T,y)|" < E(t,Dexp J (r"/a)dE.
T
£ o2
Let now F(t,T) = exp(—I (r“/a)dg) with F(t) = F(T,t) so that F(T) < F(t,0).

T
Then since E(t,T) < exp ¢ T =k we have from (3.36)

(3.3 a(F@OY R, T |? <k .

Note that F(T) may tend to zero as T » 0 while a(1) > 0O by assumption but for
T >0 both F(t) and a(t) are positive. Similarly one obtains from the above

inequalities
(3.38) I?t(t,f,y),za(T)F(T)<i k

where i = k max a(t) on [0,T]. Setting 6(T) = (a(T)F(T))Li one can bound

6(r)|§tt(t,r,y)| from the differential equation. Now writing W(t,r,y) =
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Q(T)Q(t,T,y) it follows that y = yQ(t,T,y) is entire of exponential type < eT
and is bounded uniformly for y real and 0 < T <t < T. A simple argument shows
that ?(t,T,') is also of exponential type < ¢T. Also for y real with |yl <R
say, |Q(t,T,y)| is bounded by continuity in (t,T,y) while from the above
[f(e,T,v)] < k%/]y] is bounded for |y| > R . From the Paley-Wiener-Schwartz
theorem it follows then that W(t,T,*) = F-lﬁ(t,T,y) € E; with supp W contained
in a fixed compact set for 0 < T < t < T. Similar conclusions apply to W_ and

t

Wey which will indeed represent the derivatives of W in E; (cf Carroll [4]).

There results

Lemma 3.7 Under the hypotheses indicated W, wt, and th belong to E; and have
supports contained in a fixed compact set for 0 < T < t < T, Moreover (t,T) ~
W(t,T,*), wt(t,T,'), and wtt(t,T,') are continuous with values in E; for

0<T<E<T and t+W(E,T,) € C(ED.

Going back to (3.21) - (3.22) now we omit the b(t) term in view of (3.25) and
replace s(t) by 8(t) = s(t) + 2y(t). Let h(t) = £(t)/Q(t) and assume h(+) €
c®(F) with £(t) € D(AZ) while Ah(*) and Azh(') belong to c°(F). We define

a bracket <W(t,E,*), T(*)h(£)> as in Section 1 (cf. Lemmas 1.3 and 1.4, Definition
1.1, and Remark 1.2) and the arguments proceed as in Example 1.7. Here W(t,T,*)
corresponds to S € E; of order < 2 with supﬁ S € R compact and for 6 € CZ(F)
the map (S,8) » <§,8> : E'x CZ(F) + F will again be hypocontinuous relative to

bounded sets in CZ(F). Consider for T >0
t
(3.39) u(t) = J <W(t,£,+), T()h(g)>d&
T
Then the following calculations can be justified as in Section 1.

(3.40) u'(t)

t
J<wt(c,a,->, T(+)h(E)>dE
T

t
(3.41) u"(t) = f(t) + J <wtt(t,E,'), T(*)h(£)>dE
T
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(3.42) Au(t)

I

t
J <W(t,E,*), AT(+)h(§)>dg
T

-

t t
J W(E,E,%), D T(Ih(E)>dE = —J D H(E,E,*), T(-Ih(E)>dE.
T T

t
Similarly Azu(t) = J <D§W(t,£,'), T(*)h(£)>dE and we obtain u" + su' + Aru -
T

2
A au = f. There is no trouble in passing to the limit as T > 0 and using vy to

transform back to the original equation. Hence

Theorem 3.8 Let a(t) >0 for t > 0 with a{0) =0 and a € Cl; let b, r,

and s belong to c® with P = (a' + rz)/a > 0; and choose T as indicated. Let

t
1 ~
3= (aP)? with F(1) = exp(—J (r?/a)dg) and assume h = £/ € CO(F) with Ah(+)
T
and Azh(-) S CO(F) where A generates a locally equicontinuous group T(x) in
t
F. Then, after modification by a factor epr Y(£)dE, u(t) given by (3.39) with
o

T =0 1is a solution of (3.21) - (3.22) on [0,T].

To treat uniqueness we need some estimates for Z(t,T,y) and arguing as before

with Y we obtain

~ - ~ N 2.2 502 5,2
(3.43) é%JZcIZ + zs(c)]ZtI2 + a(c)y2 é%|z[2‘i yrowy|z)® + IZt|

| A

t
e 27+ 2 J 30 |2,1%4E + a(e)y?[2]?
T

t: ~ ~
a(Dy™+ J [+ ey 1212 + |21 %1ae.
T

I

= |Z ]2 + ay2|2|2 so that

Set P = (a' + rz) 2 and Q = 1-2s as before with
y t

t: ~
adding the term EJ ay2|Z[2d£ to the right side of (3.44) we obtain
T

>
b

2 (% 52
(3.45) <a(my” + J P|2]%dg + EJ dg.
T

T

There results

*
f_a(T)yzE(t,T) + J P]Z]ZE(t,a)dg
T

I

(3.46)

2,52 2 s
(3.47) a(t)y"|z]” < a(t)y"E(t,T)exp| PdE.
.
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Lemma 3.9 Given the hypotheses of Lemma 3.6 and Z the solution of (3.27)
satisfying E(T,T,y) =1 with it(T,T,y) = 0 it follows that for y real and

0<T<tX<T
o 2 t 2
(3.48) |Z(t,t,y)] i_E(t,T)epr (r"/a)dg
T
which can be written as F(T)l%(t,r,y)|2 < E(t,T).

Next one can establish estimates on ir and QT from (3.30) using the estimates
already obtained for Y and 2. Reasoning as before we also conclude that ¥
and 2T are entire functions in y of exponential type f_ET and one can easily

prove then

Lemma 3.10 Under the hypotheses indicated FX(T)Z = F%(T)F—IE, 6(T)ZT (and
a(T)Z), and 6(T)YT belong to E; with supports contained in a fixed compact set
for 0< 7T <t <T. The T derivatives can be taken in E; for T > 0 and

1 I -
(t,T) > FZ or QzZ, QZT’ and QYT are continuous with values in E;.

Now for uniqueness we extend the technique of Section 1 and define

(3.49) R(t,E) = <Z(t,£,*), T()u(E)>

(3.50) S(t,8) = <Y(t,£,+), T()Hu'(&)>

where u 1is any solution of the modified equation (3.21) (i.e. s(t) is replaced
by s(t) = s(t) + 2y(t) and b(t) = 0) with f = 0. By our lemma above (3.49)

and (3.50) make sense as do the calculations which follow (cf. Example 1.7). Thus

(3.51) R Tu> + <Z, Tu'> = <Z, Tu'> - <a(€)DiY, Tu> -

e~ e

<r(£)DXY, Tu> = <Z, Tu'> + <Y, r(£)ATu> - <Y, a(E)AzTu>

(3.52) S Tu'> + <Y, Tu"> = <Y, Tu'"> - <Z, Tu'> + <s(§)Y, Tu'>.

£ e

Letting now ¢(t,f) = R(t,E) + S(t,£) we obtain from (3.51) - (3.52)

(3.53) ¢€ = <Y, T(u" + su' + rAu - aA2u> = 0.
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Consequently ¢(t,t) = ¢(t,T) which implies

e

(3.56)  u(t) = <FHOZ(e,T,0), T(IF H(Du(r)>

+QDY(E,T,0), T()Q T (u' (1)>.

Theorem 3.11 Let u be any solution of the modified equation (3.21) such that
- ~_1
F Li(T)u(T) + 0 and Q (T)u'(t) » 0 as T > 0 while the other hypotheses on

a, b, r, s hold. Then u is unique.

Remark 3.12 The condition ﬁ i_O or a' i_-rz allows a(t) not to be monotone
(which had been assumed in some earlier work on such equations). Some remarks
about this and about the behavior of F(1) = exp(—Jt(rz/a)dE) as T + 0 are
given in Carroll-Wang [29]. '

In general the requirements of Theorem 3.11 regarding the growth of u(T) and
u'(t) as T » 0 are somewhat strong although possible for suitable f in
(3.21). It is therefore of interest to consider the case when F(T) -~ 0 as

T + 0 and the relation of this to results of Krasnov'[l] and Protter [1] has
been discussed briefiy in Carroll-Wang [29]. 1In this event the requirements of
Theorem 3.11 are only that u(0) = 0 and a_%(T)u'(T) >0 as 71T+ 0. To
examine the feasibility of this let u satisfy the modified equation (3.21)
with f =0, u(0) =0, and u'(0) = 0. Multiply this equation by the term

t
exp(J $(£)d£) and integrate to obtain

0
t 2 t
(3.55) u' (t) = -J [Ar(&u - A a(&)U]exp(-J s(n)dn)de.
0 £
t
Since exp(-J s(n)dn) <M on [0,T], for any continuous seminorm p on F we
£

have
t 2
(3.56) p(u' (t)) jJ [1x(&) |p(Au) + a(E)p(ATu)IMdE.
0 .
Now p(Au) and p(Azu) will be bounded for a solution u € CZ(F) of (3.21)

(Au  and A2u belong to CO(F)) and
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t
t t t
(3.57) J e]dg = J ot Gbqug 5_(J adE)%(J (r?/a)ag)*
0 0 a 0 0
t t ;52 t 2
whereas J adf = ((J adf) *)”. Hence for J (r"/a)df bounded
0 0 0

t
(3.58) p(a_%(t)u'(t)) < ﬁa—%(t)(f a(E)dE)%
0

_ _ t 1
and a %(t)u'(t) >0 if a lﬁ(t)(J a(E)dE)ﬂ + 0. This condition is examined in
0
Carroll-Wang [29] and Wang [l; 2] and since oscillations in a(t) are permitted
by the stipulation P > 0 it is not automatically satisfied. If a is monotone

near t = 0 1t is obviously valid. Consequently

Theorem 3.13 Assume the hypotheses of Theorem 3.11 with F(t) > 0 on [O0,T]
t

and suppose a_%(t)(J a(E)dE)% >0 as t > 0. Then if u satisfies (3.21) -
0

(3.22) with f =0 it follows that u = 0 on [0,T].

We go next to some examples illustrating Section 2 and recall briefly some con-

structions of Gelfand—gilov [1; 23 3] (cf also A. Friedman [1]).

consists of C  functions ¢ satisfying

> =

Example 3.14 The space SS’
(3.59)  |x"DPox)| < 2(&,B,0)AEPKPP

for A>A and B >B. For 8,0 = 1,%,%,... the topology is defined in

terms of norms

kP
(3.60) I|¢|I6 p = sup Iz D ¢(:)lu o8
’ x,k,p (A+8) " (B+p) "k p
8.8 8 BB
With this topology Su,A is a Montel space and Sa = USa,A where Am,Bm - oo,
m
, B _ B _ .o , B . .
If o,8>0 with o+ B8 >1 then FSa = Sa = S8 while Sa is nontrivial.
For p > 1 the space Zg is defined as Si;;/p and it consists of functions
extendable to @ as entire functions satisfying
(3.61) 14(2) | < c exp b]z]p; 1o (x) | <ec exp(—a]x]p).
since FS° = 5% we have FzP = 7P = 29 where L+ 1= 1. Multipliers
a B P P q P q
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f SS > SS are determined by functions f such that the map ¢ > f¢ SS -> Ss

is continuous and if If(z)l <ec exp(a|z|p) then f is a multiplier Z: > z:
for any q > p. Evidently polynomials are multipliers in any Zg. We mention

also that the spaces Zg are sufficiently rich in the sense that Jg¢dx =0,

with J|g¢|dx < w, for all ¢ € Zg implies g = O,

Remark 3.15 The space D 1is denoted by K in Gelfand-gilov [1; 2; 3] and
FO = 2 is the space of entire functions of exponential type satisfying

IskW(c +1i1)| < c exp a|T| for s =0 + iT.

Now to work with equations of the form (2.16) let TP(t, A) = P(A) be independent
of t and let Ak(s) be the roots of det(P(-is) -AI) = 0. Set A(s) =

max Re A, (s) for 1 <k <m and denote by || @]| the operator norm of a matrix
@ so that max ?]qjklz §_||Q||2§_22|qjk|2. The entries in the matrix P(-is)
will have thekform pij(—is) = Zcijk(—is)k and we let p be the highest index

k so that Ipij(—is)| ic|s|p for large |s|. Then |]P(—is)||§_c1|s|p t ¢y

and for 0 <t < T <

P
(3.62) | exp t P(-is)|| < c(1 + ls])p(m_l)exp bt|s| ©

where P, < p 1is called the reduced order of the system and is determined as

follows. If one writes

det(P(-is) - AT) = (-1)™™ + pl(s)x‘“'1 + ot (9)

with degree pm(s) =P, then P, is defined as max pk/k for 1 <k < m.
Definition 3.16 The system is called hyperbolic if for s = o + iT

(3.63) As) < els| + ¢35 AO) < e,

l)ebtis,

in which case || exp t P(-is)|| < c(1l + |S|)p(m— with || exp t P(-i0) ||

I A

2(1 + |O|)p(m—1). The system is called parabolic if A(0) f_—c|0]h + < in

p(m-1)

which case (3.62) holds with |1exp t P(—iO)||i c(l + |c|) exp(—ath]h).
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In the case of a hyperbolic system the elements of a(t,s) = exp t P(-is)
will be multipliers in $=2 so ®=K=D0 can be taken in Section 2. Actually
the elements of &(t,x) will be distributions with supports in a fixed compact
set for 0 <t <T<® and ﬁ(t,x) = G(t,*) *T('):o in Section 2 is defined for
locally equicontinuous groups T(x). The entries gij(t,') are of bounded order
and T(-):o will belong to CM(F) when the elements of Eo belong to D(AM).
Hence for suitable assumptions on Eo the evaluation E[B(t,*) * T(')Eo] will be
appropriate in Theorem 2.6 (see A. Friedman [1l] or Gelfand-Silov [3] for further

details in this direction).

For parabolic systems one knowns Py >1 and 0 <h < p, are integers with h

even while for so called Petrovskij parabolic systems h = p, = P If Py > p

~ “ P q

then the elements of &(t,s) will be multipliers in ¢ = Zp1 so ¢ = qu

1 1

g; + é% =1 1is indicated. Now there is another index associated with parabolic
1

with

systems called the genus, U, where 1 - (po - h) <u< 1. For constant coefficient
systems this can be defined directly from A(s) as the largest 3 such that in

the domain |t| < k(1 + |0|)u one has A(s) < -c|0|h +c It can be shown that

y
~ ~ N p_ /U
(3.66) || &(c, %) < ¢ exp(-at]o]| + be[7] ° )

and various useful properties of the elements of &(t,x) can be established from
. _ p_/u
this. If u > 0 for example and p = po/po-u with 8 > 0 where 6 ° =

ngo/u then
(3.65) le,x] <ec exp[-%|-§-|p]

for t € [0,T). Thus the entries in ®&(t,x) are functions with exponential
>
growth as indicated and convolution &(t,x) *T(')uo can be taken in the classical
. ~
sense for continuous function elements in T(')uo of growth bounded by exp bo‘x|p

for suitable bo. Similarly there will be estimates
ayi < NTT
(3.66) I DXDtG(t,x)H__cqj exp(-p|x|™

with cqj and © depending on t (becoming © as t > 0). Thus for t > 0
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one can differentiate &(t,+) * T(')I:o in the classical sense for continuous

T(.)Ko of suitable growth so that E[&(t,*) *T(-)Ko] will be appropriate in

Theorem 2.6. To insure continuity of &(t,*) *T(-)Ko as t > 0 suitable hypotheses
of differentiability on T(.)Ko have to be imposed (not so for Petrovskij

parabolic systems however). Analogous remarks hold for u < 0 where N @(t,x)lli

c exp(-a|x|P) with p = h/h-yu and estimates of the form (3.66) are valid.

Remark 3.17 Using the notions just discussed of hyperbolic, parabolic, etc. and
the formalism of Section 1.1 (cf Theorem 1.6(F)) Hersh [1] gives versions of the
following theorems where ¥F 1s a Banach space. Here the passage from a single
equation to a system transpires as in (2.8) - (2.10) and the results will also
follow from the technique of Section 1.2 as indicated in the discussion just
concluded following Remark 3.15. Recall also that the Hersh technique involves
P(Dt’ —DX) or P(Dt’ is) in (2.8); one can retain the notation @(t,T,s) etc.
however and simply use IP(is), Pj(is), etc. instead of P(-is), Pj(—is), etc. in
the discussion concerning the roots Xk(s). An equation is said to be hyperbolic,
parabolic, etc. if the corresponding system has these properties. The én are

constructed then as in (2.3) (with P(Dt’ is) - c¢f. (1.3)) and the solution is

represented in the form (1.4).

Theorem 3.18 Let F be a Banach space and P(Dt’ —DX) be hyperbolic with T(*)
a strongly continuous group and u_ €D7(a) = ﬁDk(A) for example. Then the pro-

blem (1.2) has a solution for t € (-», ») given by (1.4),

Theorem 3.19 Under the other hypotheses of Theorem 3.18 let P(Dt’ —Dx) be

parabolic of positive genus. Then (1.4) represents a solution of (1.2) for t < T,

One notes here that &(t,x) for fixed t < T decays like exp(—k|fo) where

Y = 5 > 1 (cf. (3.65)). On the other hand it is well known that || T(X)Un||f

M exp w|x| || unH (cf Hille-Phillips [1]) so everything fits together in (1.4).
We mention also that a system of the form (2.20) where @(t,s) = exp t P(-is) is

called Petrovskij correct if A(0) < ¢ for o real in which case one has
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Il 6(:,0)]]5_c(1 + |O|)h where h < p(m-1). The genus is defined as the largest
#  such that in the domain |T| < k(1 + |O|)u one has A(s) < c. For u >0

for example one has then for t < T
~ h po/u
(3.67) |l &Ct,8) || < e(1 + |o]) exp 01|

and this leads to estimates on || &(t,x)|] permitting compositions in (1.4) of
the Gn(t,-) with suitably restricted T(')un (cf. A. Friedman {1}, Gelfand-

v
Silov [31).

Remark 3.20 It is pointed out in Hersh [1] (cf. also Bragg [1]) that the techniques
of Section 1.1 can be extended to situations involving several commuting operators
Ai generating groups Ti(x) = exp Aix. (The case of several commuting operators
has also been treated in Hilbert space by spectral methods in Carroll [4; 20; 21;
22] and we refer here to section 1.4.) Thus let us take two commuting operators

A and B to illustrate the matter and set

_ 1,3,k
(3.68) P(D,, A, B) = Zcijk D A’ B

(0<i<m). As in (1.3) let the distributions G, (0 <n<m-1) satisfy

k
(3.69) P(Dt’ —Dx, —Dy)Gn =0; DG

t n|t=0 = 6nk6(x)6(y)'

Then for suitable u, the function
m-1
(3.70) u(t) = nZO<Gn(t,x,y), TA(x)TB(y)un>

will formally satisfy

= 0 n -
(3.71) P(Dt, A, BYu = O Dtu(O) u -

The bracket in (3.70) is a sultable pairing as before between Gn(t,',‘) € D; y
*
and vector functions TA(x)TB(y)un which will be as smooth as necessary upon

appropriate selection of the u . The proof follows the lines of (1.6) exactly.

A slightly different approach to the same kind of problems is indicated in Bragg



EXAMPLES 41

[1] where the formula
n
(3.72) exp t P(a) = exp[tP(D)] * exp %aiiilgzo

is exploited. Let for example P(D) = P(Dl,...,Dn) be an elliptic operator of
order 2k with real constant coefficients where the highest order term has the

k-1

form (-1) PO(D) with PO(C) a positive definite homogeneous polynomial of

degree 2k. One considers the Cauchy problem
(3.73) v (E,t) = P(D)v; v(E,0) = f(E)
)
and following Rosenblum [1] a solution to (3.73) is given by
(3.74) v(g,t) = J K(§ -0, t)f(o)do
&"

where K is a Green's function for which growth estimates are obtained. Symbol-

ically (3.74) says
(3.75) v(g,t) = exp[tP(D)1£(E).

Let then ¢ € ﬁD(Aik) with Ti(x) = exp Aix as above and consider

(3.76) u(t) = exp[tP(A)]¢ = J K(-o,t) H T,(0,)¢do.
n 1 1 1

R
This is a formal generalization of (3.72) with f(0) = HTi(Ui)¢ (exp aiEi is
replaced by Ti(Ei) in (3.72)) and will agree with the corresponding result

obtained via the Hersh technique.

Remark 3.21 A variation on the Hersh technique is presented in Donaldson [3].
One considers a Banach space F in which A generates a strongly continuous

group. A solution Y(t) of the equation
m,

ipn-iy - = P
£, (tA)A'D, "Y = 0; f,(z) = f az
s (e aln] @ .

n
(3.77) )
. p=0

j=0
"

is required. Set m = max mj (0 <] §>n) and Y =m+ n. Let ¢ € D(A and

consider
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g
(3.78) Y(t) = f F(x)T(xt)¢dx
o

over a suitable contour from o to B in T such that
n B
(3.79) {A'P(F(x), T(xt)¢}\ =0
a

where F 1is a solution of

m

§ (-1)Pa Di[xn_jF] =0
0 p=0 P

(3.80) Q(D)F =
]

i o~

and P 1is a suitable bilinear concomitant defined below (cf. Ince [1]). Thus

Q(D) 1is the formal adjoint of Q*(D) = & Zapxn—ij and P is defined by

(3.81) éa-P(u,v) = vQ(D)u - uQ*(D)v

so that in the present situation one can write explicitly

(3.82)  P(F(x), T(xt)$) =

n J p-1 .
53 T (-D»ka PR (xey 91105 TR0 ]
§=0 p=0 k=0 P

Theorem 3.22 Under the hypotheses above Y(t) 1s a formal solution of (3.77).

Pronf: We insert Y(t) given by (3.78) into (3.77) to obtain

n ; .
(3.83) Y o£, (eA)AIDM Y =
j=0 3 t
n " ; (B P .
z g a (tA)pAJ J F(x)xn JAn_JT(xt)d)dx =
j=0 p=0 o
n " B _ .
At ) f a J "I (x) (£A) PT(xt) ddx =
1=0 p=0 P ‘o
n i B . B8
Al Z f a J X7 JF(x)DpT(xt)cpdx = A" J F(x)Q*(D)T(xt)¢dx =
j=0 p= Ply ¥ o
n 8 n B
A J [Q(D)F]IT(xt)pdx - A P(F,T(xt)d) ’a = 0.
o

For finite intervals (a,B) of R there is no problem in justifying the
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calculation; for infinite intervals one needs some growth condition on F(x); for
general contours in & one requires that T(x) have a suitable analytic exten-

sion. QED

Various applications of this formalism are given in Donaldson [3] but they are

covered here by other techniques.

1.4 Other techniques. 1In this section we will sketch some results involving
differential equations of the form
(4.1) L (D)v(t) =0
(4.2) L () =0"+ EADn_k

n t t k=1 k't
We will not deal with the case n =1 as such since the equation v, + Av = 0 is
essentially the classical linear semigroup problem which is covered exhaustively
for example in Carroll [4], Hille-Phillips [1], Yosida [1], etc. Such results as
are needed for dealing with higher order equations will simply be cited. It does
seem worthwhile to include here some results for the case n = 2 both for con-
stant Ak and variable Ak(t) since a lot of this has not yet appeared in book
form and we will draw upon Baiocchi [3], Bruk [1], Carroll-State [25], DaPrato-
Giusti [5], Gearhart [1], Goldstein [2; 3], Kato {6; 7], Kleiman [1], Krein [1],
Levine [1; 2; 3], Levitan [4], Lions [4; 9], Mazumdar [4], Raskin-Sobolevskij [1],
Sobolevskij [2; 3], Torelli [1], Treves [8; 9], Visik [1], Vigik—Lady;enskaya [31,
Yakubov [1; 2; 3; 4; 6; 7], Yosida [2], etc. (cf. also Lax-Phillips [1; 2]). For
n > 2 there are methods due to Abdulkerimov [1], Bairamogly-Khalilova [1],
Carroll {18; 19; 20; 21; 22}, Chazarain [1], Djedour [1], Dubinskij [1l; 21,
Gasymov [11], Gorba¥uk-Kofubei [31], Mazya-Plamenevskij [1], Raskin [2], Yakubov
[5; 9], etc. which we will discuss and indicate results. Finally we mention some
interesting new results on operator differential equations with noncommuting
operator coefficients due to Hersh-Steinberg [7] (cf also Grabovskaya-Krein [1]
and Krein-Sikhvatov [2]). 1In fact we will begin the section with this latter

material since it seems to be of more current interest.
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The Hersh-Steinberg [7] theory goes as follows. Consider for 0 <k < N-1

(4.3) Lu =

p (D  tu; pXu(o) = u
Lot e t

0 k

i o~

where Pi(A) is a polynomial sum of ordered products of generally noncommuting
densely defined linear operators Aj in a Banach space F (1 < j < n). One
assumes the Aj are a basis for a finite dimensional Lie algebra of operators A
over R which is "integrable'". (Standard elementary facts about Lie theory are
assumed here and we refer to Helgason {2] and Varadarajan [1] for details.)

Explicitly
Sk
(4.4) [Ai,Aj] = 7 cijAk

and to explain the word integrable we recall that if m : G >~ L(F) 1is a repre-
sentation of a Lie group G on F (i.e. a continuous homomorphism into L(F))
then T induces a mapl dm taking the Lie algebra §g into densely defined linear
operators on F. Here if g :R > G 1is a smooth curve with g(0) = e and

g'(0) = a€ g then
(4.5)  dm(@)E = g ()] g5 E€F

is defined on a dense set of £. The algebra A 1is said to be integrable if
there is a Lie group G and a representation m of G on F such that Aj =

dﬂ(aj) for all j where the aj form a basis of g.
Now with g : R > G as above and a = g'(0) € g one defines for h € G
(4.6)  Ef(h) = S f(g()h)|

dt t=0

for smooth functions f on G. The right translation R is defined by Rhf(g)=

h
- -1

f(gh 1) and an operator L is said to be right invariant if Rh LRhf(g) =

Lf(g) so that a 1is seen to be right invariant. Now if s = (sl,...,sn) is a

local coordinate system at e so that the diffeomorphism ¢(s) takes a nbh of

0 in R" into a nbh of e then & has an expression as a first order differ-

ential operator in these coordinates. Take the basis a, of g in the form
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a = 3/85k¢(s)|s=0 and one has then
@7 AN = [l %1 £(H(s)h).

Indeed in a nbh of e one can write f = fo¢o ¢—1 = f °¢—l where f 1is a func-
tion of euclidean coordinates and one writes 3f/35k for 8?/35k in standard
notation. To evaluate a/arkf(¢(r)¢(s)h) at r = 0 we consider %(¢_l(¢(r)¢(s)hﬁ
so that Qi(s) = 3/8rk¢;1(¢(r)¢(s)h)|r=0 where ¢;1 denotes the ith coordinate

of ¢_1. The matrix (Q;(s)) is clearly invertible.

Let next C (T) be the set of y € F such that 7(g)y is ¢® as an F valued
function of §g. One knows that Cm(ﬂ) is dense in F and w(g)y € D(Aj) while
clearly m(g)y € D(Ej). A simple calculation then yields Ejﬂ(g) = Ajﬂ(g) S0

that on ﬂ(g)Cm(ﬂ) A is isomorphic to the Lie algebra DR of right invariant
differential operators on Cm(G) (note that Ain = Eiﬁj in this correspondence).
One has a standard notion of distribution on G so that D(G), E(G), E'(G),
D'(G), etc are all well defined. Let dju denote the right invariant Haar measure
on G. Then if L 1is a linear operator L : D(G) » D(G) a (formal) adjoint is
defined by <L*f, h> = <f, Lh> for f,h € D(G) where <f, h> = Jfﬁdu. One shows
then easily that &% = -a + ¢ where ¢ is a constant. Evidently & and a*

extend to be operators on E'(G).

Definition 4.1 I1f T € E'(G) the quantization Q(T) 1is defined as a linear

operator with domain Cm(v) C F by the rule

(4.8) QML = JT(g)Tr(g)Edu.
G

This is an abuse of notation of course and means <T(g), m(g)&> for a vector
valued E' - E bracket relative to du. This concept is very useful since it is

OO
eagily shown that for £ € C {m)

(4.9) 0(a% ...a% T)E = A, ...A, Q(T)F.
Jr Jl Jr J1

To see this consider
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(4.10) Q(EQSTT)E (EgaTT(g))ﬂ(g)Edu = JT(g)(Slézﬂ(g)E)du
G

T(g)AzAlw(g)gdu = A2Al JT(g)W(g)Edu = A2A1Q(T)€.
G

i
i

The property (4.,9) allows one to transform (4.1) into a partial differential

equation on G.

Now in ‘Lu from (4.3) replace Aj by Oj and Dt by T to obtain a polynomial
P(T,0) = ZPi(O)TN_i. Let PN(T,O) be the principal part of P(1,0) (i.e. the
terms of order N) and define (4.3) to be of hyperbolic type if for all real

d + 0 the equation PN(T,O) = 0 has N distinct real roots Tj(O). Define

further

N
(4.11) L= Jp @oot
j=o T 37T

Theorem 4.2 If (4.3) is hyperbolic then L is hyperbolic as a partial differen-

tial operator in local coordinates s > ¢(s).

The proof is straightforward and we omit details., Next recall that for T,S €

E'(G) one defines (with abuse of notation)

(4.12)  (T*8)(g) = JT(gh_l)S(h)du(h)-
G

Then by patching together local solutions and using standard facts one can prove

Theorem 4.3 If (4.3) is of hyperbolic type the Cauchy problem (0 < j, k < N-1)
- A, .k _

(4.13) LE (t,e) = 03 thj(O,g) Sjké(g)

has a unique solution with fj(t,-) € E'(G). 1If Y € Cm(G) then ij(t,g)w(g)du(g)

> oo s
is C in t.

Finally using (4.9) it is easily seen that for £ € Cw(ﬂ)

(4.14) LQ(E)E = Q(LE)E
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and the next theorem follows immediately from the preceeding results.

Theorem 4.4 Let (4.3) be of hyperbolic type with the Pi(A) in the enveloping
algebra of an integrable algebra A. Then for Uy € Cm(ﬂ) the problem (4.3) has

a solution given by

N-1
(4.15) ut) = ZQ(fj(t,g»uj.

j=0

Remark 4.5 It is asserted in Hersh-Steinberg [7] that 1f the algebra generated by
the Ag is also integrable then the solution (4.15) of (4.3) in unique. It seems
probable that a uniqueness theorem based on the techniques of Section 2 could also
be devised and we will return to this later. The restriction to hyperbolic equa-

tions above is only to insure the existence of suitable fj such that all brackets

and integrals make sense; other situations can easily be envisioned.

Example 4.6 A number of interesting examples and applications are given in Hersh-
Steinberg [7]. The Weyl-Heisenberg algebra has as a basis the skew adjoint opera-
tors

K LA

(4.16) A, = 3/3x,; B =ix
J J
. 2, n
each of which generates a unitary group in L"(R) of the form

tA, R R tB itx
(4.17) e Jf(x) = f(x + tej); etlIf(x) = eltf(x); e kf(x) = e kf(x)

. . n . . : .
where ey denotes an orthonormal basis in IR . Any linear partial differential
equation\with polynomial coefficients can be written as an operator equation of

the form (4.3) using this algebra. However this is not always the best algebra to

take. It is noted for example that the equation

(4.18) u = = + xzu + 2xu_ -~ xhu + lu
XX X 4

is not hyperbolic in the usual sense and would not lead to a hyperbolic operator

equation in terms of the Weyl-Heisenberg algebra. However if one takes

. _ 1, _ a2
(4.19) A =1ix"; B = xDx + 5 C = 1Dx
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then (4.18) becomes Upp T (A2 + B2 + C2)u which will be hyperbolic. Here one
sees that [A,B] = -2A, [A,C] = 4B, and [B,C] = -2C while A,B,C are formally
skew adjoint on C:(R) . Further they extend to unique skew adjoint operators on

L2(R) generating unitary groups. The Hermite functions are analytic vectors for
A = {A,B,c} and by Simon [1] A is integrable. In fact the associated group &
is a twofold covering of SL(2,R) . Another aspect of choosing a "good" operator

version of (4.18) is that one obtains naturally an energy
1 2 2 2
Be) = 5 1%+l aull®+ [ sall+ 1l cull®
yielding good a priori estimates. A further application to equations of the form

-— P k,Q'
(4.20) U, = L(x,D)u = Xai,j X% D, Du

with elliptic L 1is also given.

We go now to some second order equations and will sketch various methods. Consider
first the equation (I.14) in a Banach space F with initial data w(0) = u, and

w and w, = w' one has

1 2
[ uo ) 0 1
FHI!
Y1 A% o

Assume A generates a strongly continuous group T(*) in F and assuming 0 €

w'(0) = u

1 Setting w

> > >
(4.21) w, = Aw;  w(0)

p(A) = the resolvant set of A one expects A to generate a strongly continuous
group given by

IO

(4.22) exp t A = cosh At[ ] + A_lsinh At A.

01
In fact it is proved in Goldstein [3] that if D(A) 1is taken to be D(AZ) x D{A)
then this is indeed true in thé space D(A) x F where D{A) has the graph norm
(but not in F X F since A—lsinh At A does not define a bounded operator in

F x F). For variable A(t) with constant domain D(A(t)) = D the following
theorem is proved in Goldstein [2]. First for B(t) € L(E,F) one says B(*) €
Lip(E,F) if for any T > O there is a constant m = m(T) such that for

1

[s|,lt] < T | B(t) - B(&)|] < mlt-s|. Also if D(A) C D(B) with A~ € L(F)
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then BA L € L(F) by the closed graph theorem.

Theorem 4.7 Let F =H be a Hilbert space with B(t) self adjoint satisfying
2 ~
(B(t)x,x) 2_c(t)||x|| for x € D(B(t)) = D where c(t) > Q0 is bounded away

from 0 on bounded intervals. Assume t > B(t)B_l(O) € Lip(H). Then the problem

(4.23) w' + B(t)w = 0; w(0) = v w'(0) = v,

with LA €D and v, € D has a unique solution w € CZ(H).

1 ~
Here D(Bﬁ(t)) (= D(A(t)) = D 1is automatically constant with D and a perturba-
tion term P(t) € L(D,F) with P(+) € Lip(D,F) can be added to B(t). We will
sketch some of the steps of the proof. A preliminary lemma based on Kato [2; 8]

(cf. also Mizohata [1]) states

Lemma 4.8 Let F be a Banach space with C(t) the generator of a strongly con-
tinuous semigroup in L(F) for t > 0. Let Q(t) € L(F) be such that Q (¢) €
L(F) with Q(t)C(t)Q_l(t) generating a contraction semigroup in L(F) and

Q(+) € Lip(F). Suppose there is a function R(*) :ﬁm+ + L(F) with strong deriva-
tive R such that R(*) € Lip(F), R “(t) € L(F), and E(t) = R(O)C(ER™L(t) has

domain independent of t. Then

D(E) = (I - E(e)) (I - ECO) ™! € L(F)

and one supposes D(+) € Lip(F). From these hypotheses it follows that there is

a unique U :1R+ > F satisfying

(4.24) j—g = c(t)U; U(0) = f € D(C(D)).

Proof of Theorem 4.7: (4.23) is equivalent to

d» N N w 0 1
(4.25) dr“t’ = A()w; w(0) = [ ° ]; Aft) = { ]
Y1 -B(t) O

where ;(t) € F =DxH with D(A(t)) = DxD. Let Ft = F with the norm

2
e 2= 11 a2+ |l gl
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and then for fixed t, A(t) generates a unitary group in L(Ft)' Let Dt =D
with norm || £]| = || A(t)F|] (D has the D, norm). One shows by a routine
argument that there is an operator Qo(t) € L(D) such that Q;l(t) € L(D),

Qo(t) : Dt > D= Do is unitary, and Qo(t) : D>D {is positive self adjoint.

Set To(t) = Qi(t) considered in DO with domain D so that To(t) = B_l(O)B(t)
The hypotheses of Theorem 4.7 will imply now that To(') € Lip(D) (this takes a
little calculation). Let T > 0 be fixed and then on [0,T] cI < To(t) < c_lI
with To(t) self adjoint on Do. A standard formula (cf. Carroll [4], Yosida

[1]) allows one to write now for f € D = Do

(4.26)  Q(O)f = % J s7E(sT + To(t))_lTo(t)fds.
0

Using this formula one can show that Qo(°) € Lip(D) (cf. Kato [4]). It is now
possible to apply Lemma. 4.8. First with F=DxH (D= Do) define

Q,(t) 0
(4.27) Q(t) = [ ]

Y] I

Then Q(t) and Q~1(t) belong to L(F), Q(*) € Lip(F), and Q(t) : Ft + F is
unitary. Hence Q(t)A(t)Q_l(t) generates a unitary group in L(F), namely
Q(t)exp s A(t)Q_l(t) (s €ER). Next set R(t) = I. One knows 1 € p(A(t)) since
A(t) generates a uniformly bounded group in L(F) with D(A(t)) = D x D. Hence

in Lemma 4.8 one can write

1 1

D(E) = (I - A - A()A™ 0y [AC0) (1 - Ao ™)

and to show D(¢) € Lip(F) it suffices to show A(°)A-1(0) € Lip(F) which
follows with a small calculation. Hence Lemma 4.8 applies and Theorem 4.7 is

proved. QED

We consider next some variable domain problems following Carroll-State [25]. The

basic problem will be phrased as
(4.28) W' + B(t)w = £

in a separable Hilbert space H and we will allow the domains D(B(t)) to really
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vary in time. This is accomplished by using a technique of Carroll [4; 36; 37; 38]
to describe the variation of subspaces in terms of operators (cf. also Carroll-
Cooper [24], Cooper [1; 2], Mazumdar [1; 23 3; 4]). Other abstract techniques

for variable domain problems appear in Baiocchi [1; 2], Bernardi [1], Bernardi-
Brezzi [2], Gearhart [1], Kato [6; 7], Lions [4; 53 10; 11; 12] while some recent
work with applications to scattering theory can be found in Bandos-Cooper [3],
Cooper [3; 4; 5; 6], Cooper-Medeiros [7], Cooper-Strauss [8; 9], Inoue [1],

Strauss [3].

We will deal with a weak version of (4.28) first. Thus let V(t) CH be a
family of Hilbert spaces dense in H with continuous injections. Let V'(t) be
the antidual so one can write V(t) CH CV'(t). Let R(t) : H~> V(t) (into)

be determined by (x,y) = ((R(t)x,y))t for x € H and y € U(t). Then R_l(t)
is a positive self adjoint operator in H and S(t) = R_%(t) maps its domain
V(t) = D(S(t)) one to one onto H with k(x,y))t= (Sx,Sy) (see Carroll [4] for
details). The operators S(t) were called "standard" operators at one time but
perhaps a better name would be canonical V(t) related operators. Let W =
L2(V(t)) = {u € L2(H) on [O0,T], u(t) € v(t) a.e., Su€ LZ(H)} with scalar
product ((u,v))w = JZ(SU,Sv)dt. One makes hypotheses which insure that
||S_1(t)||i ¢ with S—1(°)h measurable in H for h € H (i.e. (S_1(°)h,k) is
to be measurable for k € H). Then W C L2(H). Let b(t,+,*) be a continuous,
coercive, self adjoint sesquillinear form on V(t) x V(t) with |b(t,x,y)[ <
c]|x”t||y||t and b(t,x,x) > a||x||i. Such a form induces a topology on V(t)
equivalent to its original topology and we introduce a new Hilbert structure on
V(t) with scalar product b(t,x,y}. Clearly b(t,x,y) = <B(t)x,y>t where

B(t) : V(t) » V'(t) 1is linear and continuous (< s 7 denotes V{t) - V'(t)
antiduality). This determines an unbounded operator in H, denoted again by

B(t), with domain
D(B(t)) = {x € v(t); B(t)x € H}

and for x € D(B(t)) one has b(t,x,y) = (B(t)x,y). Since b(t,x,y) = b(t,y,x)
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we see that B(t) 1is a self adjoint operator in H, closed, and densely defined.
Next we let 8(t) : V'(t) > V(t) be the isometric isomorphism determined by
<X,y> = ((e(t)X,y))t so that B(t) = G—I(t) and one shows easily that 8(t) =
S “(t) when restricted to H. Thus B(t) = Sz(t) is self adjoint and we will

work with this B(t) in (4.28). Suitable perturbations of B(t) will of course

be permissable (cf. Carroll-State [25]).

Now a weak version of (4.28) is to find w € W, with w' € LZ(H) and w(0) = 0,

so that
T T T

(4.29) —J (w',v')dt + J b(t,w,v)dt = J (f,v)dt
a ¢ ¢

for all v €W with v'E€ LZ(H) and v(T) = 0. TIn general a term (wl}v(O))

will be added to the right side of (4.29) but we assume Wy = 0 here for simpli-

city (w1 ~ w'(0)). We assume that S_l(') is weakly Cl (i.e. (S_l(')h,k) is

Cl for h,k € H) in which case there are self adjoint operators é_l(t) with
s onK = EHonb, [IsTOl<e, 1§HO< e, and sTHE) s
Lipschitz continuous (cf. Carroll [4]). Now in making (4.28) or (4.29) into a

first order system an additional term appears in order to take into account the

variation of domain. Thus set w = S_lw1 and observe that in D'(H)

-1
' = vo=
w (s wl) S wy

w
when w' makes sense. Let w = [ 1 ] €EH = LZ(H) X LZ(H), W=uxW, t =

[2], and consider the problem of finding weE H such that

(4.30) -0, v") + A(w,9) + (Aw,89) = (£,9)

-1
_(§a

-3 > >
for all v € W with v' €H and v(T) = 0. Here a X term is added on for
convenience in the argument; it does not affect existence or uniqueness. To see

that (4.30) is a correct transposition of (4.29) we write out the equations as
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T T T T
-1
(4.31) —Jo(wl,vi)dt + AJ (wl,vl)dt - J (wZ,Svl)dt + J (S wl,Svl)dt =0
0 0 0

T T T T
(4.32) —J (wz,vé)dt + AJ (WZ’VZ)dt + J (wl,sz)dt = J (f,vz)dt.

0 4} 4} 0
Thus taking v, = S~1¢ for ¢ € D(H) on (0,T) we have vi = é—l¢ + S—1¢' and

setting X = 0 (4.31) says

T T
(4.33) —J (S w1,¢')dt = J (w,,$)dt
2
4} 4}
which means w, = (S "w.)' in D'(H). Hence given a solution w of (4.30) with

2 1

A =0 define w=§ w, 8o that w, = w' and (wl,sz) = (Sw,SvZ) = b(t,w,vz).
Then (4.32) says

T

T T
(4.34) -( (W',Vé)dt + ( b(t,w.vz)dc = J (£,v,)dt
J Jo 0

0

which is (4.29) with vy T V.

As in Carroll-Cooper [24] W' = LZ(V'(C)) = 6_1W and one defines L : W > W' by
Lu = u' with D(L) = {u € W; u' € LZ(H); u(0) = 0}. Similarly L' : W=+ W' 1is
defined as L'u = ~u' with D(L') = {u € Ww; u' € LZ(H); u(T) = 0}. Both L and
1" are densely defined and as a consequence of S_l(°) being weakly Cl it is
proved that LS =L = (L")* = Lw' Actually a stronger result is proved in Carroll-
Cooper [24], namely if S_2(°) is weakly C1 then LS = Lw' This is a very

useful criterion and the proof is nontrivial. We recall next that a map Q : F »

F' 1is monotone if for u,v € D(Q),
Re < Q(u) -~ Q(v), u-v> >0

{take here F to be a reflexive Banach space for example). When Q is linear
and monotone with D(Q) dense we say Q 1is maximal monotone if it is not the
proper restriction of another linear monotone operator. A (nonlinear) Q : F - F'
with D(Q) = F is bounded if it takes bounded sets into bounded sets and hemi-
continuous if it is continuous from lines in F to the weak topology of F'; Q

is coercive if
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Re<Q(x),x> > (]| xID || x]|

where ¢(x) > » as x > o ($(x) can be negative for x small). Now, following
Carroll-Cooper [24], by a result of Brezis [2] LS is maximal monotone since

LS = Lw' The following special case of a result of Browder [8] is then needed

for our development.

Lemma 4.9 Assume F is a reflexive Banach space. Let L : F~> F' be a closed
densely defined linear maximal monotone map and Q : F > F' a monotone hemicon-

tinuous bounded coercive map. Then L 4+ Q maps D(L) CF onto F'.

Consider now the regularized strong parabolic problem associated with (4.30) (cf

Lions [5] for parabolic regularization)

Problem 4.10 Find ;E € W such that

R
(4.35) O+ AwT + PaE o+ ekt = £
L0 o7l o p1s71sL g
P R T A A |
0 L o ol s 0

Let us check that a solution of (4.35) satisfies (4.30) with a suitable € term

>

added., Let ; €W with v' € H and ;(T) = 0. Then ve D(L') in an obvious

notation and taking W - ' brackets in (4.35) with %V we obtain
>£ > > > Y > > > >
(4.37) —(w ,v')H + Aw ,V)H + (Aw ,SV)H + €(Sw ,SV)H = (f,v)H.

Indeed the individual equations in (4.35) are

£ 3 -1 -1:-1 € 3 -1 e _
(4.38) stl + Awl + 0 S 8 W= Sw2 + €6 Wy = 0
€ [ € -le _
(4.39) stz + sz + Sw1 + £0 Wy = £

and one notes that, for x € H and v € v(t), <x,v> = (x,v) while, for x €

V'(t) and v € V(t), <x,v> = ((0x,v)) = (SOx,5v). Hence in appropriate spaces

-1.-1:-1 ¢ _ -1l ¢€ € _ €
<6 "8 7§ wl,v1> = (S wl,Svl), —<Sw2,v1> = (Swz,vl)

= —(w;,Svl), <8-1w
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etc. so that <P;E,3> = (A;E, S;), <K;€,;> = (S;E, 53), etc. The program now is
to find solutions w- of (4.35) with |$€| and E%H ;EHU’ = EZISQEIH bounded.
Then by weak compactness we can take weak limits in (4.37) which leads to a
solution of (4.30). This is accomplished by taking F = (! in Lemma 4.9 with

Q = AT + P + €K and making the hypotheses
-1 2
(4.40) Re(x, S (t)S(t)x)Hi—B]le

>

for x € V(t). Then taking A > B one obtains w solving (4.35) (after some
>

routine calculation to verify coercivity) and the estimates |wE|H < ¢ and

~

>€
€%|Sw IH < ¢ follow easily. Consequently one has

Theorem 4.11 Let b(t,+,*) be a family of continuous self adjoint coercive
sesquilinear forms on V(t) X V(t) and put on V(t) the corresponding Hilbert
-1

structure. Assume the canonical V(t) related operators S(t) satisfy S ~(+)

weakly C' with (4.40). Then there exists a solution of (4.30).
Remark 4.12 Tt is shown in Carroll-State !251 that (4.40) is equivalent to

@ay  Lishon|? > -28)s o)

for h € H and this leads to the requirement that V(s) C V(r) for t > s.

Examples are provided to show that V(t) need not be constant.

Remark 4.13 Mazumdar [4] works with (4.35) directly for € = 0 using further

hypotheses and some results of Mazumdar [1; 2; 3]. In particular he assumes S_1

is weakly C2, (4.40) holds, and Svlé—ls, or equivalently é-ZS, extends to be
a bhounded operator in H. Then if f € H with f' € # and f(0) = 0 there
exists a solution w&€ W of w" + 2w’ + sz + Szw = f satisfying Sw € W,
(Sw)' EW', w' €W, and w" € H while w(0) = w'(0) = 0. Note here that if

u = excw then u" + Szu = ext[w” + 2w’ + Azw + Szw] with u(0) = w(0) and

u'(0) = w'(0) + Aw(0). Examples show that this is also a true variable domain

situation.

Reamrk 4.14 1In Kato [6; 7] evolution equations of the type w' + A(t)w = f are
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studied where the -A(t) generate c® semigroups in a Banach space F but not
necessarily analytic semigroups. Such equations are then said to be of hyperbolic
type and have some applications to symmeyric hyperbolic systems of differential
equations (cf. Crandall [4], Friedrichs [1], Phillips [1; 2]). The domain

D(A(t)) 1is allowed to vary but it is assumed there is a dense linear subspace

D C D(A(t)) on which A(t) acts "smoothly"”,

The Russian school has treated second order problems of ''parabolic” type exten-
sively and extended the techniques to higher order equations. Thus going to
Krein [1] we let A(t) and B(t) be closed densely defined linear operators in

a Banach space E and consider

(4.42) u" = A(t)u' + B(t)u; u(0) = us u'(0) = up

Suppose D(A(t)) = D independent of t with A_l(t) € L(E). If u(0) €D from
A(*)u' continuous and A(O)A_l(t) € L(E) it follows that A(QO)u' 1is continuous.
Since A(0) 1is closed

t t
A(0) [u(t) - u(D)] = A(O)J u' (1)dT = J A(Q)u' (1)dT
0 0

and hence u(t) € D with A(Q)u(*) € c& (A(O)u(e))' = A(O)u'(€)). Let now

u' = v and A(Q)u(t) = w(t) so that

(4.43)  v' = A(t)v + B(£)A L (Ow; w' = A(O)v
and %' = Q(t); where
[ A BOATO L v
(4.44) q(e) = | A 0 ]; X = [ w ].
Solutions of (4.42) correspond to solutions of ;' = Q(t);. The first technique

assumes A(*)y € Cl(E) for y € D with A(t) suitably approximable by Yosida

approximations

A () = -0A(£)R L

ey () = AT = 587

1

(recall RA(R) = (A -~ AI) ) while B(t)A_l(O) € L(E) with B(-)A_l(O) strongly
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differentiable. Then Q(t) 1is thought of as A(t) + B(t) where A(t) (resp.
B(t)) has zeros in the second (resp. first) column. The problem is viewed as a

. - - . . Iy
perturbation of y' = A(t)y and a unique solution is obtained for u sy €D,

1
. 1
using results for first order equations. If A(+)y € Cl(E) for y € C'(E) for

y €D while (A)]If_l/l-FA for X > 0 (instead of the approximation

I Ra ey
property) and the other hypotheses are unchanged then the same conclusion follows
by invoking other results on first order equations. The thrust of the matter in
terms of operator strength is displayed for constant operators in the following
theorem where we say that an operator C is subordinate to A if D(C) 2 D(A)
and || cx]| < ¢|l Ax]] for x € D(A). If in addition for small n || cx|| < 0,00 +

n” Ax|| for a continuous convex functional ¢ﬂ then B 1is said to be completely

subordinate.

Theorem 4.15 Let A and Ao = —BA_l generate analytic semigroups with Ao
completely subordinate to A. Then for ug € D(B) N D(A) and uy € D(A) there

exists a unique solution of (4.42).

2
One also speaks of a weak solution of (4.42) in requiring u € C°, A(*)u' € Co,
and B(*)u € c® only on (0,T] instead of [0,T]. 1In the siutation of Theorem
4.15 such solutions exist uniquely for ug € D(A) and uy € E and u(t) will

be analytic in some sector containing (0,*). Similarly one has

Theorem 4.16 Let A(t) and Ao(t) = B(t)A_l(t) have domains independent of t

and satisfy Myl < M/|A-w| and || RAo(t)(A)Ilf'Mo/|A —wo| for Re X > w

I Ry ey
and Re A > v Let A'(t)A_l(t), Ao(t)A;%(n and Ao(t)A_a(O) for some o €
{0,11 be bounded and satisfy a Holder conditicn. Then for U € D(AY N D(B)

and uy € D(Ap) for p > a there exists a unique weak solution of (4.42).

It is in this spirit that cne finds certain results for higher order equations.
For example following Yakubov {5] we consider for closed unbounded densely defin-

ed Ak

n
-k
(4.45) T A (0D “u = £(t,u,...,D u)
Lot
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with Dtu(O) =uqu

X (0 <k <n-1) where Ao = 1. Solutions of type 1 satisfy

(4.45) on [0,T] with u € Cn(E) (E 1is a Banach space here) whereas solutions

of type 2 satisfy u € Cn-l(E) on [0,T], ug€ Cn(E) on (0,T], and Ak(')D:-ku €

°(B) on [0,1) for n>2 while A ()0} ue€ C®(E) on (0,1 amdis L' on
[0,T]. The following theorems are proved by writing (4.45) as a first order system

and inveoking results on first order equations.

Theorem 4.17 Let D(Al(t)) = D dense with H RA (t)(A)lli 1/(A+8) for X > -8
1
-1 2 -1 1
(6 > 0). Suppose A (*)A;7(0) € CT(L_(E)) and A (+)A "(0) € C' (L (E)) on
[0,T]. Assume U €D with f = f(t) a function in Cl(E). Then (4.45) has a

unqiue type 1 solution.

Theorem 4.18 Let D(A;(t)) = D = D(A) dense with I R, (t)(K)||§,c/(l-F|%|) for
1

Re A > 0. Let Al(')A_l(O) € Cl(LS(E)) with [Al(-)A'l(O)]' and Ak(t)A_l(O)

(k = 2,...,n) satisfying a Holder condition on [O0,T]. Let u €D for 0<

k<n-2 with u _ € D(A") for some a >0 and let f = f(t) satisfy a

Holder condition. Then (4.45) has a unique type 2 solution.

Theorems for more general f are obtained in the framework

1 n-1

(4.46) D:u + A(t)D:_ u = F(t,u,...,D) )

but we will not be more specific here. Let us mention in passing the paper of

Kharitonenko-Yurcuk [1] where the abstract Love equation
(4.47) u" + A(t)[u + wu"] = f

with suitable data u(0) and u'(0) 1is treated in a Hilbert space. We go next
to a technique of Raskin [2] (cf. also Dubinskij [1; 2], Gasymov [1], Grisvard

[2]) for equations of the form
2 n-k
(4.48) L (D)v = kZOAth v =10 (A, =D

where the Ak are closed densely defined operators in a Banach space E. Initial

conditions DtV(O) = vy (0<k <n-1) are required for suitable v, . Assume
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Al € L(E) and sec =B = -A Al (1 <k <n) with resolvant K ()= (OI+B)!
satisfying

o,
(4.49) IR OO <M %5 0 <o <15 Re X >0

n -
where n-1 <6 = Zak < n (note we are taking RA(A) = (AL -4) 1 here instead of
z Pk =

(A-—)&I)_l as before). Let Ln(k) = an_kAk and the main tool in this work is

the following lemma.

Lemma 4.19 For some ¢ > 0 and B < Bo =6 - (n-1) let x[!i

1-
LY

1By

c“%xl and k = 1,...,n-1. Assume B, = A

for x GD(Bk) N D(Bk+1)

commutes with Bk for k =2,...,n. Then Ln(k) has an inverse L;l(k) for
-8

Re A > 0, and Il L;I(X)H

[ A

e, |2

1 1

Proof: One writes first

n
(4.50) (i +B) s B ="+ A" T B+

1 i=1
#2772 7 B B, 4 ees 4B e B
§ <i i1, n 1
2—"1
Since Bk k-1 s B1 = A.k it follows that

n-1
= LN ) — n-m o aa
(4.51) L) = (+B) (A + B)) 7oA ' ) B, B,
m=1 11>m 1 m

where i, > 1

1 2 > e > im. Hence writing

n-1
= n-m LN LN )
(4.52) K(}) = mzlx ) B, B, R, (M) R (M)

i >
11 m 1 m

we can express (4.51) in the form

(4.53) Ln(X) = [1I -KMN]O + Bn) ces (A + Bl).

B-8
0

One can establish the estimate || K(1)|| < c2|A| for Re X >o© (see below)

1
and hence | K(A)| < 1 for sufficiently large |A| (since B < Bo)' This
guarantees the existence of L;l(k) from (4.53) which we can write in the form

_1 = s - _1
(4.54) L) =R M) R IT-KM)]
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with a norm estimate as indicated. To obtain the estimate on || K(1)|| observe

that for |A| large
_ . n, 1-8
(4.55) l BIR (A e R [ = | (I-2R ()R, (V) R ) i< M A"k,

Hence for any i1 > 1 it follows that (note f < 1)

n-1

(4.56) | x BilRl(x) s R W <

- i -1 i -1
c o™ BR () - Rn(}\)HB IR ) e anHl—B

i -1, g-
<ec ! an|X| °,

1
B2B1R1(X) s Rn(X) = R3(X) see Rn(X) - XR2(X) s RH(X) - XB2R1(X) s Rn(X)

Similarly B, B, R.(A) «+*+ R (A) for i, > 2 can be estimated in terms of
il 12 1 n

and using (4.56) it follows that

B-8
n-2 . o
(4.57) [| B11B12R1()\) Rn()\)Hi c(11,i2)|)\|

All terms in K(}) can be so estimated and one obtains the desired bound on

kOOl - QED
n-i-1
Let now vy € N D(As)’ i=0,...,n0-1, and write
s=1i
n-1 n nei
(4.58)  y ) = ] (7 Ai_l)v,.
§=0 1=3+1 J

Then there results
Theorem 4.20 Under the hypotheses of Lemma 4.19 the function

1 O+iw
(4.59) v(t) = J

2ni

exp ALY (A)dA
O—qc n °

isa C  solution of (4.48) for t > 0.
n n-1

i = S M U
Theorem 4.21 Let vy e n D(AS) for i =0,...,k with Virl ( D(As))

1 1
n
A . . . .
(1 D(BS)) while Vig2or Vol satisfy the condition used in constructing
wo(k). Then v(t) given by (4.59) is k+1 times continuously differentiable

for t > 0 with Div(O) vy for 0< j <k +1.
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Somewhat more abstractly and generally Dubinskij [2] considers the matter as
follows (cf also Atkinson [1; 2], Browne [1], Carroll [4], Chazarain [1], Cordes
[2], DaPrato-Grisvard [3], Dubinskij [1], B. Friedman [1], Gasymov [1], Grisvard
[2], Ichinose [1; 2; 3; 4], Kallstrom-Sleeman [1], Mohammed [1], Roach-Sleeman

[11). Let

S . s .
- 3. _ 3
(4.60) P(D,) = jzoAth’ P(A) = '2 AjA .

j=0

The idea is to consider first a general operator equation

S .
(4.61)  P(B)u = ) A,Blu =h
j=0 ’

with closed densely defined operators Aj and B in a Banach space E. Suppose
that the spectra 0(B) and O(P) are disjoint with [ a suitable contour in
separating them. } = g(P) if I x € D(P) = ﬂD(Aj) such that P(A)x = 0; A € o(B)
if (B-A)x=0 for some x € D(B) - only point spectra are being considered.

Then formally a solution to (4.61) will be

1

@62 uw-- 3% oy - an Lk

Zﬂijr

where k is an integer characterizing the groﬁth of P_l(k) at . This is an

extension of methods of Grisvard [2] (cf Carroll [4] and see also Chazarain [1],
DaPrato-Grisvard [3], Ichinose [1; 2; 3; 4]). More precisely let T be a smooth
curve in the halfplane Re A > 0 going out to <« with arc length proportional

to |A]; let 5, (resp. S ) be the region lying to the right (resp. left) of

T'. Then I: Assume D(AjB) = D(BAj) with AjB = BAj; II: Let o(B) C S+ and

o(P) € §_; III: Assume there are Banach spaces El C E and Ez C E with con-

tinuous injections such that for any A & S, (8 - )\I)—'1 P B2 D(B) is 1-1 with

(B - >\I)_1 : E~> B, satisfying | & - AI)-llli c¢/(1 + |}]) 1in both norms

= ) .
El > E and F - E2 where F El EZ’

Yoy : F>E, and || AjP'l(A)!Ij

further for X ¢ S let P_l(k) . E, >

D(P) be 1-1 ans analytic with AjP_ 1

c(l + |>\|)k_J in both norms E, > E and F - El. Then it is immediate to verify

k+1 .
Theorem 4.22 Let the above hypotheses hold. Then for any h € D(B ) with
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+
Bk 1h € F there exists a solution u of (4.61) given by (4.62) with k replaced

k+1

by k+1. Further one has I AijU||Ef,Cl|B h| If in addition Bkh €F

Fe
then (4.62) gives the solution with k unchanged.
1

k+1 k+1 iy i k+

= {u; u € . € = {us enr;
Set now wk+l {u; u € D(B  "P(B)); B P(B)u F} and wk+l {u; AjB u€ D(B )3
k+1 i

B AjBJu € F}. Then it follows that

Theorem 4.23 The solution u of P{(B)u = h as above is unique provided W

k+l
. . c
is dense in wk+l in the sense that for any u Wk+1 there is a sequence
W k+1 k+1
€
u, wk+l such that uy +u and B P(B)un + B "P(B)u 1in E.

These theorems can be refined somewhat by making further abstract hypotheses but
we omit this. In the case when B 1is a self adjoint operator in a Hilbert space
E = H with spectral measures EA one can reformulate the matter as follows. If
G CH with a scalar product ( , )F oné defines F = {h € H; (EX - Eu)h € G
acw; | h”§ = J(dEAh’ dE)\h)F < @} where the integral is over O(B). Assume
I holds with AS =1 and for A € o(B) assume the map P_l(l) : F» D(P) I1is

1-1 with H AjP-l(X)llf_C(l + |X[)k—j in the F + H norm. Then from standard

spectral considerations there results

Theorem 4.24 Under the above hypotheses if h € F with Bkh € F then a solution

u € D(P(B)) of P(B)u = h is determined by the formula

(4.63)  u-= [

P—l(k)dEXh
Jo(B)

and there is an estimate I || Aijulh{i ed|| hHE‘+ I Bkh[|F).

For uniqueness let wk = {u € D(P(B)}; BkP(B)u €F} and W = {u€ D(P(B)):

k
BkAjBJu € F}. Assume for any u € Wk there is a sequence u € Qk such that
k

u ~u and BkA,BJu -+ B
i n

0 AjBJu in H (j = 0,...,8). Then solutions of P(B)u =

h as above are unique. To apply these considerations to differential equations

let X be a Hilbert or Banach space and define
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Hq(s,P)(X) ={u:1I->D() = ﬁD(Aj): I CR an interval;
such that IIUIIS,P,q = [I(ZH AjDiu(t)|'q<+ I u(t)’|q)dt < w},

Let Hq(s,P,Y)(X) for Y a real number be the space of u such that

k .
u(t)exp(-yt) € Hq(s,P)(X). Further let H(q,k,I,Y)(X) = {u; g“ DJ(u(t)eXP(-Yt))“q
< =} (note H(q,0,I,Y)(X) = Lq Y(X) = Lq(X) with weight function exp(-yt)).

Consider now (4.60) and equations P(Dt)u = h with As = I.

Definition 4.25 P(Dt) is called y-regular if o(P) lies outside the line
-1
Re A = v and there is a Banach space Y € X such that for Re X =y, P ~(})
Y > D(P) is 1-1 with || Ajp'l(x)lli c(yY)(1 + |A|)k'J (j =0,...,8) where the

norm denotes Y > X.
It is straightforward then to verify the following theorem.

Theorem 4.26 Let P(Dt) be y-regular with Y and X Hilbert spaces. Let EX
be the spectral measures for —iDt in LZ(R, X). Then for any h € H(2,k,I,Y)(Y)

the equation P(Dt)u = h has a solution u € HZ(S,P,Y)(X) given by
(4.64)  u(t) = eYtI P ley + 10)dE, (he™').

If F={u€ D(P); Aju € Y} is dense in D(P) then this solution is unique.

Definition 4.27 The operator P(Dt) is called parabolic if there is a Yo such
that o(P) € {A; Re X < YO} and on some Banach space Y CX, P—I(X) 1 Y > D(P)

is 1-1 and analytic for Re X > Y, while if Re A>a> Yo i AjP_l(A)Ifi
c(a)(l + lAI)k_j (0 < j <s) with norm Y > X, P(Dt) is called backward

parabolic if P(—Dt) is parabolic.

Definition 4.28 P(Dt) is called hyperbolic if it is simultaneously parabolic and
backward parabolic. Thus there exists Yo irYl such that o(P) lies in the
strip Y, < Re A 5~Y1 while for Re X < a < Yo and Re XA > a; > Y1 the estimate

of Definition 4.27 holds.
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Definition 4.29 P(Dt) is called quasielliptic if o(P) lies outside some (open

or closed) strip Yo < Re A :»Yl while for Yo < a_ < Rek f_al < Yy ||AjP—1(X)H

o}
< c(ao,al)(l + |A|)k_3 (0 <3 <s) withnorm Y > X, P(Dt) is called quasi-
hyperbolic if o(P) lies outside of a finite number of (open or closed) strips

< < = . " 1
sz < Re A —»Y2p+1 (p=0,...,N; N>1) while in each of these "resolvant

strips the estimate above holds.

There are a number of theorems for these types of operators the proofs of which

are all short and straightforward. First

Theorem 4.30 Let h(t) € H(q,k + 1, I, v)(Y) for Y > Yo and P(Dt) be para-
bolic; then the equation P(Dt)u = h with Dtu(O) =0 for 0<k<s-1 has a

solution u(t) € Hq(s,P,Y)(X) given by the formula

(4.65) u(t) = -+ A *G(t)P_l(A)h(k)(t)dA

+ico
1 amt® koAt
" e
211 .

a—lm

where Yo <a<y and 8 1is the Heavyside function (* denotes convolution in

t and one may assume Y, > 0 without loss of generality).

Proof: Llet E = Lq Y(HJZX) with Bu = Dtu and D(B) = {u; u(t) € H(q,1,I,7)(X):

u(0) = 0}. Then Theorem 4.22 can be applied (E1= E and E,= Lq Y(]R+,Y)).
b

Similarly for the backward parabolic P(D ) let h(t) € H(q,k+1,I,y)(Y) and
Yy < Y3 then for Y < a < -y, a solution u(t) € Hq(s,P,Y)(X) of P(Dt)u =h

is given by

atie 0 .
(4.66)  u(t) = - ﬁ L imx“kp'l(A)Jte”t'r)n‘;h(r)dmx.

Theorem 4.31 Let P<Dt) be hyperbolic and take Ye <90 :rYl with no loss of
generality. Let h(t) € H{q,k+1,I,Y)(Y) with vy > Y- Then a solution of
PO U = b with DXu(0) =0 for 0 <k <s-1 is given by (4.65). If v <Y,
then a solution of P(Dt)u = h (same h) with no initial conditions is given by

(4.66).

Results for quasielliptic and quasihyperbolic P(Dt) are also given in Dubinskij
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[2] where correct problems are indicated. For the study of operator "pencils"
such as Ln(X) in Lemma 4.19 or P()) 1in the Dubinskij work and some related
topics we mention for example Abdukadyrov [1], Allakhverdiev-Gasanov [1], Burk
[2; 3], Gasymov [1; 2; 3], Gasymov-Maksudov [4], Gohberg-Krein [1; 21, Gorbacuk
[1], Gorbafuk-Gorbafuk [2], Gorbafuk-Vainerman (4], Markus-Mereutsa [1], Virozub-

Matsaev [l], Voropaeva-Maslov [1], Yakubov-Balaev [8].

Remark 4.32 The spectral theory of Carroll [18; 19; 20; 21: 22] has already been
sketched in book form in Carroll [4] so we will not develop it in detail here.
However a few comments are appropriate here for completeness and some motivation
. . 2 .
was provided in the introduction. Recall that in F =1L (Rp) one can write
ka = (_A)%Rk where the Riesz operators Rk are continuous so that in particular
a . a,k Lo, Lk L .
Za, (£)D° = Xa,. (t)RA where A =1+ (-A) is positive and self adjoint while
ja X jko
the Rk and A all commute. For simplicity we treat the corresponding abstract
problem with aja independent of t. Thus let H be a separable Hilbert space
and Ak (1 <k < N) a family of positive self adjoint operators with a =
1

I

K € L(H). Let bj € LA <3 E»M) be operators commuting among themselves

and with the a  and Ak' Let A be the commutative Banach algebra generated

by the bi’ and the identity e. We will use a few facts from Banach algebra

N+M

as
theory here and refer to Carroll [4] for the necessary details. Let OA cc

be the joint spectrum of the generators a and bi: thus GA is the image of

k
. N+M .
the carrier space ¢, under the map Yy = ¢, > € defined by y(¢) =

(31(¢),...,§N(¢), ﬁl(¢),...,GM(¢)) where &¢(x) = %(¢); then Oy is compact and

homeomorphic to @A. The spectral variables =z 1 <k <N (resp. Zis N+1 <

k’
i < N+ M) correspend to a (resp. bi) and GA(b) denctes the joint spectrum

k
M . . N+M
of the bi in T (GA(b) = prM(OA) where pry, denotes the projection of &

M o ) -1 o
on ). Clearly Z, = ak(¢) >0 in 04 and we set Ak z - Associated to

the equation

m~1 .
(4.67)  Dlu+ Y P (A ,b)DIu =0
t . JUokTiTt
j=0
. P : v
is the characteristic polynomial (z (ZN+1,...,ZN+M))
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m-1
(4.68)  Qz,A,z') =¢" + ]

j
, Pj(xk,zi)C

0
(cf. (1.2.10) and the associated framework). Here one thinks of (4.67) as a

first order system as in Section 1.2 of the form a +P(A,b)u = 0 where P 1is
a matrix like (1.2.10) with bottom row of the form (Po(A’b)""’Pm—l(A’b)) and

1 replaced by -1. Now one can develop the theory here in terms of OA but more

generally let us take a compact set = C EN+M on which zy is real and z, > 03

usually UA C Z but this is not assumed. Let CS(A,z'), s =1,...,m be the

roots of Q(Z,A,z') and write Y(A,z') = max Re CS(A,z').

Definition 4.33 The equation (4.67) will be called E hyperbolic if for z' €

prME, Y(r,z") §>a|X| + b, while Y(X,z') <c for Ak > Cy real. The equation

is E parabolic if for z' € pr, Z, Y(i,z") < —alk[h + b for real A

M K 2 Sk

I A

¢ for real A >c

) i 'e = ' .
it is correct if for =z prM , W(A,z'") k> %k

Now the spectral form of the Green's operator for the system u +'P(A,b)g =0

is &(t,7,A,z"') = expl-(t-T)P(A,z')] and one wants to show that & 1is in the
domain of a suitable functional calculus relative to % with suitable (t,T)
dependence. Then a matrix G(t,T) with entries in L(H) will arise yielding a
solution of (4.67) in the form :(t) = G(t,T)g(T). This involves considerable
analysis which we omit here (cf Carroll [4; 18; 19; 20; 21; 22]). A typical
theorem is cited for completeness however. Thus we will say that X is p
convex 1if for any ¢ ¢ Z there is a polynomial p such that p(Z) =1 and
[p(z)| <1 for z €E. We say E {s p spectral for A if for any polynomial

p one has | p(a,b)||i ¢ sup|p(z,z')| over ZE. Then

Theorem 4.34 Let Z be a p convex p spectral set for A with (4.67) a E
parabolic equation. Then there exists a weak Green's operator 5 (t,T) with
(t,T) > G(t,m) € ¢°(L (M), G(t,s)%(s,7) =G (c,1), G(r,7) =T, and t >

G(t,T) € Cl(LS(Hm)), while G, +P(A,b)G = 0,

Remark 4.35 Taking P(A) = A+ XA in (4.62) one obtains the solution of

(A+ B)u="h in the form
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1

(4.69) u = —J(A+A)'1
r

-1
T (B - A) “hdA

for k = 0 (with gsuitable traverse of a suitable ['). This is the formula of
Grisvard [2] and has been systematically exploited in DaPrato-~Grisvard [3]. They

distinugish two main types of problems as follows.

Definition 4.36 The operator L = A+ B is hyperbolic if (A ~ A} and (B - X\)

are invertible for X > 0 with

M

@700 J@a-n"<E pe-nT) s
A

for A >0, m=1,2,..., with M independent of X and m. The operator is

parabolic if (A - A) and (B - A) are invertible in sectors ZA and EB where

ZA = {}: |arg A| <m - GA} and ZB = {\: larg A| <m - BB} with 6, + GB <,

while in these respective sectors

Y=o ™.

_1 ..1 -
@1 la-nT=o0dxs L=
Thus for L hyperbolic (A - A) and (B - X) are invertible in sectors as
above with GA,BB <w/2 and || (A - A)_1| ][

[ < M/Re X with || (B - A) "] < M/Re A.

Thus the hyperbolic case is a limit of parabolic cases where GA + BB =T in the

f(t) and

limit. Time dependent evolution equations of the form -u' + A(t)u(t)
u" + A(t)u(t) - Au = f(t) are studied also in the context of noncommuting A and
B and results analogous to those of Kato [2; 6: 7], Kato-Tanabe [1], and Tanabe
[1] are obtained. For noncommutative A and B a formula similar to (4.69)

can also be utilized under suitable hypotheses., One can work in either case most
effectively with a solution of Lu - ¢u=h (L = A + B) expressed by (4.69)

with B replaced by B - ¢ (for technical reasons). Thus set for Z > 0

I -l -1,
(4.72) Sc = - o JF(B - A=) T(A+ X)) “di.

In the commutative case S( = (L - C)_] whereas in the noncommutative case if
one assumes for example that (B - A)_] D(A)C D(A) for A € p(B) with

(4.73) Il {a, (B - M@ - z)_IHi c(6,6M0 (A, 2]
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for suitable ¢ (8 = arg A, 6' = arg z) then (L - C)SC =1+ Rg where RE
1

will be small for 7 large and (L - ) = = SC(l + RC)—l. Hypotheses of stabil-

ity as in Kato [6; 7] are also utilized.



CHAPTER 2

TRANSMUTATION

2.1. Preliminary remarks and examples. The idea of transmutation of differential
operators will be useful in dealing with related abstract differential equations
and we will discuss this from various points of view following at first Delsarte
[1], Delsarte-Lions [2; 3], Levitan [1; 3; 5], and Lions [2: 3:; 4] (cf. also
Andro8€uk [1], Braaksma [1], Braaksma-deSnoo [2], Carroll [35], Carroll-Showalter
[8], Chebli [1], Gasymov-Magerramov [5], Helgason [1], Hersh [3], Hutson-Pym

[1; 2], LeBlanc [1], Lofstrom-Peetre [1], Marfenko [1; 2; 3], Povzner [1],

Thyssen [1; 2]). Let D = 3/3x or 3/3y and consider (linear) differential
polynomials P(D) and Q(D) acting in suitable spaces X and Y of functions
or distributions. P and Q need not have constant coefficients nor be of the
same order. We say that an operator B, usually an integral operator, transmutes
P(D) into Q(D) if formally Q(D)B = BP(D). Then for example if P(D)u = 0

we have Q(D)Bu = 0 so v = Bu satisfies Q(D)v = 0. If B is an isomorphism
from X onto Y then from Q(D)v = 0 we get P(D)B—lv = B_lQ(D)v =0 so

u = B_lv satisfies P(D)u = 0. More generally if u is a vector function with
u(x) € F and P(D)u(x) = g(A)u(x) for a suitable operator function g(A) acting

in F then setting v(y) = (Bu)(y) we have
Q(D)v = BP(D)u = Bg(A)u = g(A)Bu = g(A)v

so that in F Q(MD)v(y) = g(A)v(y). It is in this spirit that one can connect
solutions of ODE with operator coefficients and one speaks then of related

differential equations.

Let us cite a few results on transmutation first to gain some perspective. Let
X =Y be the space H of analytic functions of one complex variable =z with

the topology of uniform convergence on compact subsets of €. Let P(D) =

69
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m .
¥ aj(z)DJ where aj(') € H, D = d/dz, and am(z) 1. Then Delsarte-Lions
2

j=0
[2] prove

Il

Theorem 1.1 There exists a continuous isomorphism B : H -~ H such that ™8
BP(D). Explicitly B has the form
m—

© 1
(1.1) @B = § ) oPrm o)
k=0 p=0

Zp+km
(p+km)! °

As a corollary it follows immediately that if Q(D)

0
e

b, (z)D? with by(+) € H

]
] ~
and bm(z) = 1 then there exists an isomorphism B : H + H such that Q(D)B

BP(D). The formal verification of (1.1) is straightforward and one need only con-
firm the convergence in order to prove Theorem 1.1, Such results are however
special for analytic situations and the general question of just what P(D) can
be transmuted into what Q(D) is unsolved; it cannot always be done (cf.

Levitan [1]).

Remark 1.2 Delsarte [1] was also concerned with generalizing the idea of trans-
lation and this is developed further in Levitan [1; 3]. Thus let L be a second
order differential operator for example of the form Lf = f" - pf. Let L¢ =

A with $(0,A) =1 and ¢'(0,)\) = 0. Write formally ¢ = 5 xk¢k with Lo, =
0

¢k-1 and L¢o = 0 so that
Lo = ? Ko = f e = ; TSP
0 "k 1 k-1 0 n )

Then the generalized translation operator associated with L 1is defined by
v k
(1.2) TVE(x) = ] 6 (DL
X k=0 k

for f € Cw. Since ¢k(0) =0 for k >1 with ®O(O) = 1 we have TZf(x) =

f(x) while ¢&(0) =0 for k>0 implies DyTif(X)ly=O = 0. The analogy with

translation follows upon taking L =D, ¢(x,A) = exp Ax = anxn/n!, and ¢n(x) =

x"/n!  so that D@n = ¢n-1 and Tif(x) = ?Dkf(x\yk/k! = f(x + y). We note also
k+1

0
y oY ) y _ .
that LXTXf(x) LyTxf(x) since LxTx )]kqbk(y)Lx f(x) while

y - k _ k
LIEGD = JL g L EG) = Jb ) (OL 0.
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For further comments in this direction see Remark 3.18.

Now following Lions [2] we consider the Cauchy problem, for Q(D) of order m
(1.3) P(D )d(x,y) = Q(Dy)¢(x,y)

(1.&)  ¢(x,0) = £(x); D;CD(X,O) =0, 1<i<m-1

for suitable f. Assume that (1.3) - (1.4) has a unique solution in some appro-
priate space and define B by the rule (Bf)(y) = ¢(0,y). Setting Y(x,y) =

P(Dx)¢(x,y) we have

(1.5) [P(D) - Q(Dy)]w = P(D)[P(D,) - Q(Dy)]¢ =0
e e : P(D)f 0
1.6 D ¥(x,0) = P(D )D ¢(x,0) = {

y ¥ 0 1<i<m-1

Consequently, given B defined as above and the uniqueness of solutions of

(1.3) - (1.4) and (1.5) - (1.6), it follows that

(1.7) $(0,y)

(BPMDOD (v) = PO, g

Q(Dy)¢(0,y) = (Q(Dy)Bf)(y)

so that B transmutes P(D) into Q(D). We will utilize precise versions of

this later and for now simply state (cf also Remark 2.18)

Theorem 1.3(F). Assume (1.3) - (1.4) and (1.5) - (1.6) have unique solutions

and define B as indicated. Then Q(D)B = BP(D).

Example 1.4 Let us apply this technique to (I.1.3) - (I.1.4) toproduce (I.1.6) as

2 2

in Example 1.1.10. Thus let P(D) =D and Q(D) =D with g(A) = A~. To

find B we look at (cf. (1.3) - (1.4))

(1.8) b = ¢y; $(x,0) = £(x)

XX

where f 1is a function in sa S' which we take (or extend) to be even (cf.
y

Remark 2.18). As with (1.1.12) one can take Fourier transforms in =x to obtain
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. + s $ =0, &(s,0) = ?(s), from which $(s,y) = E(s)exp(—szy) where $ = f;¢

amd recalling that F%~K(y,x) = exp(—szy) we have

(1.9) d(x,y)

%J R(y,E)F(x - £)dg

1.10) $(0,y) = (BE)(y) = %‘J K(y,£)f(-§)dg = J K(y,E)£{E)dE
—0 0

a formula which makes sense even if f(£) 1is of say exponential growth as £ = .
Now apply this to the vector valued functions u and w of (I.1.3) - (I.1.4).

Thus P(D)w = Azw and

Q(D)Bw = BP(D)w = BAzw = Asz;

the use of even functions f in (1.8) - (1.10) corresponds to the condition
wt(O) = 0. Consequently setting u = Bw we obtain (I.1.6) from the form of
(1.10) (cf. also (1.1.13)). One should emphasize that w(f) must make sense as
£ >~ © and be integrable against K(y,{) so we must take T(£) to be a quasi-

equicontinuous group for example (local equicontinuity is not enough).

Remagk 1.5 With Example 1.4 in mind let us look at some other aspects of the
transmutation question. Suppose we assume DB = BD2 where B 1is an integral
operator of the form
(Bf)(y) = <b(y,x), £(x)> = [ b(y,x}f(x)dx
’1
where I is (-~,®) or (0,%)., For I = (0,%) we obtain formally, assuming
suitable behavior at o,

oo

{(1.11) (Bsz)(y) = [ by,x)f"(x)dx =
0

Jobxx(y,x)f(x)dx + bx(y,O)f(O) - b(y,0)f'(0)

]
g

whereas (DBf)(y) = Joby(y,x)f(x)dx. Hence if by = bxx with bx(y,O)
and f'(0) = 0 we will have DB = BD2 acting on such f. Clearly b(y,x)

1
K(y,x) = (my) 2exp(—xz/loy) satisfies these requirements. For I = (-»,®) the
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situation is similar except the condition f'(0) = 0 does not arise; the two
intervals 1 are equivalent if we consider even functions f on (-®,®) so

that £'(0) = 0. On the other hand suppose w satisfies (I.1.4), namely Yoy T

2
A"w with wx(O) = 0, and we want to find u satisfying (I.1.3) connected to
OO

w by a formula u(y) = J.b(y,x)w(x)dx. Then u = Azu if b =b with
0 y y o Uxx

bx(y,O) =0 since from (1.11)

f
H

(1.12)  A%u(y) Jb(y,x)Azw(x)dx Jb(y,x)wxx(x)dx
0 0

il
ii

Jobxx(y,x)w(x)dx Joby(y,x)w(x)dx = uy(y).

L}

The initial condition u(0) w(0) 1is achieved when b(0,x) = 8(x) (one sided)

as is the case with b{y,x) = K(y,x).

Example 1.6 Let us consider (I.1.5) when A generates an equicontinuous group
in F and follow the procedure of Section 1.1. Thus for -—® < x < ® and

t > 0 we are led intuitively to the half plane Dirichlet problem

(1.13) G + G = 05 6(0,%) = 8(0)

rather than an improperly posed Cauchy problem. It is easily checked that

-1,.2 2

1 -
G(t,x) = 5 H(t,x) = tm (t° + x°) 1 is a solution of (1.13) and we write

00

<% H(t,*), T(u > = = J H(t,x)T(x)u dx
(o] o 0

(1.14) z(t) 3

[ H(t,x)cosh Axu dx = J H{t,x)w{x)dx
) © 0

to obtain (1.1.8) formally. Since p(T(x)uO) < q(uo) for seminorms p and q
it follows that the bracket, or integral, in (1.14) makes sense for t > O
2,-1

. 2t , 2 . - .
(since |H(t,x)| <% (x* +t7) 7). Similarly Ht’ Hx’ and Htt = -H . will be

dominated by c(t)/xn (n >2) as x > = and one can differentiate under the

integral sign in (1.14) and integrate by parts. Thus

N
1

1 1
= = < > = - - < >
et 5 Htt(t‘x)’ T(x)u 5 H (t,x), T(x)u

2
- % <H(t,x), DZT(x)u > = A"z
X 0
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(when working on (0,*) note that Hx(t,O) = 0 and wx(O) = 0). Thus we can

state (leaving open the question of uniqueness)

Theorem 1.7 Let A generate an equicontinuous group in F with ug € D(A2)
while w 1s the unique solution of (I.1.4) from Theorem 1.1.8. Then the function

z glven by (1.14) {or equivalently (I.1.8)) is a solution of (I.1.5).

Remark 1.8 Let us look at Example 1.6 from the point of view of transmutation.

2 2

Following Formal Theorem 1.3 we consider for P(D) =D and Q(D) = -D

(1.15) q;xx + ¢yy =03 ¢(x,0) = f(x).

Imposing a condition ¢y(x,0) = 0 would lead to an improperly posed Cauchy problem
so we want to find some other way to produce unique solutions of (1.15). Extend
f to be an even function on (-%,©) (cf. Remark 2.18) and Fourier transform

(1.15) to obtain $yy - sz$ = 0 with &(S,O) = ?(s). If one requires ¢(x,y) > 0

~

as y > ® 1in such a way that $(s,y) +> 0 as well then a unique ¢ 1is given by

$(s,y) = ?(s)exp(-sy). But F‘% H(y,x) = exp(-sy) where %-H(y,x) = yﬂ_l

(x2 + yz)_l and hence

(1.16)  ¢(x,y) = %J H(y,E) f(x - £)dE

(1.17) ¢(0,y) = (Bf)(y) = % J H(y,E) f(-£)dE = J H(y,8) f(8)dE.
o 0

Applying this to vector functions as before we obtain 2z = Bw as in (1.14).

Remark 1.9 The specification of Cauchy data in (1.4) is one way of assuring a

unique solution ¢ of (1.3) - (1.4) so as to determine as well defined operator
B. Obviously any specification of data at y = 0 plus growth conditions which
uniquely determine ¢ will serve to define a transmutation operator (cf Remark

2.18).

Example 1.10 Let us examine now the formula (I.1.7) connecting solutions u and
z of (I.1.3) and (I.1.5). Setting P(D) =D and Q(D) = —D2 is natural and

following Theorem 1.3(F) to construct a transmutation operator B one considers
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(1.18) ¢, = —¢yy; (x,0) = £(x)

with some further stipulation necessary in order to insure a unique solution. We

_ 23
Ty exp (-y2 /)

want to produce a solution involving as a kernel I(y,x) = %—ﬂ
which itself satisfies IX = Iyy (clarified below). Now Fourier transforming

(1.1.8) in x we have $yy - is@ = 0 with &(S,O) = g(s) the solution of which

~ 1
has the form d¢(s,y) = A(S)exp(is)ﬁy + B(s)exp(—(is)%y). Considering s real

1 ~
(is);5 = ;% (1 + i)s'5 and if we stipulate say that ¢(s,y) + 0 as y > = then
A(s) = 0 1is indicated. Hence we take

~ N "

$(s,y) = f(s)exp(-(is)~y)

%(s)exp(—s%y//i)[Cos s%y//i - i Sin s%y//i].

But it is known that exp(—s%y//i)Cos S%y//f = FCI(y,x), exp(—s%y//i)sin s%y//i

= % I(y,x) where Q and 2 denote the Fourier cosine and sine transforms re-
spectively (cf. Erdelyi [1]). Thus exp(—(is)%y) = FCI - iFSI and if we take

I~ to be the distribution I(y,|x|) for X <0 and 0 for x >0 then QI -

0 0
iFSI = J I(y,x)exp(-isx)dx = J I(y,|x[)exp isxdx = FI . Consequently
0 —00

1}

0
(1.19) $(x,y) J I(y, |[EDE(x - £)dE

0
(1.20) $(0,y) = (B)(y) = j Iy, g E(-8)dE

[ I(y,5)f(8)dg,
0
Applying this to vector functions we obtain z = Bu which is (I.1.7).

Remark 1.11 It is instructive to construct B in Example 1.10 by assuming it is
an integral operator with kernel b(y,x}. We can in fact go directly to u and
I

z and assume z(y) = <b(y,x), u(x)> = J b(y,x)u(x)dx. To see what properties
b(y,x) should have we assume uX = Azu 0and then if b(y,x) has suitable growth
as x - o while b(y,0) = 0 it follows that

00

Azz(y) = J b(y,X)Azu(x)dx = j b(y,x)ux(x)dx = -J bx(y,x)u(x)dx.
0 0 0
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Thus

o0

2 2 _ _
(1.21) (Dy + A7)z (y) J (byy(y,x) bx(y,X))U(X)dx

0
and we are led to look for a distribution or function b(y,x) such that

(1.22) b= b =05 b(0,x) = 8(x); b(y,0) =0

We know a solution of (1.22) is b(y,x) = I(y,x) but to derive this we could

Laplace transform (1.22) (x - s) to obtain

(1.23) b
yy

[
w
o
o
~
o

-
w
~

]
—

-
where E(y,s) [b(y,x) = J b(y,x)exp(~-sx)dx (see Doetsch [l], Schwartz [1],
Sneddon [1], Widder [1], Zeganian [1] for Laplace transforms). The solution of
(1.23) is b(y,s) = exp(—ys%) if we require say g(y,s) +0 as y > ® for s
real (the function exp(ys%) can be excluded also by general growth requirements

1
for Laplace transforms - cf. Schwartz [1]). But LI(y,x) = exp(—ysi) (cf.

Erdelyi [1]) which yields b(y,x) = I(y,x).
For completeness we will formulate a theorem relative to (I.1.7) as follows.

Theorem 1.12 Let A generate an equicontinuous group in F with ug € D(A2)
and u(t) be the unique solution of (I.1.3) given by Theorem 1.1.11. Then z

given by (I.1.7) is a solution of (I.1.5).

Proof: One needs only to check that the various integrations, etc., make sense.

We note first that with c¢ = 1/21Tli

' -3, 22 2z
(1.24) Iy = cx {1 - 2x]exp(-y /a4x)
5 2
c - 2
(1.25) Ix =5 ¥x /2[%; - 3lexp(-y" /4x)
while Iyy = Ix. If p 1is a seminorm in F then p(w(t)) f}q(uo) for some

seminorm ¢q and

00

q(u )J exp(~t2/4x)dt < h(x)q(u )
(o] 0 —_ (o]

(1.26) p(u(x)) j_(ﬂx)_%
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o

-1
where h(x) = (7x) 1J exp(-t2/4x)dt by (I.1.6) (cf. Theorem 1.1.11). Similarly,
0
since u, = A2u, p(ux(x)) < h(x)q(Azuo). Consequently, from (1.1.7) for t > 0
t < ~-2 t2+’l’2
(1.27) p(z(t)) < o q(u )J J' £ Texp(- —F7)d&dT
— 27 o 4¢
0’0
2t ¥ dt
= — q(u )J = q{u))
s o' ly t2+T2 o

(cf. Erdelyi [1]) so that (I.1.7) makes sense. Similarly j I(y,x)ux(x)dx is
o0 0

well defined and by (1.25) J Ix(y,x)u(x)dx can be checked by noting that for
0

t>0 and n > 2

© 00 2 2 0
(1.28) J f £ Mexp(- S aker = 47 - 1) J — G < -

0-0 0 (t°+1°9)
Similarly z, and z,, can be obtained by differentiating under the integral
sign in (I.1.7). QED

Remark 1.13 The three formulas (I.1.6) - (I.1.8), with (I.1.9) - (I.1.11), are
examined together in a concrete analytical setting by Dettman [3]. They are also
discussed separately in various contexts in Bragg-Dettman [6; 7; 8] and Dettman
{1]. Classical Laplace transform and complex variable methods are used. The
matter is taken up again in Dettman {2] (cf. also Dettman [4]) in general spaces
using the Hilbert transform and we will sketch some of this. For the classical
Hilbert transform see Butzer-Trebels [1], Cotlar [1], Horvath [2], Okikiolu [1],
Orton [1; 2], Stein [1], and Stein-Weiss [2]. The idea is to replace the classical

Hilbert transform

o0
I § tf(x - t)dt
(1.29) Hf = lim p J «:——E———§—~

y>0 tT+y

by a formula (cf also Westphal [1])

“ tT(t)fdt

o 2y

(1.30)  Af = 1in L
L
y>0

where T(t) 1is an equicontinuous group of operators in F pgenerated by A. F

~2
is taken to be a complete, barreled, separated LCS over R. Then H f = -f will

be proved as in the classical case where H2f = -f (suitable hypotheses on f
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are indicated below). One wants here enough hypotheses on A so that the pro-
blems (I.1.3) - (I.1.5) are uniformly well posed in the sense that for u, in a
dense subspace D there exists a unique strong solution for t > 0, assuming the
initial values in a strong sense, and such that if ug + 0 in D the correspond-
ing solutions converge uniformly to zero on compact subsets of *R+. Also the

problem

2
(1.31) Vep T Av = 0; v(0) = 0; vt(O) = v,

should be uniformly well posed for this theory. 1In particular if 0 1is in the
resolvant set of A and A generates an equicontinuous group T(t) in F then
setting S(t) = cosh At = %{T(t) + T(-t)] it follows that U(t) = J;S(n)dn is
also equicontinuous (note v(t) = U(t)vo for (1.31)). Under these assumptions
all of the problems are uniformly well posed (cf Balakrishnan [2], Bragg-Dettman
[6; 7], Dettman [1l; 2], Fattorini [1]), Goldstein [6]) and our previous discussion

of these problems). Now define

(1.32) <I>(y)f=%J B g, ‘P(y)f=%J TOL 4.,

-t +y ~o t2+y
Then &(y)f 1is defined for f € F and Y(y)f exists as a Cauchy principal

value in the sense that

N
(1.33)  ¥(y)f = lim © J HOL 4
N0 -Nt +y
1N oelT(e) - T-0) )8
= lim T J IR R E— dt
N0 0 t +y

GRS )
$] ST e
0 (£"+y7)

where

t t
a(t) = J [T(s) - T(-s)]}ds = ZJ sinh Asds
0 0

is equicontinuous. Note here that a(t) = 2[T(t/2) - T(-t/2)]U(t/2) where
t

u(r) = J S(n)dn and R(A) is dense. On the other hand
0
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N N N ,2 2
(1.34) J e[T(0) ~TCO)E 0 o talO)f ‘ + J £ =¥ q(e)ede.

2,2
0 t 4y t2+y2 0 0 (" +y)
The first term on the right side in (1.34) tends to 0 as N > » since a(t)

is equicontinuous. By a straightforward calculation one now obtains

Theorem 1.14 [Cauchy-Riemann equations). For f € D(A) and y > 0 one has

($(E)' = A¥(y)f and (¥(YE)' = -A¥(Y)E.

The classical Cauchy Reimann equations are exhibited in the case A = -d/dx and
F = Lp(—w,w) for 1 < p < ». However the classical theory is not a special
case since 0 1is not in the resolvant set of A. Now for f € D(Az) one has
evidently (%£)" = —A2¢f and (¥YE)" = -AZWf; in particular z = $f satisfies

(1.1.5) and yields the formula (I.1.8) (for f = uo). The Hilbert transform

T IT© - T0)E

(1.35)  Hf = lim ¥(9E = lJ ¢
m t
y—>0 -
is easily seen to be well defined for f € D(A). Further if A 1is a continuous

operator then Hf 1is defined for all f € F and i is continuous. To provide
an inversion formula for H let g = Hf and assume ﬁg exists. Then for f' €
Fl

ST, T(-¥(y)g> » <E', T(-0HE>

~ =2
as y ~ 0. If one shows that <f’', T(-x)H2f> = —<f', T(-x)f> then Hf = -f

will follow. To do this consider

<E' T(-t)f>

(1.36) b(x,y) = XJ > de;

T (x-t)2+-y

t

Yix,y) =

e

Jm (-0 <ELT(-0) £>
7 2
o (x-t) +y

so that ¢(x,y) = <f', T(-=x)9(y)f> and W(x,y) = <f', T(=x)¥(y)f>. As y + 0
$(x,y) ~ <f', T(-x)f> while (x,y) > <f’, T(-x)Hf>; further ¢ and ¥ are

bounded harmonic functions in the half plane y > 0. Let now

<SELTOE>
z-t

(1.37) Qz) = d(x,y) + 1P(x,y) = % J t



80 R. W. CARROLL

which is a bounded analytic function for y > 0 and has therefore a Poisson

integral representation

(1.38)  Q(2) = %’J LLICOD AT ICORD 4.

(x - t)2+y2
Now let ¢*(x,y) = <f',T(-x)d(y)g> and yY*(x,y) = <f',T(-x)¥(y)g> so that
Q%(z) = ¢*(x,y) + iy*(x,y) has a Poisson integral representation like (1.38) with
f replaced by g = Hf. Then Re {M*(z) = Imfi(z) so that Im(*(z) = ~-Re fi(z) to

within a constant which must be zero since

(1.39) lim

y—)OO

EN

dt = 0;

< ,T{-t) >
2

- (x - t)2+y

(x-t)<f',T(-t) >

lim - J 5 > dt = 0.
yo -0 (x-t) +y

Hence Y#*(x,y) = -¢(x,y) and consequently

(1.40) lim P*(x,y) = <f',T(-x)Hg> = -lim ¢(x,y) = —<f',T(-x)f>.
y>0 y>0

This proves the inversion formula
Theorem 1.15 If Hf has a Hilbert transform then -f = Hf.

Remark 1.16 These ideas are extended in Dettman [4] to generalized Hilbert
transforms related to those of Heywood [1], Kober [1], and Okikiolu [1]. He

considers the problems

(1.41) u + %¥ u'

A2u; u(0) = f; u'(0) =0

(1.42) w' + %F-w' -Azw; w(0) = f (uw < 1/2)

again in some complete barreled separated LCS F over R where A generates an
equicontinuous group T(t) with O 1in the resolvant set of A. We have already
discussed (1.41) in Example 1.3.1 (where 2v = 2m + 1 with Re m > -1/2 or

m= -1/2) and it will come up again in Example 2.6, Example 3.11, and Example

2
3.14, It provides a nice example of a variable coefficient operator D2 + ~H%tlD

susceptible to various techniques of interest. The problem (1.41) is a Cauchy
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problem for the EPD equation whereas (1.42) is an abstract Dirichlet type problem
for the equation of generalized axially symmetric potential theory (cf. Weinstein
[3]). The solution to (1.41) is given by (1.3.8) when A generates a locally
equicontinuous group and this formula also holds of course for A equicontinuous
in which case the problem (1.41) will be uniformally well posed. The problem
(I.1.3) for the abstract heat equation serves as a link between (1.41) and (1.42)
(cf. Theorem 1.1.11 for the solution of (I.1.3) given by (1.1.13) which also
specializes to the case of an equicontinuous group); the problem (I.1.3) will be
also uniformly well posed as in Remark 1.13. Now letting v be the solution of
(I.1.3) one can write (cf. Bragg [3], Bragg-Dettman [6; 7; 8], Dettman [1])

-y -v-}
t 2

oo 2
4 [ o0 /4t 2V

(1.43) v(t) W )
0

u(o)do;

w(t) = e v(o)do

=1 - o)
fHE 120 J e—tZ/AOOu-%
Gs- 1) 0

and composing these formulas one obtains

(1.44) w(t) =

et 2 r ?u(o)do
BGs-k+ V) g (t2+02)\)_u+l

where R(+,*) 1is the beta function. In particular when Vv = 0 u(0) = cosh Aof

and (1.44) can be written

-2y T(o) fdo

(1.45) w(t) = BCs-1.k%) o (t2+02)l-].1

When F = Lp(—w,m), 1 <p < », and T(g) 1is the translation group this becomes

1-2u S
i i F(8)de
(1.46) w = ¢(X;t) B(lz—u,l’i) J_m [t2+(x_£)2]l"u

which is the "Poisson formula" for the solution of the generalized axially
symmetric potential problem in the half plane t > G 1in terms of boundary values
f(x) (cf Weinstein [3]). The function ¢(x,t) 1is the real part of a pseudo-

analytic function in the upper half plane with conjugate function

(1.47)  w(x,t) = 1 J (x-E)F(8)dE

BC: =129 | o (024 (xt) 2] 17"
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For -% <y <% one has

sgn(x - £) £(£)dE
lx_€H—2u

(1.48) lim P(x,t) =
t>0

1
BCs-u,k) J_w
which, except for a constant, 1s the generalized Hilbert transform of Heywood
[1], Kober [1], and Okikiolu [2]. With this background Dettman [4] sets for

-1/2 <y < 1/2

1-2u Y
(1.49) 9 (O)F = t J T(0) fdo

BCi- k) |, (2551
1 oT(c) fdo
(1.50) ¥ (£)f = J
u Bs-u,k) |, (t2+02)1—u

and defines a generalized Hilbert transform as the strong limit (when it exists)
(1.51) Hf=1im ¥ (t)f.
H >0

Using techniques similar to those of Remark 1.13 it is proved that

Theorem 1.17 1If f € D(A) then for t > O (Wu(t)f)' = -tzuA¢u(t)f and

2y '
Awu(t)f t (¢u(t)f) .

Theorem 1.18 If f € D(A) then Huf exlsts and

00
1 [T(o) ~T(-0)1f
1.52 H f = do,
¢ ) u B(%s - 1,%) Jo Gl- 20
Theorem 1.19 If Huf has a generalized Hilbert transform then H-U(Huf) = -f.

Remark 1.20 Pa§kovskij [1; 2] examines an idea of related equations as follows.

Two partial differential operators L1 and L2 of second order are sald to be

connected or related if there are smooth functions ai(x) and bi(x), X =

(xl,...,xn), such that for any u,v € C2 one has

n
(1.53) szLlu = llusz + §D1¢i(x,u,v,ux,vx)

n
(1.54) Qlu = ZbiDiu + bou; lzv = %aiDiv + av.

Boundary value problems for L1 and L2 in a region G with boundary 3G are

sald to be related if L1 and L2 are related and whenever u and v satisfy
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appropriate homogeneous boundary conditions J Z¢i(x,u,v,ux,vx)cos nxidc = 0.
3G

i

be the formal adjoint it is easy to see that L1 and L2 are related if and only

Taking n = 2 for convenience this means J ¢1dx - ¢2dy = 0. Then letting L*
G

if L*L_ = 2% i = = : ks =
if Lllz Qle. Thus if L2v 0 then w QZV satlsfies Llw 0. A number

of straightforward calculational results are proved.

2.2. FURTHER EXAMPLES. The preceeding sectlon has given an idea of the types

of results one can obtaln about transmutation and related equations and we will
compile some further information here in this regard. First let us tabulate what
has been learned about some simple operators and enlarge the list of examples.

From Example 1.4 and Remark 1.5

o0

(2.1) DB = BDZ; (Bf) (y) = %—J K(y,E) f(-£)dE:

(BE) (y) = J K(y,&)f(£)dg (f'(0) = 0).
0

From Example 1.6 and Remark 1.8

(2.2) —DZB = BDZ; (Bf) (y) = %»J H(Y.E)f(;i)di:

(Bf) (y) = J H(y,&) £(£)dg (£'(0) = 0).
0
The first expression for Bf in (2.1) and (2.2) apply to any vector function
2
o satisfying Dza = g(A)a and B = Ba then satisfies DB = g(A)B or -D'B =

g(A)B with B(0) = a(0); however «a(f) must be defined for =-» < £ < =. Thus

1f w is any solution of %tt = A2w and U = Bw or 2z = Bw respectively we
~ ~ ~ - 2 ~ -
get u. = A"u and Zoe = —Azz. Similarly taking g(A) = -A if 2. = —Azz
~ - ~ ~ ~ 2. ~ 2.
and v = Bz or w = Bz respectively then Vv_=~-AVv and w = A"w respective-

t tt

ly. The second expressions for B in (2.1) and (2.2) are refined versions which
apply to o defined for £ > 0O satisfying at(O) =0 and we get u = Bw or
2z = Bw as before for w, u, z as in the Introduction. Finally from Example

1.10 and Remark 1.11 one has
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o]

2
(2.3) -D'B = BD; (Bf)(y) = J I(y,E)f(E)dE.
0
The formulas from special function theory corresponding to (2.1) - (2.3) are
(setting g(A) = A2 with A ~ id)
2 0
(2.4) N o ()7 J exp(~12/bt) cos Atdr;
0

A 1 (% A
t 2em I oS AT dT;

e = —_—

0 t2-+12

e M - —E—»Jm T-Vz exp(—tz/AT)exp(—AzT)dT
2/ i

The first two formulas are well known Fourier cosine transforms and the last

- 3 .
formula can be obtained from a table of Laplace transforms (L(x /zexp(—c/x)) =

Z(S/C)%K%[Z(SC)%] and K%(z) = (W/Zz)%exp(-z) -~ cf. Magnus - Oberhettinger-Soni

(in.

Example 2.1 The kernel I will arise again if we take P(D) =D and Q(D) = D2.

Thus one considers ¢x = ¢yy with ¢(x,0) = f(x) and after Fourier transformation

this becomes $yy + is$ = 0 with $(s,0) = f(s). We take as a solution $(s,y) =

%y) since (—is)% = j% (1 - i)sli

the stipulation that $(s,y) >0 as y + « (cf. Example 1.10). But exp(—(isﬁy)

f(s)exp(-(-1s) and this will be unique under
) + +
= FCI(y,x) + 1FSI(y,x) = FI'(y,x) where I (y,x) = I(y,x) for x >0 and

I+(y,x) =0 for x < 0. Thus ¢(x,y) = I+(y,')* £(+) which ylelds

ec]

(2.5) (BE) (y) = ¢(0,y) = J I(y,8) £(-E)dE.
0

Hence if Du = A2u then Bu = w satisfies DZQ = AZG while if Dv = —A2v then
Z = Bv satisfies DZZ = -AZZ. However the values u(-£) or v(~f) which arise

from (2.5) may introduce complications.

A few other simple examples are worth mentioning here. First let P(D) =D and
Q(D) = -D so one considers ¢X = —¢y with ¢(x,0) = f(x). Clearly ¢(x,y) =
8(x - y) * f(x) so that

$(0,y) = (BE)(y) = J (& - YIE(-5)dE = f(-y).
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Applied to vector functions if Do = Aza then B =Bo satisfies DB = —AZB and

B(y) = a(-y). A more interesting example is

Example 2.2 Let P(D) = D3 and Q(D) = D so we consider

2.6) b =05 0,0 = £ b - 1% = 0: 4(s,00 = £(s)

XXX

~

where ¢ = F¢ . Thus $(s,y) = ?(s)exp is3y and one knows that

1/3

1
2.7) K(3y,x) = (3y)—i3Ain(x(3y)_

” -isx is3
J e e ® Ygs )
-0

1
2m
where Ain(z) = Ai(-z) denotes the Airy function

3
2 /z)

23/2)+J (< z ]
~143

(cf. Roetman [1], Magnus-Oberhettinger-Soni [1]). Consequently ¢(x,y) = K(3y,*)
*¥f(+) and
[o2]

(2.8) $(0,y) = (Bf)(y) = J K(3y,8)f(-£)dE.

By results of Roetman [1] this will make sense “or continuous f with [f(&)] <
3

c exp k]i] /2 -€ as § > » and ¢(x,y) will satisfy (2.6). In particular we

can state

L]
Theorem 2.3 Let g(A) be a well defined operator function in F with u €

D(g(A)). Assume u(t) satisgies D3u = g(A)u for —= <t < with u(0) o
/Z-E
while p(u(t)) < kp exp ¢ ]t! P for any seminorm p in F. Then v(t)

#
c

J K(3t,E)u(~£)dE = (Bu)(t) satisfies Dv = g(A)v with v(0) = u,-
The formulas of Example 2.2 are perhaps better exploited in solving the problem

Du = —A3u (t > 0) with u(0) = u € D(A3) by the technique of Section 1.1.

Thus we assume A generates a group T(*) and replace A by -Dx to obtain
Gt = Gxxx with G(0,x) = &(x). By (2.6) - (2.7) G(t,x) = K(3t,x) and a

solution of the abstract Cauchy problem is

(2.9 u(t) = <G(t,*), T()u > = J K@t,E)T(E)u dE
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which makes sense since p(T(E)uo) < q(uo)ea|€|. If we let A = —Dx generate
the group T(E)uo(x) = uo(x - &) 1in a suitable space of functions F then
u(t) = u(t,x) solves uo = with u(0,x) = uo(x) as in Roetman [1}.

Summarizing

Theorem 2.4 Let A generate a quasiequicontinuous group T(¢) 1in F with

ug € D(A3). Then u(t) defined by (2.9) satisfies u, = —A3u with u(0) = ug-

Remark 2.5 Evidently the transmutation method of relating solutions of abstract
differential problems involving an operator A 1s quite independent of A gen-
erating a group. Groups arose in Example 1.4, Example 1.6, and Theorem 1.12
because of the fact that w(t) = cosh At u, and the corresponding u(t) =

tt t

0
J K(t,x)w(x)dx are known solutions of w__ = A2w and u_ = Azu respectively
0

when A generates a group.

Example 2.6 An important example of transmutation was furnished by Lions [2: 3: 4]

in treating D2 and Lm = D2 + Z%§l D together with related generalizations. As

-

in Section 1.3 we take m > ~% here for convenience and consider P(D) = D2 and

Q(D) = Lm(D) =L, Thus we look for ¢ satisfying
- 2rn+1 1 = . =
(2.10) S = ¢yy + :7;—-¢y, ¢(x,0) = £(x); ¢y(x,0) 0.

Referring to Example 1,3.1 we see that ¢(x,y) = Rm(y,x)* f(x) so that (cf.

(1.3.6))

$(0,y) = <R"(y,x), £(-x)>

(2.11) (B, £)(y)

u

L 2, m-%
ch I (1-¢8%) [£(Et) + f(~Et)]dE
0

where c, = I'(m + 1)/T(1/2)T(m + 1/2). 1f D2w = Azw with wt(O) = 0 so that

w(t) = cosh Atu0 then u" = Bmw satisfies Lmum = Azum and we recover the
1

formula (1.3.8) from (2.11) (i.e. um(t) = 2cm J (1 - Ez)m-%cosh AEtuodE). Lions
0

actually constructs an isomorphism Bm with inverse Bm in suitable spaces

for Lm and various generalizations but we will not spell this out here (cf,
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Examples 3.11 and 3.14 for our version of this).

Remark 2.7 Various transmutation operators can be envisioned for higher order

n+lD2n

situations such as P(D) = (-1) with Q(D) = D so that one considers

n+1D2n

(2.12) ¢y = (-1 '«

b5 ¢(x,0) = £(x).

After Fourier transmutation this becomes

(2.13) $y + 298 = 0; 5(s,0) = £(s)

with solution $(s,y) = E(s)exp(—szny). As in Section 1.3 we denote by ZE the

space of entire functions satisfying |g(z)]| < c exp b!zlp with [£(x)| <
|P) in the notation of Gelfand-Silov

1/p where %»+ % =1 and thus

clexp(—a|x for x real so ZE =8

[2: 3]. It is known that Fzg= ig = Zg = Sl-l/p
@(s,y) = exp(-szny) € Zgg corresponds to a transmutation kernmel ¢(x,y) € Zg
with q = 20/2n-1 =1+ 1/2n-1. Thus for suitable f, which can be specified,
o(x,y) = P(x,y) * £(x) will yield a transmutation operator (Bf)(y) = 4(0,y).
This will be perfectly rigorous but an explicit description of Y(x,y) will
generally not be available from a table of Fourier transforms. Thus since higher
order differential problems do not usually arise in practice anyway we will not
concern ourselves with the question of transmuting general P(D) into Q(D)

(which is not always possible in any event as an example with P(D) = D3 and

Q(D) = D3 - q(x), q not analytic, illustrates - cf. Levitan [1]). Rather let
us concentrate on second order differential polynomials where explicit formulas
can be obtained. Some general results for this situation are developed in
Levitan [1] and Lions [2; 3; 4] but since we are concerned primarily with opera-
tional calculus and related equations we will proceed rather differently via

some examples of interest in applications and develop general theorems in that

context.

Example 2.8 An example of realted non-homogeneous equations connected by a

generalized Stieltjes transform is provided in Bragg [4] (cf. also Dettman [1]
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and see Remark 2.10 for further information on non-homogeneous related equations).
The discussion in Bragg [4] takes place in a Banach space F where A generates
an equibounded c® group T(t); suitable extensions to more general F are

clearly possible but we omit this. Consider the problems (a > 0, B8 > 0)

o, 2
(2.14) U - t A"u

f: u(0)

1]

u'(0) =0

(2.15) Vee + tBsz °H

1]
o

i

v(0)

where f and g are suitable continuous functions with values in D(AZ). One

makes a change of variables t = [(a + 2)‘[/2]2/0L+2

2/B+2

in (2.14) and t =

[(R+2)T/2] in (2.15) to obtain

o 2
— - = *
(2.16) U‘r‘r + CEX; UT A"U f

(2.17) v

2 .
*
Vo o+ AV =g

B
TT + B+2)T

u([(a-I-ZZ)T]Z/oc+2 20c/o¢+2f([(a+22)T]2/a+2

where U(T) = ), f£x(1) = (2/(a+2)71) ),

etc. The equation

(2.18)  W_- A% = h

is taken as an intermediate link and in keeping with a general formalism indicated
below (see Bragg [3] and Remark 2.10) one takes & = (l/l:,)‘r2 in (2.16) and T =

& in (2.18) to obtain

(2.19)  [ed (e, + 25 - 1) - £a21u2E®) = £gr(2E)

£ 2

(e, - EAZ)W = £h(E)

where a = aiz . One can then write
1-afl _catl
L o .atl,,T 2 -1 27 1

(2.20)  UQ2EY) = I(=5)E L (s RLGRR NS
provided that

9 (a+1) [ﬂl__ 1]

N 2 atl, . -1, 7" 2 -1 1

(2.21) EE%(287) = & F(~7~JLS {s s h(s)}sﬁg-
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Here L_l{ }
s

s
ting T = E_% in (2.17) and T = 1/4f£ in (2.18) one obtains
® _b+1
(2.22) v(g'%) = _"f%ﬂ“ J e 9% 2 W(l/408)do
T(—E—) 0

where b = B/B+ 2, provided
b+1

-1 [ e % 2 n(1/408)do.
0

)

1
(2.23)  g*(g D) =
Eliminating W between (2.20) and (2.22) there results

to%u (g)do

2 B+2 2 (2 o+2
T G )

(2.24) v(t) = K(a,B) J
0 [¢

. -
where K(a,B) = C(a,B) L(m%)%:i)* 1] with

u+1 1

255 ]
(2.25) c(a,B) = 2 T T((a+7)(8+2) +/;)
' ’ o+l afo+2 2/R+2 °
(u+2)F(B+2) (0+2) (8+2)

The corresponding relation between f and g is

0o

2 £(£)dE
(2.26) g(t) = -t K(a,B)JO I 08, 1,2 W2,
G+ Gt

Now to produce a satisfactory theorem from these calculations Bragg [4] first
constructs explicitly a solution u(t) to (2.14) when f € CO(F) on [0,x)

with f(t) € D(Az). One writes for ¢ € D(Az)

1 o4
=15
2.21) U () = —1—— J (1 - o) 2575k an(o,0)ddo
B(2’ 2a+4) 0
a+2
a
where m(o,t) = 2t g?/(o,+2) and
1 o 1 1
+
(2.28) Uy ()6 = K(o)t J (1- J‘J'zu (t® 235 2 440
0
a+l > . e ;
where (u) = 8(a+2’ Q+2). Then Ul(t)¢ = ¢l(t) satisfies (2.14) with f

51(0) = ¢, and ¢i(0) = 0 while Uz(t)¢ = &2(t) satisfies (2.14) with f =

means the inverse Laplace transform with s - §. Similarly set-
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$,(0) = 0, and $'(0) = ¢. A solution to (2.14) is then given by
2 2
t

(2.29) u(t) = J (U, (€)U, (1) = Uy (B)U, (£) T£(E)dE.
0

Now let G be the space of f € CO(F) on [0, with £(t) € D(A®) and

00

J || £¢t) |} dt < =. There results
0

Theorem 2.9 Let f € G and o > B, Then a solution v of (2.15) with g
defined in terms of f by (2.26) 1s given by putting the u(t) of (2.29) in

(2.24).

Remark 2.10 A class of related differential equations connected to generalized
hypergeometric functions are studied in Bragg [3] and this of course will yield
corresponding transmutation formulas (which we mercifully will not spell out).

Let

q
(2.30) 0,(q,8,t,D,) = tD, T;f (tD, + Bj -1

for B (Bl,...,Bq) and
p

(2.31) 0,(p,0,t,D ) = t]] (D, + ).
1

Let P

P(x,D) = Zax(x)DA with Q = Q(x,D) of the same form; suppose their
orders are 21 and 12 respectively. Equations of the type

(2.32)  [Q0,(a,B,t,D) - PO, (p,a,t,D)]U(x,t) = 0

are considered and here it 1is seen that P and ( could be suitable more general
abstract operators in a space F with no essential change in technique. Laplace

transforms are used and some typical theorems are
Theorem 2.11 Let u(x,t) be a solution of

(2.33) [09;(q,B,¢,D,) - PO,(p - i,a,t,Dt)]u =0

with p < q, oy and Bj positive, u € ¢’ in (x,t) for t >0 where r =

max(p + 11, q+ 12), and u and all derivatives of order < r bounded. Let
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ap > 0; then the function

© o -1
(2.34) Vix,t) = F-l(up)J ™0y P u(x,t0)do
0

satisfies (2.32). If wu(x,t) » &(x) as t > 0 with ¢ bounded and continuous

then v(x,t) > ¢(x) as t > 0.
The proof is straightforward. Similarly one has

Theorem 2,12 Let o, and Bj be positive with Bq > 1. Let U(x,t) be a

solution of
(2.35)  [Q0;(a-1,8,¢6,D) = PO,(p,x,t,D,)]U = 0

for t > 0 and set
18, 1, By
(2.36)  V(x,t) =t T@BIL s “Ux, /s)} -
If V exists, V€ Cr, and V with all derivatives or order < r are bounded
then V satisfies (2.32) for t > 0. If U(x, 1/s) is bounded and analytic in

5 for Re s >k >0 thenas t >0 1lim V(x,t) = ¢(x) = U(x,0).

Theorem 2.13 Let p < q+ 1, Bq > ap > 0, and no B B equal to zero or

1°°" g-1

a negative integer. Let U € Cr_1 satisfy
(2.37)  [Q9,(q-1,B,¢,D) - PO, (p-1,0,t,D)]U = 0

for t > 0 such that U(x,t) > ¢(x) as t > 0 with ¢ continuous. Define V

by

P (1 - o) P U(x,t0)do.
0

(2.38) V(x,t) =

F(Bq) Jl a -1 B ~a_ -1
F(ap)F(Bq-—ap)

Then V satisfies (2.32) for t > 0 and, as t > 0, V(x,t) > ¢(x).

Numerous applications of such formulas are given in Bragg {3] and this formalism
is extended to nonhomegeneous problems in Bragg [2]. We cite a few typical
results relative to Theorems 2.11 - 2.13 where by (2.32) = f for example we mean

[QG1 - POz]u = f.
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Theorem 2.14 Let U be a bounded solution of (2.33) f and let V be given

by (2.34). Then V satisfies (2.32) = g provided
1

CO d.—
(2.39) g(x,t) = r'l(ap) J e % P f(x,t0)do.
0

Theorem 2.15 Let U be a bounded solution of (2.35) f such that 1im U(x,t)
exists as t -~ 0, Let V be given by (2.36). The V satisfies (2.32) = g
provided

2-8, o, B
(2.40) g(x,t) =t I"(Bq)LS {s f(x,g)}s_)t-

Theorem 2.16 Let U satisfy (2.37) = f and define V by (2.38) with up >0
and Bq - up > 1. Then V satisfies (2.32) = g provided
la-1 8 -0 -2
P

(2.41) g(x,t) = g3 J of (1-0) %
P g

f(x,to)do
q_ - - -
where Gp (Bq up l)F(Bq)/F(ap)F(Bq up)'

Example 2.17 The Schrodinger equation u, = iuxx viewed in the Gelfand-gllov
framework (cf the discussion around Definition 1.3.16 and Theorem 1.3.19) leads

to A(s) = —is2 and A(s) = 20T 1is zero for T = 0 so that the equation is
Petrovskij correct. Under the Fourier transform qu = & we have in fact

Gt = —iszﬁ which leads to G(t,s) = exp(—iszt) for a fundamental solution
(6(0,5) = 1). Since A(s) 1is bounded in the domain |T| <k (1 + ]0|)-1 the
genus | = -1. Further ]a(q)(t,T)| f_cq(l + |0|)q and one can say that for any
2 > 0 the one dimensional Cauchy problem is well posed in the class of functions
u(x) having, together with their derivatives of order < f + 2, polynomial growth
of order < £ - 2 (while u(x,t) has polynomial growth of order < £). Regard-

ing the abstract Schrodinger equation we consider

.2, _
(2.42) u, = iA"u; uw(0) = ug

and the Hersh technique leads to bt = tix with G{(0,x) = 8(x). It is easily

shown (cf. Treves [3]) that
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-in/4
(2.43)  G(t,x) = =

2,,.
W exp(-x"/41it).

Consequently u(t) = <G(t,x), T(x)uo> is given by

-in/4

00 2 .
(2.44) u(t) = 257#?— J Ooe_x /AItT(x)uodx

where A generates a suitable group T(*} 1in a space F. We note that if G(t)
is the solution of the abstract heat problem (I.1.3) then u(it) = u(t) and

formally (2.44) can be written
OO

(2.45) u(t) = J K(it,x)cosh Axuodx.
0

We note that there are some errors in Polyanskij-Fedoryuk [l] where the formula

e 2
(TT/P);5 'exp(—ap%) = J T_%exp(— %? - pt)dTt is used (cf. Bragg-Dettman [6; 7; 8])
0
Their formulation is however easily modified to give a connection formula between

the u of (2.42) and the =z of (I.1.5) using spectral hypotheses on A2.

Remark 2.18 The construction of transmutation operators by the method of Theorem
1.3(F) usually involves the extension of f to (~*,7) in some manner (eg f(-x) =
f(x)). The resulting transmutation operator will depend on the extension and

the following discussion and remarks should clarify the matter. First, there are
a number of results available concerning the solution of half plane or quarter
plane differential problems (see eg. Dikopolov [1]. Dikopolov—gllov [2; 3], Hersh
{4; 5; 6], Palamodov [2], Pavlov [1], Sarason [1; 2], Silov [1], Zarnitskaya-
Selezneva-Eidelman [1] and cf. also Fattorini [3], Fattorini-Radnitz [4],

Gasymov [3]) and we will give some sample theorems to indicate natural frameworks.
Let us say that Q 1is P-admissible if P(DX)¢ = 0(Dy)¢, with ¢(x,0) = f(x) € ¥
for some space Y, has a unique solution in some space ¢ where ¢ will usually
involve some conditions D;¢(x,0) = 0 and/or growth conditions (see Section 2.3
also where this is subsumed under condition (). For such a problem to make

sense one will usually have to extend f(x), given for x > 0, to (=<,0) and

the space ¢ deals with functions or distributions in the half space - < x < o

y > 0. Then Bf(y) = ¢(0,y) determines the transmutation operator B such that
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QB = BP. Note that if Q 1is of order m say and data D;¢(x,0) = Ekf(x), k €
{0,m-1}, 1s given, where Ek € L(W,Wk) for suitable Y and Wk then conditions
C would change of course, as would @, and the operator BEf(y) = ¢(0,y), E =
(Ek)’ would transmute P > (Q as beofre provided P(Dx)Ek = EkP(Dx) (cf (1.6)

and see Levitan [1; 3] for simple versions of this). Similarly working with the
same equation for ¢ one can say P 1s Q-admissible 1f P(Dx)¢ = Q(Dy)¢ with
¢(0,y) = g(y) € A has a unique solution in say d where & 1is like ¢ but
defined over a reglon —» < y <o, x > 0; an extension of g(y) to y < 0 1is now
indicated and one defines Bg(x) = $(x,0) with PB = BQ. The half space problems
for ¢ require global solutions in t =y and the standard Gelfand—gilov theory
for example 1s not immediately applicable (cf Section 1.3 where ¢t < T < » often
arises in fixing spaces). Some modifications of this theory are possible and we

N~
cite first a few typical results following Dikopolov-Silov [2]). Consider for

example

m m-1 k
(2.46) Diu= ) P (iD_)D u

t k Xt

k=0
where the Pk are polynomials and we work in the region - < x < ®» with ¢t > 0.
In order to relate this to our format let Pk be constant for k > 0 with
m-1
. — N _m_ k =
Po(le) = P(Dx)' Setting Q(gEi = Dt i Pth we have Q(Dt)u P(Dx)u. Let
Aj(c) be the roots of A™ -~ I Pkkk = PO(G), ordered by the rule
1

(2.47) Re Al(o) < ... 2 Re Am(o)
for o real, and let Gj be the set of such ¢ where Re Aj(O) < 0 so that
G1 2 ... 2 Gm. Let H be the space of L2 functions on R together with all

derivatives (computed in T') so that H = FH consists of L2 functions on R
multiplied by arbitrary polynomials. These are countably normed spaces in the
sense of Gelfand-gilov [1; 2:; 3] and one writes for example H = Lﬁp where Hp

1s the Hilbert space with scalar product

(E,§>p = J%)é(o)(l + 0HPqo.
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~

A sequence fn -0 in H if for some p ?n € #P  and Il Ean<+ 0 as n > =,
Similarly fn + 0 1in H {1f for some differential polynomial P(D), fn = P(D)Fn,

Fn € Lz, and Fn + 0 in Lz. A typlcal theorem relative to (2.46) is

Theorem 2.19 Let functions vj(o) be given on G, where v, 1is the product of

] ]
a polynomial times a function in Lz(Gj) (one writes vj € H(Gj)). The equation

k 2k <m.

For t >0 wu(+,t) €H and, as t > =, Dtu(*,t) (0<k<m-1) grows in H

(2.46) has a solution u(x,t) with [Dt—lu(x,O)]A = vk(d) on G

no faster than some power of t. This u 1s unique in the class of such functions

and depends continuously in H on the data Vi € H(Gk).

-(wx)2 and A2 + 0% =0

"

Example 2.20 Consider Diu = Diu so that Po(iD )

x
glves Al(d) = 10 with AZ(U) = -10, Thus G, = G, = R and we have the familiar

1 2
Cauchy problem for the wave equation. On the other hand for Diu = —Diu = (li)zu
where A% - 0% =0 and Al(c) = ~|o] with A, (0) = |o|, one has G, =R with

02 = &, Thus vl(o) can be prescirbed but not VZ(U) and we have a well posed

Dirichlet problem for the Laplace equation.

Remark 2.21 If more rapld growth is allowed (O(tpexp ct)) the Gj can be re-

c

3

specified for ]s] < c. On the other hand for any equation (2.46) the sets G;

placed by G, = {Re Aj(c) < c} and in the Laplace example above vz(s) can be
are nonempty for some c¢ and there will be nontrivial correct problems. If one
works locally in t the Cauchy problem itself will be correct for suitable ex-

ponential growth and 0 <t < T (cf. the end of Section 1.3).

Various refinements of such results are possible but we will not enter into a

discussion of this.

-
Remark 2.22 Let us mention now for completeness some criteria of Silov [1] for
quarter plane problems and speclalize his results to some second order equations

for simplicity. Consider

2 2
(2.48) Dtu = Po(li)u = gu + Y(li) u
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(2.49) u(0,t) = w (t); D _u(0,t)
(o] X

wl(t)

ti

(2.50) u(x,0) = uo(x); Dtu(x,O) ul(x)

where the number of conditions imposed at t = 0 may vary here as indicated
below. First order terms in (2.48) are omitted here for convenience. One looks

at the roots Aj(s) (j = 0,1) of

(2.51) A% = a4 vs?

and there are critical points s = i(—a/y)% where the Aj(s) have algebraic
branch points. Thus if o and 7Yy have the same sign we have s = ti(a/Y)%
whereas if they have opposite signs s = i(-u/Y)% is real. 1In either case

Ims f_B = |a/Y|% for both roots and one works in the half plane 1Ims > B where
the roots are single valued and distinct. A number r (r = 0,1,2) is then
determined specifying How many conditions (2.50) are allowed, such that, for

Ims > B, Re Aj(s) <0 for 0<j<r-1 and for j >r Re Aj(s) >0 at
least for some s with Ims > B. For r = 2 both conditions in (2.50) are

permitted. One writes (2.48) in the form

(2.52)  D’u = au - y[D%u - w6 - w §']
. N u Y N Wy v

and the quantity

(2.53) g(s,t) = —Y[wl(t) - iswo(t)]

will be of importance in the theory. Indeed set
w =X (s)

(2.54) ¢ (s) = j e Y g(s,0)de
0

for v >r (r = 0,1). This integral is defined for Ims > 8 and Re Av(s) >0
provided for example that the wi(t) have at most polynomial growth as t -+ o,
One looks for solutions wu in a space HE delimited by conditions of the form

J exp(-2Bx)|Iqu(x,t)|2dx < = where I% denotes a suitable "primitive" of wu.
0

The space HE = FHE on the other hand consists of functions ¢(s), analytic
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o
for Ims > B, such that J |¢(s)|2/|s|2qd0 < = for some q, uniformly in T =
{05)

Ims > B (s =0 + iT).

Theorem 2.23 There exists a unique solution of (2.48) - (2.50) provided the

Gv(s) can be continued analytically in s to the half plane Ims > 8 as func-

. , B
tions in H+.

Example 2.24 Let o =0 and Yy = -1 so that (2.48) is the wave equation. One

obtains AZ = —sz, A =1is, A, = -is, B = 0, and for 1Ims > 0 Re Xo(s)

n
—

Re i(o + iT) = -T < 0 while Re Al(s) = Re[-i(c + i1)] = T > 0. Hence r
and Wor Wy, and u can be prescribed which is a standard mixed problem for

the wave equation.

Example 2.25 Let a =0 and Yy =1 which makes (2.48) a Laplace equation where

2 2 :
AT =", Ao = s, Al =-s, B=0, and for Ims > 0 Re KO(S) = -0 while

Re Al(s) = 0 (neither of which is always negative). Thus r = 0 and the Gv(s),

defined for Res > 0 and Res < 0 respectively, are

(2.55) ¢ (s) = -Joe'es[wl(e) - isw_(8)1d6 -

foe'es[wl(e) - 14!(6)1d8 - 1w (0)

(2.56) 6, (s) —Joees[wl(e) - isw_(6)1d6 =

_Joees[wl(e) + 1u!(8)1d8 + 1w (0).

An analysis of the Cauchy Riemann equations in the present context (cf Silov [in
allows one to conclude that the Gv(s) will be suitably extendable provided the
functions wt(t) = wl(t) + iwé(t) can be extended to be analytic functions

wt(x,t) for x >0 and t > 0. However neither u_ o mor u; can be prescribed

arbitrarily when both v and w, are to be specified.

Remark 2.26 Consider again the wave equation ¢xx = $tt with $(x,0) = f(x)
i

and ¢t(x,0) =0 for x > 0. Extend ¢t by 0 and f(x) by E(x) for x <0

|
|

v
|
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where f(-x) = g(x) with g(0) = £(0) at least (?(x) = f(x) for x > 0). Then
$,0) =5 [EG+ ) + Ex - 0] and 6(0,0) = 3 (F(6) + E(-1) = 3 [£(2) + g(0)] =
h(t). 1If we consider the quarter plane problem of Example 2.24 with x and t
interchanged it is seen that h(t) could be prescribed along with ¢(x,0) = f(x)
and ¢t(x,0) = 0. Hence there is an extension f of f, namely f(-x) = g(x) =
2h(x) ~ f(x) such that Bgf(t) = h(t) where Bg denotes the transmutation
operator determined by this extension. We note also that the extension g = f

f
operator of the type studied by Levitan [1; 3] (cf Section 2.3). Formally let us

corresponds to h = f and Bg =B is in this case a generalized translation

consider then f € ¥ with ¢ € ¢ as in Remark 2.18 and look at ¢(0,t) € O
where O=Y¥ here. Note first that g =0~ h = % f while h=0~g=-f and
if f£(0) = O such g appear admissible. Thus B_f(f) =0, Bf(f) = f, and
Bo(f) = % f. In particular if Bg is the zero operator then Bg(g) =0=g and

g Bg is 1-1. Further

1
2' = - = -—
(2.57) Bg(f + h) 3 (f +h+g] Bg(f) + Bg(h) Bo(g)
(2.58) B (af) =% [af + g] = aB () - (x - DB (g).

Therefore the operator defined by Ag(f) = Bg(f) - Bo(g) is linear, Ag € L(Y),
and g ~ Ag ¥ > L(Y) is 1-1 since Ag = 0 implies Ag(g) =g - %— = %—g = 0.

Note also that from Bg(f -g) = Bof follows A (f - g) = Bo(f - g). From
. g

—

=L 1 .1 =1 i
Ag(f) =3 [f + g] 7 8=% of course we see that Ag =3 is trivial but in

particular Ag € L(¥) (continuity). Thus g Bg : ¥ > A(Y) where A(Y¥) denotes
continuous affine operators Y - ¥ and Bg(f) = f implies f = g. It could be
of interest to examine such mappings in more generality for other equations (cf

Section 2.5).

2.3. Separation of variables and transforms. Let us first make some observations
about transmutation and separation of variables which lead to a systematic formal-

ism for handling many problems of interest in a unified manner. The presentation
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will be essentially formal at first but will be 1llustrated by numerous examples
to justify it and a more rigorous treatment will follow. A preliminary version
appears in Carroll [35] (cf. also Levitan [1; 5] and Lions {2; 3; 4]). Thus

suppose we can transmute P(D) into Q(D) via a solution of
3.1 P(Dx)¢(X,Y) = Q(Dy)¢(X,Y); d(x,0) = f(x)

with appropriate conditions C (unspecified at the moment) to guarantee a unique
solution ¢(x,y), which determines then B by (Bf)(y) = ¢(0,y). We assume
(Bf)(y) = <b(y,x), f(x)> for suitable brackets on (0,») or (-w,®) (<, >,
will denote (0,)). The conditions C (cf Remark 2.18) will involve some combin-
ation of growth requirements on ¢ or suitable derivatives plus stipulations that
D;¢(x,0) =0 for i€ {l1,m-1} where m = order Q(D). Suppose QB = BP act-

ing on functions f € ¥ for some reasonably large space ¥ and consider the

eigenvalue equations

(3.2) P(D, )0 (x,)) AZhix, )

U}

(3.3 ad 8y, 2oy,

If h(+,A) € ¥ then QBh = BPh = -A’Bh so that (Bh)(y,)) = <b(y,x), h(x,\)> {is
an eigenvalue for Q(D). Conversely consider ¢(x,y) = w(x,y,A) = ¢(x,0) =
h(x,A)8(0,X) (cf. Levitan [1]). Given conditions C for this ¢, which could
usually be provided by conditions on 6, we obtain w(0,y,A) = ¢$(0,y) = (Bh)(y,})) =

h(0,A\)8(y,A). Consequently

G4 80 = B <by,x, b,

If 6(0,)) =0 or = we get nothing whereas h(0,A\) = 0 corresponds to h €
N(B) (null-space) which is {0} 1if B is 1-1. 1In practice we will usually

work with h(O,A) = 8(0,X) = 1 and summarize this in

Lemma 3.1 Under the conditions indicated the eigenfunctions of Q(D) are

characterized to be of the form 8(y,)) = <b(y,x), h(x,x)> (from now on h(0,)) =
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6(0,)) = 1 1is assumed unless otherwise stated).

Now for P(D) = ij(x)DJ the formal adjoint P*(D) 1s defined by P*(D)y =

E(—l)jnj(pjw) and we let

(3.5)  PRDNx,N) = -A20(x, ).
Consider then the formal expression
(3.86) B(y,x} = <Q(x,A), 8(y,N)>

where P*(DX)B = Q(Dy)B and define Bf(y) = <B(y,x), f(x)>. Since

BPE = <8(y,x), P(DOE(x)> = <P*(DB(y,x), £(x)>

QO )B(y,x), £(x)> = QBf.

Theorem 3.2 The operator Bf(y) = <B(y,x), f(x)> transmutes P into Q; i.e.

QB = Bp.

Given B defined via (3.1) it will be of interest to know when B = B and we

proceed as follows. Let U(x,f) be the solution of
(3.7) P(D)U(x,E) = P(DE)U(X,E)

satisfying U(x,0) = f(x); conditions DEU(X,O) = 0 may be imposed for uniqueness
(or growth conditions). The function U(x,£) will be a generalized displacement
or translation operator in the sense of Levitan [l; 3] which could be written
U(x,E) = Tif(x) (cf. Remark 1.2) and in general we will have U(0,£) = £(£).
Explicit constructions via Riemann functions are often possible and examples will

be given below. Then we form the generalized convolution
(3.8) $(x,y) = <B(y,8), U(x,£)>

and observe that formally
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P ) d(x,y) = <B(y,&), P(DIU(x,8)> = <B(y,E), P(D)U(x,£)>

£

<P%(D)B(y,5), U(x,8)> = Q(D_)d(x,y).
£ y

Suppose now that (x,)) is chosen so that R(0,x) = <Q(x,A), 1> = §(x) (this is
shown to be natural from the examples). Then ¢(x,0) = <§(§), U(x,£)> = U(x,0) =

f(x) so, by definition of B,

$(0,y) = (Bf)(y) = <b(y,x), f(x)> = <B(y,&), U(0,8)>
= <B(y,8), £(&)>
provided conditions ( are satisfied (which we assume). Since this holds for

f €Y with V¥ reasonably large we can conclude that b(y,x) = B(y,x). Hence

Theorem 3.3 Under the conditions indicated if B(0,x) = <Qi(x,A), 1> = 8§(x) then

the kernelof B 1is precisely B(y,x) = <Q(x,)), 6(y,\)> and B = B.

Remark 3.4 Generalized convolutions such as (3.8) should be useful in solving
applied problems and we will comment further on this below (cf. Theorem 3.7 for
example). This shows the importance of solving equations of the type (3.7) aside
from the treatment of Hutson-Pym [1l; 2], Leblanc [1], Povzner [1], etc. (cf. Sec-

tion 2.5).

Let us define now the transforms (see Appendix 2 for general transforms).
(3.9) PE(X) = <h(x,A), f(x)>

(3.10) PF(x) = <Q(x,)), F(A)>

(3.11) Q) = <8y, ), £(y)> = £().

We suppose that b(y,x) = B(y,x) so that taking h(0,)) = 6(0,X) = 1 we have
from (3.4) 0(y,\) = <B(y,x), h(x,A)> = PB(y,*) while by definitions B(y,x) =
PO(y,*) (y 1is essentially a parameter here). Now there will usually be a
variety of choices of Q for which the above procedures are valid and we ask

that Q be chosen so that O in (3.11) is an isomorphism H - H for suitably
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large spaces # and f. Then for f € f, PPE = <PPB(y,A), f(y)> = f. Next we

can write

(3.12) BXf(x) = <B(y,x), £(y)> = <<Q(x,)), 8(y,N)>, £(y)>

<Qx,A), <8(y,A), £(y)>> =P (x)

and for g = B*f =IPOf = Pf € PH we have PPg = <PPR(y,x), f(y)> = <B(y,x) f(x)>

= g. Hence P -p! :PA + A and since PPH = i there results also P = P—l :
A +Pf. We state this as
Theorem 3.5 If R(y,x) = b(y,x) then under the conditions indicated IP = P—l.

Remark 3.6 It follows also that Q-lpB*f = f from (3.12) and Theorem 3.5 so

that (8%) "L = g7lp . Bl > H.

We show next the relation of (3.8) to a generalization of a procedure of Levitan

[1] for solving (3.1). First let us write (3.8) as

(3.13) b(x,y) = <<QE,A), 6(y,N)>, U(x,8)>

<B(y,A), <QE,A), U(x,5)>>.

Now for Y(x,\) = <QE,A), U(x,£)> we have P(Dx)lb = <Q(&E,N), P(DX)U(X,E)> =
<QEN) L PO)URE)> = PHO)UEN), Ulx,E)> = A%, 1f Ph = -3’h has unique
solutions with h(0,A) = 1, perhaps subject to some growth conditions, then

V(x,A) = ¥(0,M)h(x,)) with (0,}) = <Q(E,N), U(0,E)> = <Q(E,1), £(E§)> = F(A).

Using this we can write from (3.13)
(3.14) d(x,y) = <6(y,A), F(Mh(x,A)>.

We can arrive at this formula in another way by generalizing a procedure of Levitan

[1}. Thus as a solution to (3.1) try
(3.15) ¢(x,y) = <c(y,)), h(x,A)>.

Given PP = P_l as in Theorem 3.5, from the relation
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6(y,2) =PP8(y,*) = <h(x,)), <Qx,u), 6(y,n)>>

<<h(X,X) H) Q(X’U)>; e(Y;u)>
it is suggested that
(3.16) <h(x,A), Q(x,1)> =8k - u)

and this will be confirmed in numerous examples below. Using this we get formally

from (3.15)
(3.17) C(y,U) = <Q>(X,y), Q(xrl]))'

Then Q(Dy)c = <Q(Dy)¢(x,y), Q0x,1)> = <P Id(x,y), Qx,w)> = <d(x,y),
P*(DX)Q(x,u)> = —uzc. If Q6 = -u2e has unique solutions with 6(0,u) = 1,
perhaps subject to some growth conditions, it follows that c(y,u) = F(u)6(y,n)

where F(p) = c(0,u) = <f(x), Q(x,u)> from (3.17). Putting this c(y,u) in

(3.15) we obtain (3.14) again. Thus

Theorem 3.7 Let F(X) = <Q(x,A). f(x)> and suppose B(0,x) = 6(x) so that
o(x,y) given by (3.8) represents the solution of (3.1). If h(x,A) 1is unique
as indicated the ¢ «can be written in the form (3.14). Similarly if (3.16) holds

and 6(y,\) is unique as indicated then (3.14) represents the solution of (3.1).

Remark 3.8 The question of inverting a transform such as P 1in (3.9) by a formula
f(x) = H(x,\), F(A)> 1is studied in Mercer [1; 2; 3] (cf. also Titchmarsh [1]).
The general eigenfunction expansion theory due to Weyl, Kodaira, Titchmarsh,

et, al. will be exploited later (cf. Titchmarsh [2]).

Before developing more general results or refining the above let us indicate how
these formal theorems work in applications; this will provide some useful guide-

lines.

Example 3.9 Take first P(D) = D2 = P*(D) with h(x,\) = exp(iix) and Q(x,)) =

f% exp(-iix). Let Q(D) be arbitrary such that the requirements indicated above

are satisfied and we will say in general that such Q are P-admissible. Take
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L

8(0,\) = 1 and from (3.6) we have R(y,x) = P

<8(y,N), exp(-1dx)> while it is

known that B(0,x)

00
%? <exp(-1ix), 1> = 8(x). Recall here that %? J exp(-iix)dX
-0

= lim (Sin Nx/7mx)

N>

8(y,\) = <B(y,x), exp(iix)>. The formulas (3.9) - (3.10) with Theorem 3.5 then

8(x). Hence Theorem 3.3 applies and from (3.4) we have

yield the Fourier inversion formulas as a by product. This cannot really be con-
sidered as a new derivation however since a traditional demonstration uses the
formula &(x - £) = 1im (Sin N(x - &)/m(x - £)) (cf. Sansone [1]) and this is

N
equivalent to B{0,x) = §(x).

Remark 3.10 Let us define

(3.18)  BE(A) = <Qx,)), £(x)>

(this transform was used in Theorem 3.7). Then under the conditions of Lemma 3.1

and Theorem 3.3 we can write

(3.19) (B (y) = <B(y,x), £(x)> = <<Q(x,})), 6(y,N)>, £(x)>

<<B(¥,E), h(E,M)>, <Q(x,)), £(x)>> = <PB(y,A), PE(X)>

and this is a kind of Parseval formula. Indeed for Example 3.9 we have Pf = Ff
and Bf = F_lf where F denotes the Fourier transform. Evidently Bf =
%% FIf(-x)] = F_lf so we can identify with the Parseval formula written as

<FQ, Fp> = 2m<Q,p(-x)> by putting £(-x) 1in place of f(x) 1In (3.19).

Example 3.11 Let P(D) = D2 and Q(D) = Lm(D) as in Example 2.6. Let h(x,A) =

exp(iix) and 6(y,\) = ﬁm(y,X) so by (3.4)

= _ _ om
(3.20) B(y,\) = (Bmh)(y,x) = Fxbm(y,x) = R (y,M)

2
and condition C can be taken as Dy@(O,A) = 0 which holds; here LmBm = BmD

as in Example 2.6 and B(0,x) = 8(x) by Example 3.9 when Q(x,2) = %; exp{(~-ilix).
Thus Pf = Ff, Bf = F_lf, and we take B(y,x) = <Q(x,1), 6(y,A)>+ so that if

F(A) = f(A) with f and F even
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(3.21) % (B ) (y) = <R™(y,M), FO)>, = 2" (m + 1)J ()\y)_me()\y)F()\)d)\
0

-4

-m

iR (1))

P+ Dy " EH ()
m

where Hm denotes the Hankel transform. The Hankel transform works on functions
0 -1 .k, -m-
g€ H = {g€c0,®; " (&) = sup|x"x D " Hg(x))| < =)

or its dual Hé (see Zemanian [1} and cf. also Dube~Pandey [1l; 2], Lee [1}, A.
Schwartz [1], Trione [1]). Hence for suitable f such that A-m-%F(A) € Hé we

can compute the Hankel transform in (3.21) with inversion formula (X} > 0)

(3.22) 2F(X) 2

mrts o
A J Y™ Oy

_— J (A B f d
S m( y)( i Y (y)dy

1 J“’ 2m+1am
== | Oy R (y,M) (B £)(y)dy.
r2m+1)22 /g n

Let us write (recall F(X) = (BEY(N))

[}

(3.23)  R"B() =3 B OG = <Ry, FOI>,

<B(y,A), F(M> = (@A) ..

Then an inverse S™ for R" is defined by (3.22); setting k = 172212 (m+ 1)

let for A» >0

2mé1~m

(3.26) ("R = k <ONT RN, g(3)7,

for suitable g and F(}) = S™R™F) (\) (cf. also Levitan-Sargsyan [2]). Since
F(A) =B£(\) = F_lf we have a formula f = FF = %—FSmBmf so that Bm = Bm
%’FSm. There is a technical point involved here in the interplay between brackets
on (0,°) and (-«,®) which requires Smg(k) even in XA; we have chosen to
work with even f and F and introduced a factor of 1/2 in (3.21). Alterna-
tively we could work solely on (0,%) with h(x,X) = Q(x,A) = Cos Ax (ecf. also

Example 3.14). Now the operator Bm should be a transmutation operator such

that DzBm = BmLm and we can check this directly (cf Lions [2; 3; 4] and Example
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3.14 below). Thus let g(y) be given for y > 0 (g'(0) = 0 1is not necessary)

and from the definitions

2(8 g) (x) = (FS"g) (x) = k_<exp 1hx, <(y) 2mHRm

we obtain immediately DiBmg = —XZBmg. On the other hand

2mt+1-m

_ * 2m+1am
ROy, ), Log(y)>, = <Lm[(>\y)

(3.25) <(Ay) RO(y,M1, gyn)>,

2mtlam

= 220 ™ G0, g(y)>,

where Ly = Dzw - (2m + l)D(y_1W). Here one has L;[(Ay)2m+lﬁm

(Ay)2m+l

RO(y,A), 8(¥)>>

(y,M]

Lmﬁm(y,k) and a simple calculation shows that the terms at vy

from integration by parts will vanish (recall 2m+1 > 0 or Re(2m + 1)

Hence we can state (cf. also Example 3,14)

Theorem 3.12 B =08 = R"F1 satisfies L B_ =B D’ while
- m m m m

B
m

0 arising

> 0).

= —l—.

m

%—Fsm satisfies DzBm = BmLm' The Parseval relation (3.19) written in the form

2m<B(y,x), £(-x)> = <FB(y,*), Ff(*)> establishes the connection between (3.21)

and (2.11) and the latter can be rewritten in terms of

I'(m+1) -2m( 2

2, m-%
NN IR LR

+

(3.26) bm(y,x) =

The formula (3.26) 1is listed for comparison purposes later (cf (3.61)).

For

perspective we will organize here a table of the various transforms coming into

play. Thus

Remark 3.13 We take h and 6 as in (3.2) - (3.3) with h(0,A) = 6(0,A) =1

so that if the roles of P and Q were reversed then 6 would correspond to a

new h., Take § as in (3.5) so that B8(0,x) = §(x), B(y,x) = b(y,x), and

Theorem 3.5 holds. Then take 8 so that

.27y x@f = 2%

with <@(x,k), 1> = §(x). In the case of Example 3.1l we have ﬁ(y,k) =

km(ly)2m+lﬁm(y,k). Relative to P we have transforms
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(3.28) PE(N)

<h(x,1), f(x)>; PF(x) = <Q(x,)), F(A)>;

BEO) = <Qx,)), £(x)>; PF(x) = <h(x,)), F(A)>

while the corresponding Q transforms are

(3.29) QE(N) = <8(y,\), £(y)>; QF(y) = <Qy,\), F(A)>;

A0 = Qy,0), £(y)>5 QF(y) = <8(y,)), FO)>.

In Example 3.11 the transforms in (3.29) involve <, >, and some factors of 1/2
appear with Bm in connection with our using even functions but this should

cause no confusion later. Now if everything fits together we should have
-1
(3.30) P=P; @=9

whereas in Example 3.11 since the kernels are all functions of xA or yX (i.e.

Fourier kernels) we have in addition

(3.31) B =91 =0t

= 0 by (3.23) (resp B* =10 by (3.12)) we have ZB‘;l =-5_1Q_1 =

1 1

1
Since 3 Bm
P.Q (resp. (B;‘l)_ = QP as in Remark 3.6). In Example 3.11 4= F_l

and P = F while /2 = 8" so B;ll = -;— F/1 as indicated. We refer also to Sections

= Q_l '

2.5 and 2.6 for examples of interplay between transforms (also Appendix 2).

Example 3.14 Let now P(D) = Lm(D) with Q(D) wunspecified but such that B is
well defined by (3.1) (such Q will be called P admissible). Let h(x,A) =

ﬁm(x,k) and, setting 6(0,A) = 1, 6(y,A) = <b(y,x), ﬁm(x,)\)>+. Thus
(3.32) 0(y,A) = 2"T(m + AT mm[x"'“‘;’b(y,x)]

and this is consistent with the formula for Bm in Example 3.11 which arises

when Q(D) = D2 with 68(y,A) = Cos Ay. Indeed from Bm = %Fsm (with Smg()\)

treated as even in A) with kernel Bm(y,x) we have
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- (3.33) <Bm(y,X), f(x)>+ = (Bmf)(y) =

kmEmJ0 JO(Ax)m+1C05 Ay Jm(lx)f(x)dxdl

k € J xm+%f(x) H [Am+%Cos Ayldx
mm) m

where Em ZmF(m + 1) and km = E;z. Hence we have formally

(3.38) € B (y,%) = T mm[xm‘%cOs Ayl

which is equivalent to (3.32) for 6(y,A) = Cos Ay and b = Bm. Now a precise

description of such distributions Bm(y,x) is worth displaying, especially since

in the case of general P admissible Q we take Q(x,})) = km(Ax)2m+1§m(x,A) with
= _ m+s mHs

(3.35)  B(y,x) = <Q(x,0), 8(y,0)>, = ke ™2 H ™ (y,)))

so that EmB(O,x) = xm+%'ﬁm[lm+%] = Emd(x) must make sense (cf. Trione [1] for a

similar formula where a relation between &(x) and 5(x2) must be used - cf.

also Bochner [2]). For this it clearly suffices to show Bm(O,x) = §(x).

Thus let us summarize Lions' construction of kernels Bm(y,x) of the type re-

quired in (3.34). He works directly with the transmutation problem DZBm = BmLm

for more general m and begins by setting

) /7 =™ orm+ y)
m [(m+ 1T (-m-%) /T T(m+ 1)

(3.36) b

and then for -1 < Re m < %

y
2
(y
0

—me 3
2) m-/2 x2m+1

(3.37) Bmf(y) = bmyJ - X f(x)dx

so that the kernel Bm(y,x) has the form

-
2) m-72 x2m+l

(3.38) B (y,%) = bmy(y2 -x),

(note that Bmf(O) = f(0) or Bm(O,x) = 8(x)). One has a formula then with

-1 < Rem < -% for comparison with (3.34)
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(3.39) }lm[x‘“”icOs Ayl = 2" (m + 1)x"“'l@em(y,x)
m+l
_ 20 mHs, 2 2, -m-¥»
T Tlmlp 7 bv-x),

(cf. Erdelyi et, al. [1]). Starting here one wants to analytically continue
Bm(y,x) in m to establish formulas for all Re m > -%, To do this we write
first

1 2m+1
t
¢]

2 —m-?
(3.40) B f(y) = bmj (1 - 5™ 72 geyyae

and define recursively

Tlf(t,y) Dt[tf(ty)], Tzf(t,y) = Dt[t3Tlf(t,y)], feey Tnf(t,y)

3
Dt[t Tn_lf(t,y)], .

Then for -1 < Re m < n—-% the continuation of Bm is given by

1 -m+ 2n-3

< ' 2m- (20- 7
(3.41) By - cmjot m- (20-3) ; _ 2y T £(c,y)de

where Gm = (—1)nbm/(2m + 1)(2m - 1) ... (2m - (2n - 3)). We note that for
n>1

n 1 t2m+1dt
(3.42) Bmf(O) = (2n0-1)(2n-3) ... 1cmf(0)J T £(0)

4} m-
a-t% 2

since (2n-1)(2n-3) ... 3°1 = ZnT(n + %) /T, (Cm+1) ... 2m-(20-3)) =
203y, e + 25 hrm - 22 = (0™, Tt YT )

= (-l)m+1TT, and the integral in (3.42) equals T'(m + LTI'(-m + Zn_z—l_

2°T(m + ¥2)/T(m -

/2T (n + k).
Let us give a different expression for the kernel B:l(y,x) of B:l as follows.

It is easy to see that

n+l
(3.43) T £(e,y) = § e c2orkod kel lel) g
n k=1 nk
where ¢ , = (2n-1)(2n-3) ... 3.1 =2"T(n + % /T(%) so that B:l can be

written for m < n-% as
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(2n - 3)
n+l 1 2
(.44 B =c T yk_lj 2 e 2 s =D vyae
m m  ~. nk
k=1 0
2n-3)
LM oY omk, 2 2. (k-1
=t Je X (y" - x7) f (x)dx
moaly nk 0
where ¢ = (—1)m+n+1F(m-gE:2)//? I(m + 1)2n-1 =¢ .
m m m
Thus we have
(3.45)  <BM(y,x), £(x)> =
2n-3
n+l -m+
~  =2n+l . 2mtk , 2 2 2 k-1
cmy X Kk < x (y" - x )+ , D f(x)>+.

k=1
Summarizing we have Bm defined for all m > -% and DZBm = BmLm. The kernel
Bg(y,x) is a distribution given by (3.41) or (3.45) with B;(O,x) = §(x). For

-1 <m < -% we have by (3.39)
(3.46) A““%Cos Ay = lﬂm[zml‘(m + 1)x'“"%8m(y.x)]
= 2"(m + 1)A;§Bm(x_m.]m(>\x))(y).

Now f(x) = x—me(Ax) is an analytic function of x and Bm(f) is equal to
any of its determinations via formulas (3.41) or (3,45) for n > 1. Hence for
example express Bmf(y) by Bif(y) = <B;(y,x), f(x)> so that (3.46) holds with
B; replacing Bm. But B;f makes sense for -1 < m <% and hence so does

(3.46); note here that x_me(Ax) = Amgm(x,k) where

o (_1)n(kx)2n o
_ oMoy 2 _ ,-m 2n
(3.47) g, (x,1) = 2 ; ST - 2 Z a_(m) (Ax)
n=0 n=0

so that (3.46) can be written

1% 2n
(3.48) Cos Ay = P(m + DB (] a_(m) (Ax)7).

T n=0
If E = Cm[O,m) one knows m > Bm is holomorphic with values in L(E) (ef.
Lions [2]) while for Re z > 0 both T(z) and 1/I'(z) are holomorphic. Hence
(3.48) holds for -1 < Rem <% and continuing we obtain (3.34) for Rem > -%

&
when Gm(y,x) is identified with a suitable determination Bs(y,x).
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We remark here also that the function U(x,£) 1indicated in (3.7) satisfying
Lm(Dx)U(x,E) = Lm(Dg)U(x,E) with U(x,0) = £f(x) (and U(0,8) = (&), UX(O,E) =

Ug(x,O) = 0) can be written explicitly in the form

'(m+ 1)

(3.49) U(x,£) = 77 T(mtbe)

1
J 1 - tH™ % wde
-1
2 2 2 3
where w = x + £ + 2xEt (cf. Copson-Erdelyi [1]).

Remark 3.15 Using a P admissible Q such as Q(D) = D2 and knowing that
B8(0,x) = <Q(x,\), 1>+ = 8(x) the inversion thecry for P in Theorem 3.5 is
equivalent to the Hankel inversion formulas and seems to represent a new deriva-
tion. However a certain amount of information about Hankel inversion is implicit

in the fact that B8(0,x) = §(x).

Remark 3.16 We will want to deal with formulas of the form (3.16) for example
and record here the following observations. Thus take h(x,\) = ﬁm(x,k) and

Qx,A) = km(kx)2m+lﬁm(x,X) to obtain by the Hankel formulas

mt1
b

(3.50) Qx,0), h(E,N >, = 8(x - €) = g'mJOAJm(xx)Jm(xg)dx

- (x/g)“’“ij 00208 8 3_(AE)dA.
0 m m
Similarly by symmetry
(3.51) <Q(x,u), h(x,A)>, = 8(k - ) = um+lk_mJ xJ (Ax)J (ux)dx.
+ 0 m m
We note here also that formally the truth of (3.50) implies <Q(x,}), 1>+ = §(x)

since h(0,A) = 1 but the converse does not seem to follow immediatly by analytical

methods.

Example 3.17 The following differential equation arises in the study of sperical
type functions on pseudo symmetric spaces (cf. Carroll [33; 34], Carroll-Showalter

[8], Carroll-Silver [9; 10; 11])

(3.52) Rtt + [(28 + Dtanh t + (2p + 2a + 1)coth c]Rt

+ 1+ 02 + 2% + q(q + 2B)sech’t]R = 0.
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The solution satisfying R(0) = 1 and Rt(O) =0 is
(3.53)  r=rPIO,p) =

cosh_l_pt F(&t%iﬂ, &t%:ﬂ -8, p+a+1l, tanhzt)

where £ = 1iX +p and p=a+ B8 + 1. TFor convenience we will take the special

1

case where o =0, RB=-%, ¢-= §-+ iA, and q = 0, which corresponds to working

in asymmetric space based on SL(2, R), and setting p =m with Rm,O = s" this

yields (ch = cosh, sh = sinh, etc)

(3.54) Sm(k,t) -4-m 2+m L+m+1

2
ch t F(T, 2 m+ 1, th't)

il

eIl mHs-1A
- FEES, TR

7> W + 1, —shzt)

2" (m + 1)sh "t , (cht)

-m
P—l5+i

where P;m denotes the standard associafed Legendre function. Setting
(3.55) QD) = D2 4 (2m + 1)coth £ D + (m + %) °

the function Sm(k,t) satisfies

(3.56)  q (Ms™ = -A%",

We remark also that the formal adjoint of Qm(D) is given by

(3.5 Qx(Y = Y - (2m + DD coth t) + (m + 152y,

It is worth noting here that in analogy with Lm one has for Qm(k,t) =

sh?™ e ™ Le)

(3.58)  @*"(,0) = 23000

First take P(D) = 02 with h(x,A) = exp iAx and Q(x,\) = f%»exp(-ikx) while

Q) = Qm(D) with 6(y,)) = Sm(k,y). Then b(y,x) = B(y,x) and (3.6) yields

(3.59) By,x) = <QUx,A), B(y,A)> = % J s™(A,y)Cos AxdA
0
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(note Sm(A,y) is even in X by the second expression in (3.54)). We are in a
situation here analogous to Example 3.11 and the same kinds of remarks relative to
< ,>+ brackets and even functions should apply. Now it is known that if f(x) =

(chy - chx)m s

then (cf. Magnus-Oberhettinger-Soni [1])
_ .k m -m
(3.60) Fcf = (7») I'(m + %¥)shy P—%+iA(Chy)

where FC denotes the Fourier cosine transform. Consequently

(3.61) B(y,x) = %J Sm()\y)Cos AxdA
Q
o
- I'(m+ l) — ch)® -1
/_ F(m-Ff, (Chy ¢ X)

and it is of interest to compare this formula with (3.26). We recall at this

point also the generalized Mehler inversion formulas

(3.62) g(cht) = J £(A)P 1+i)\(cht)cl)\

. —m
(3.63)  £(\) = C(A)Jog(cht)P_%+iA(cht)shtdt

where c¢()) = ﬂ_lAshﬂAF(m +3% + iX)T(m+% - ix) (cf. Lowndes [1], Magnus-

Oberhettinger-Soni [1], Oberhettinger-Higgins [1]).

Now let B(D) = Q (D) with h(x,)) = s"(x,)) and Q(x,)) = Eysh?™ L % g™x,0)

and let Q(D) be P admissible with 6(0,)) = 1. From (3.62) - (3.63) we obtain

S(t-1)

o -m ~
(3.64) J c(M)P 5+1A(Cht)P_%+iA(ChT)dA =~ oht

so ¢()) can be chosen as

AshmAT(m+ 4%+ iX)T(m+%- 1))

Zmrz(m 1)

(3.65) c(h) = kmc(A) =
from which follows

(3.66) Qx, 1), h(E,1)>, = 6(x-E)

2204 1)sh™ L x sh <2 ()P g (chx), P g (ehe),.
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Letting & -+ 0 we have <Q(x,}), 1>+ = B(0,x) = 8(x) formally which can be

written

mH -
(3.67)  6(x) =SB _x J' cP ™ (chx)dh.
2" (m+1) ‘0 —e+A

Similarly the formula <Q(x,u), h(x,)\)>+ = §(A - ) follows from (3.62) - (3.63)
(cf (3.16)). 1In particular if we know somehow that the choice of &(}) 1in (3.65)
will yield B8(0,x) = 8§(x) then B(y,x) = b{(y,x) and the inversion theory for

P 1in Theorem 3.5 yields the generalized Mehler inversion (3.62) - (3.63).

Remark 3.18 We mention here some work of Chebli [1} which connects several points

of view (cf also Bochner [1}). Let L be an operator of the form

- d .
(3.68) Lu = - O (A(x)u")

on a domain D(L) C LZ(A(x)dx) over (0,») where AE Cw(O,w), A(0) = 0,

A(x) >0 for x> 0, and (A'/A)(x) = a/x + B(x) with B € c°[0,©). Further let
A be increasing with A(x) +® as x *® and A'fA decreasing; set p =

% 1im A'/A as x » =, These hypotheses are satisfied by the radial part of the

Laplace-Beltraml operator on noncompact Riemannian symmetric spaces of rank 1. Let

ale fu,u eL?(a)dn) }, B2 = {uen!; LueL?(A(x)dx)}, and D(L) = {uEHS A(x)u' (x) +
00

0 at =} or equivalently D(L) = {u € Hl; v > I u';A(x)dx : Hl + L 1is continuous
0

in the norm of LZ(A(x)dx)} (note

JLu; Adx = Ju';' Adx = Au'v

©x 1 -
- |+ (Au") 'vdx).
o] IA

Let DO(R) be C  even functions on R with compact support; DO(R) is

o 00

dense in D(L) 1in graph norm and for ¢ € DO(R)[ Lod - Adx = J |¢'|2Adx >0 so
0

1]
o(L) C [0,@). Recall now Remark 1.2 defining generalized translation operators
and take for example L = -(D2 + 1 D) = - L D (xD,). Then the solution of L¢ =
X X X X X g

Ad,4(0,3) = 1, ¢"(0,\) = 0 written as ¢(y,A) =} ¢k(y))\k is given by
k=0

Tk vk
(3.69) ¢y, ) = I R = | (-D° F=—5
k=0 27(k!)

and T = ¢(y,L) so that one obtains after some calculation
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2m
(3.70) Tif = i%-J f(/éz + y2 + 2xy Cos 8)d6
0

(cf (3.49)). A second way to define T’ 1is via the Cauchy problem Lu=Lu,
u(x,0) = f(x), with u(x,y) = Tyf(x) = Tzf (cf. (3.7)). Now in general if L
has a spectral decomposition L = JAdEX then in the spirit of ™ - ¢(y,L) one

can define
3.7 U= Jq)(y,x)dgA

which one can make precise as follows for L of the type above (see Titchmarsh
{2] for details and cf. Section 2.4). Let f € DO(R) and define a generalized

Fourier transform f by

{ev]
(3.72)  t) = J £(x) 0(x, ) A(x)dx.

0
Then there is a tempered positive measure o0 on o(L) C [0,©) such that

J |f|2Adx = [ |§|2d0 and f > f extends to an isometric isomorphism LZ(Adx) -+
0 0

LZ(G) with inverse

(3.73)  f(x) = J £V (x,do(A) .
0
n A ~
Further D(L) = {f; szlf(l)|2d0(X) < o} and Lf = Af. One checks from the first

definition of T = ¢(y,L) that
TY9(x,1) = ¢(y,0)d(x,A)

so that in a spectral form we define a self adjoint i by

N
(3.7 TVEQ) = oy, DEO).
Using this background Chebli [1} obtains some results of interest in potential
theory and harmonic analysis; we will not dwell on this but mention only a few
properties here of general interest. Define ol by (3.74); then 7 isa

bounded self adjoint operator in LZ(Adx).

Theorem 3.19 T’ 1s sub-Markov in the sense that if O <f <1 a.e. then
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0< ¢

e,

A

1 a.e. T 1is bounded in Lp(Adx) for 0 <p <o (p integral) and

A

[ f][p. If f*g is defined for f,g€ U (R) by
(3.75) (E*g)(x) = j V£ (x)g(y)A(y)dy
0

1
then * extends to L (Adx) which becomes a commutative Banach algebra with

2

characters ¢(x,\) for A€ % = {) = Al + in; AZ 5_402A1}.

13

The commutativity of #* {s related to the property Tx

g(x) = ng(£>

(cf. Section 2.5 for further discussion).

Remark 3.20 Let us expand the formulation of Remark 3.18 to relate it to some of
the formulas developed earlier in Section 2.3 (cf. also Section 2.4 where such
examples are indicated in a general manner). Thus take L = -P 1in (3.68) so
that the solution ¢(x,u) of L$ = ud, ¢(0,u) =1, o¢'(0,u) = 0 1is precisely
h(x,A) for u = AZ (i;e. h(x,A) = ¢(X,A2)). The eq;ation P(Dx)u = Q(Dy)u

becomes Lu = -Qu and we write
u(u,y) = J u(x,y)d(x,u)A(x)dx
0
A ~ A .
(cf (3.72)). 1t follows that Lu = yu and -Qu = -Qi so

(3.76) Qi = -ud; 4(u,0 = F(w)

since u(x,0) = f(x). Thus &(u,y) = £(Wo(y, 1) = F(WU(y,u) where Q8 =

—Xze, 8(0,A) =1, and u = Az. Using the inversion formula (3.73) we obtain

(377 u(xyy) = J vy, (e, do () .
0

Now L 1is self adjoint relative to A(x)dx so P* = P and we can take {(x,\) =
w(A)h(x,A). Thus (3.77) has the form (3.14) with suitable definition of the

brackets., We note that the convolution (3.75) is the same operation indicated by
our geveralized convolution of (3.8) since U{x,%) = Tif(x) from (3.7) and (3.75)

can be written

(3.78) (f*g)(x) = <U(x,£), g(&)>.
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2.4, More on Kernels and transforms. There are now several aspects of the formal
development in the last section which must be investigated in more detail. 1In
particular it was assumed that all of the bracket constructions and operations
upon them made sense (justified for special cases in the Examples). Also no
directive for choosing §(x,\) was given and we will examine that first. Suppose
that P(D) = D2 + p(x)D + q(x). Then it is well known that P(D) can be put into
a self adjoint form by writing P(D)y = exp(—Jp)(y' eprp)' + qy but we refrain
from doing this since it is convenient to deal with solutions h(x,x) of

- P(D)h = —th satisfying h(0,A) = 1. Now in the Examples 3.14 and 3.17 we used
functions Q(x,A) satisfying P*(D)Q = -XZQ which had the form § = gh where
P(D)h = —Azh and it turns out that this is generally possible. Indeed let us

try to find ¢ = ap satisfying P*(D)¢ = O given that P(D)Y = 0. Computing

P*(D)d we find that YT' + 2Y'T = 0 where T = o' - pu. Hence T = kw_z and

(4.1) b= ap = kwef" Jw‘ze'f”.

But by a standard reduction of order technique it is known that kaw_zexp(—Jp) =
Y 1is a second solution of P(D)Y = 0 and hence there is a solution ¢ of
P*(D)¢ = 0 of the form ¢ = Y exp Jp where P(D)Y = 0. This can also be con-

firmed directly and we record this surely well known fact as

Lemma 4.1 Given P(D) = D2 + p(x)D + q(x) there is a solution ¢ = Y exp Jp

of P*(D)p = 0 when P(D)Yy = O.

The functions § in Examples 3.14 and 3.17 are of this form. Next we observe
that with Y and ¢ as above (P(D)Y)d - YP*(D)dp = Z = y"d - yo" + p(y'd + vo")
+p'vyé and Y"6 - v¢" = -(2y'yp + sz' + szz)exp fp while Y'¢ + v¢' =

(2y'y + sz)exp p so we have = = 0, Similarly if P(D)y = -AZY and P(D); =

—UZ:( with 57 = Y exp Jp (y = v(x,A), v = Y{x,1)) then (P(D)Y)$ - YP*(D)5 =

g ee—

(W® = AyY exp | p = 1Y - ¥ + p(y'y - Y;')]eXPJP‘ Setting W = Y'Yy - Yy'

for the Wronskian there results

(4.2) @+ pel? = @M - rd = 1 - 2 yyyel®.
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Since (W' + pw)efp = (Wefp)' we obtain

o pt 2,2, [ = fe fp
(4.3) <P(D)y, ¢> - <y, P¥(D)¢> = (U~ - A7) J yye’ “dx = We
a

b

a
for brackets over an interval (a,b). The equation in the second line of (4.3)

also follows directly from P(D)Yy = —AZY and P(D); = —UZ?. We summarize this in

Lemma 4.2 Let P(D)Y = —AZY and P(D); = —u2§ with $ =y exp Jp. Then (4.3)
holds where W = Y'Y - yY'. 1In particular if Wefp =0 at x=a and x=b
then <P(D)Yy, 5> = <y, P*(D)5> while Y and ; are orthogonal relative to the

weight function epr p.

Example 4.3 Let us look at these formulas when P(D) = Lm(D) = D2 + z%;l D.

Let Y = ﬁm(x,k) and ; = ﬁm(x,u) with $ = x2m+1ﬁm(x,u) since epr p = x2m+1.
By (1.3.9) RDGoM) = =0 f™ 1) /2(m + 1) so that

(4.4) W= STy 2R G, R™ L) = AZR™ i, MR™ (x,1) ]
2m,2
_ 27T (m+1) _
= —;Ega;iﬁg—- [qu(AX)Jm+1(ux) AJm+1(Ax)Jm(UX)]-

We recall some formulas often used in connection with Hankel inversion (cf. Sneedon

[1]). First for m> -4

X
(4.5) JOEJm(AE)Jm(ME)dE =h (A,u,%)

x
- UZ_ 7 [UJm(Ax)Jm+l(ux) - AJm+1(Ax)Jm(ux)].

Consequently, since efp = x2m+1, we obtain from (4.4)

2m.2
w€fp _ 27T (m]) (2

Amum

2 X
(4.6) - A0 JOEJm(XE)Jm(ME)dE-

Clearly Wefp =0 at x=a=0 from (4.4) and we consider its behavior at x =

b = o, It is known that
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d 2,2
4.7) Jose €5 5,085 (MEVAE = B ()
2 2
_ 1 Ay AT +u
=—5 1 (=5 )exp( - —5—)
262 ™ 2¢? 4e?

while, for small g, Im( Jﬂ% ) o € exp ( —A%E )/vTAu. Hence for small €

2 2¢
(4.8) H (hyi,€) Vv ——bees exp( - 0-w? )
m T 2 € VA 4l )

Now let us define hm(A,u,m) = Hm(h,u,O) so that for A % u Hm(A,u,O) =0

implies Wefp =0 at x ==, On the other hand as € -+

U+ L 8/2e .2
(4.9) j QW *H_(h,u,e)dx 7= J e Zdz > 1
u-¢ n ™ _8/2¢
b

so that (Au)

222+ DOW ™G - 3D > 22w+ 0w RGP - Az)(ku)%ﬂm(k,u,o)

Hm(A,u,O) = §(A - Y). This seems to say that W exp J p =

which equals zero. However from (4.3)

o

(4.10) J Yo Yoo 2™ ax = 222 (m + 1) 0w IO - 1)
0

—m-s in (4.10) can be interperted as

and this is precisely (3.51) (note (Au)
b7 and k= 270"+ 1) with h(A) = Y(,)) and Q06w =

kG0 ™ 60w .

We recall here in passing someother standard reductions of ay" + by' + cy = 0

2
£ £

. Then setting y =Y exp(-% J R) we will obtain DgY +

to self adjoint form. Thus if § = Ja—%dx then (D, + 8D, + ¢)y = 0 where

B=(b-5a"/a

[e - %—Bz - %-B']Y = 0. The latter is a standard form often used in studying
self adjoint eigenvalue problems. If we start with y" + py' + qy = P(D)y = 0O

then y = Y exp(- % J p) yields Y" + [q - %-pz - % p'lY = PO(D)Y

0. If p =

(2Zm + 1)/x and q = AZ we have Y" + {Az - (m2 - 1/4)/x2]Y =0 with a solution
X%Jm(kx) = Y; since exp(- %’J p) = x~m—% this gives y = x—me(lx). We note
also that under this reduction if P(D)y = -Xzy and P(D)y = —u2§ with W = yy'
- y'y then W=Y{' =Y'Y =W exp(Jp) where y =Y exp(--%j p) and y =

Y exp(—-%J p). Another reduction starts from -(py')' + &y = kry on [a,b];
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L[ s 5 L [®/m
setting z = E—J (r/p)*d&, u = (rp)y, and u = ch with ¢ = = J (r/p) “df we
a a
get -u" + u=pu on [0,7] where q = 6"/6 - czl/r for 8 = (rp)% (cf.

Levitan-Sargsyan [2]).

Remark 4.4 It seems appropriate at thls point to recall also a few general

facts about eigenfunction expansions for second order linear differential operators
(in view of Lemmas 4.1 and 4.2). There are several accounts of the theory in

book form to which we refer for motivation and details (cf. Akhiezer-Glazman (1],
Coddington-Levinson [1], Levitan-Sargsyan [2], Naimark [1], Titchmarsh [2] and also

Section 2.5). As the basic equation one usually takes
(4.11) Ly = -y" + qy = J\y.

Let ¢(x,A) and 6(x,A) satisfy (4.11) with ¢(0,A) = Sin o, ¢'(0,)) = -Cos a,
8(0,)) = Cos o, and 6'(0,)) = Sin o, We work first on the interval [0,®) and

let £ be defined by
[6(b,A) + 2¢(b,A)]Cos B + [6'(b,A) + Lb'(b,A)]Sin B = 0.

As Ctn B wvaries from -« to <« £ describes a circle Cb in T and ag b + »

Cb either tends to a limit point or a limit circle. If m()\) 1is the limit point
or any point on the limit circle then ¥(x,A) = 8(x,\) + m(N)d(x,)) € LZ(O,”)-
One defines then

X Tee)
(4.12) P(x,2) = V(x,\) J oy, D E(y)dy + ¢(x,)) J Y(y, M E(y)dy

0 X
and from natural considerations

R+i8
(4.13) f(x) = lim [- Py J

R

d(x,\)dA].
-R+i8

Define then a nondecreasing function k{A) by

A
(4.14) k()) = lim J [=Im m(u + i8)]du
§+0 70

and passing R and & to the limits we obtain
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0

(4.15) f(x) = %-J ¢(x,x)dk(x)j ¢y, M) f(y)dy.
—c0 0
For the interval (-»,©) let ¢(x,A) and ©0(x,\) satisfy (4.11) with ¢(0,)) =
-1, ¢'(0,)) = -1, 8(0,)) =1, and 6'(0,A\) = 0. There exist functions my (A)

and mz(A) as before such that wl(x,X) = 0(x,A) + ml(X)¢(x,A) € Lz(—w,O) and

wz(x,A) = 6(x,)A) + mz(A)¢(x,A) € LZ(O,W). A function ¢(x,A) 1is defined as

by (x,51) X
(4.16) d(x,A) = EETXS—:;ETXT'J_wwl(YyA)f(y)dy

B (x,0) o0
+ ETTKS—:;TTXT'J wz(y,k)f(y)dy
1 2 X

and nondecreasing functions £(A) and 7()) are defined by

A
= 1 -1 ;
4.17) £ = éig Jolm[ m) (ut16) - m, (u+id) s
N om (), ()
20 = Lim Jom[ ENCEORINCED I

while a function n()) of bounded variation is defined by

—ml(u+id)

A
(4.18) n(x) = lim [ Im(

am g e ey, (arisy T
for the expansion theorem let
(4.19) EQA) = Jle(y,A)f(y)dy; F(}) = Jl(b(y,)\)f(y)dy
and then it follows that
(4.20) f(x) = % Jf E(V)O(x,)dEN) + % Jw F(M)8(x,1)dn(})
+1 rj E)O(x,1)dn0) + T r FODO(x,)dz(0) .

There are situations when the formulas take a simpler form. For example if ml(A)
tends to a real limit when Im A - 0 so that wl(x,k) € Lz(—w,O) we have
dn(u) = ml(u)dE(u) and dr(u) = mi(u)d&(u) so (4.20) becomes

(4.21) f(x) = %—J wl(x,x)dE(A)J wl(y,k)f(y)dy.
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On the other hand if q(x) 1is even ml(k) = -mz(k) and n(A) = 0 so (4.20)

becomes

(4.22) f(x) =

= 4=

J e(x,x)dz(x)J 8(y, M) E(y)dy

+%J d)(x,x)dc(x)J 9(y, D £ dy.

We note also that (4.15) is often written in another form by taking

3

A
(4.23) X (x,A) J ¢(x,u)dk(u); FQ) = J x(y, M) f{y)dy.
0 0

Then one has

(4.24) f(x) =

==

J o (x,A)dF(A).

Example 4.5 1In the notation of Remark 4.4 the classical Fourier formulas can be

written as follows. For [0,®)
=}
(4.25) 8(x,A\) = Cos a Cos xVA + A %Sin o Sin xV3;

=1
8(x,\) = Sin a Cos x/A - A 2Cos a Sin x/A.

The function Y(x,A) must be a multiple of eiXJX if Im A >0 to be in

L2(0,w) and thus

Sina - 1A Cos o

4,2 A) = 2227 2R R
(4.26) m(}) Cos o+ 1V Sina

Hence Im m(A) = -/X/Coszu + A Sinza for A >0 and is O for XA < 0. For

o= m/2
(4.27)  8(x,)) = A7%sin x/%; 6(x,)) = Cos x/X

with m(}) = —iX'%, -Im m(A) = X—%, and
oy

(4.28) k() = J u “‘du (A > 0).
0

Hence from (4.23) - (4.24) for example
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A
(4.29) x(x,2) = J Cos x/a u 3y < 28inx/A

0 X
(4.30)  FQO) = J 28} ginax (> 0)
0 x
1 (% 2 /x
(4.31)  f(x) = = J Cos x/X d[J 28I %A f(xydx .
m x
0 0
Writing 52 = X we obtain the standard Fourier cosine formula. Note also that

(4.15) written directly is the same, namely
(4.32) f(x) = 2 J:COS /K 2 Wy J:COS y/x £(y)dy.
On (-®,®) we have similarly

(4.33)  8(x,)) = Cos x/A; ¢(x,}) = -A"%Sin x/%
(4.38)  m ) = % uix,0) = exp(-ix/X)

(4.35) my(A) = -ix%; wz(x,x) = exp(ixv})

DAL oy =305 o -

(4.36) £

and (4.22) gives the standard Fourier inversion in the form

(4.37) f(x) =

R

JOCOS xVA 2_/:J Cos yv/X f(y)dy

+
ENE

00 o0
J Sin x/XﬂJ Sin y/x f(y)dy.
0 2/% g

Example 4.6 Consider the Bessel equation

(4.38) ¥+ (2 - Y i'% )y =0

X

1
on (0,©). Thus q(x) = (\)2 - 1/4)/x2 and X = 52. This has solutions xliJ\)(xs)

1
and x’ﬁYv(xs), where Y\)(z) = [J\)(z)Cos m™o- J_v(z)]/Sin mv. Both endpoints are

singular so one takes a € (0,v} as a point to specify data and then
. - .
(4.39) d(x,A) = 2 ma °x [J\)(xs)Y\)(as) Y\)(xs)J\)(as)],

B(x,A) = —Tra%x s [J (xe)Y (as) —Y (xs)J (as) ] +51;¢(x,)\).
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At x = 0 we have the limit point case for v > 1 and the limit circle case for
0<v<l (v=1% is not singular). Now for v > 1 The solutions in Lz(O,a)

2 . 4 k1 1
and L"(a,~) are respectively x Jv(xs) and x H\)(xs) where H\)(Z) = J\)(Z) +
in(z) (we are in the limit point case at x = ® also). Hence ml()\) =

—sJ\')(as)/Jv(as) - —Zl—a and
(4.40) Yy (x,0) = x;ia'%Jv(xw)J;l(as).

: S DU | 1
Similarly m,(A) = -sH (as)'/H (as) - 5~ and

(.41) o 1 { l511::1_1\2)(35), s >0

m —F 7y = .
ml()\)—mz()\) 0 , s =idt, t >0

We are in the case of (4.21) where ml(k) is real for A real and (4.21) yields

the Hankel formula

00 00

(4.42) f(x) = % J x;iJv(xs)d)\ J yli_]\)(ys)f(y)dy

0 0

where s2 = A. For 0<wv<l1 mz()\) is the same as above and
Vo eVt

cs Jv(as) s J_\)(as)

(4.43) m,(A) = -s o=
1 cs_vJ\)(as) - st_\)(as) Za

where ¢ 1is arbitrary. Hence

2V
Y cJ (xs)-s""J (xs)
(4.68) U (x,0) = X[ =
1 2v
a ch(as) -8 J_v(as)

].

e

For XA >0

[cJ\)(as) - sva_v(aS) ]2
4v

m——t -1,
m ) -m 0 T2

(4.45) ~I
c2 - 2csva05 m™v+S

while for X < 0 [ml()\) - mz()\)]-l is real and for ¢ < 0 it is continuous.
Hence from (4.21) again

% 2v

X [ch(xs) -5 J_v(xs)]

4v

(4.46) f(x) = J sds J yl/z[ch(yS) - sva_\)(yS)]f(y)dy-
0

0 c2 - chzv— Cosvn + s
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Letting ¢ = -~ we get (4.42). Further Bessel function formulas can be found in

Titchmarsh [2] from which these were taken.

Let now P(D)y = y" + py' + qy = -Azy so that Y

2
=YY" - QY = Y" - [%p + %p' - qlY = 2%y, Set n

y exp(—%Jp) satisfies PO(D)Y

y eprp so that, as in Lemma

4,1, P*(D)n = —)\zn. Then the relation
@i <nys = <yl = <

provides a natural connection of the P-P* theory with the self adjoint theory

%

for Po. In the case P(D) = Lm(D) we would have y ~ x-me()\x), Y vox Jm()\x),

and n v x2m+lJm()\x) for example.

More precisely for m > 1 consider lbl given by (4.40) so for A = 52 we have

it - 2T (m + l)a%.]m(as)
4. h(x,s) = R (x,s) =

. 5Py ()
s

k_(s%) Zmrtlam ey, s)

(4.49) f0(x,s)

sm+la;5Jm(as)

5fp
2" (m+ 1) A

Now %d&;()\) = as Ji(as)ds by (4.41) and denoting %d&; generically by dp we

can write
(4.50)  <h(x,8), QE,S)> = <Py (x, 1), Yy (E,0)>

which by (4.21) can be identified with 8(x - £) 1in accordance with Section 3.
For [0,©) with 0 regular take now o = /2 in the definition of ¢(x,A) and
for A = s° set h(x,s) = ¢(x,\)exp(- %pr(g)d{,) so that h(0,s) = 1; further
take dp = % dk. There are also two situe?tions where (4.21) may apply. For
(~0,x) take a =0 with h(x,s) = wl(x,)\)exp(— %—J:p(&;)dg) and dp = % df so
again h(0,s) = 1. For (0,») with O singular (as in the Bessel case above)
the behavior of “’1 and exp(- %[p) as x » 0 must be ascertained; if

Yy (x, M) exp(- %Jp) + %(a,s) # 0 or = then we set h(x,s) =

wl(x.)\)exp(— %Jp)/ﬁ(a,s) (as in (4.48)) and take dp = % d£, Then in (4.49)
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Q(x,s) = wl(x,A)exp(%J p)2(a,s)dp/ds
to produce (4.50).

Similarly whenever dp/dA 1s a function with dp/ds = 2s dp/dA we take §(x,s)
to be of this general form in all the cases indicated (i.e. Q = wlexpC%J p)L dp/ds,
Q= wlexp(%J p)dp/ds, or Q = ¢ exp(%j p)dp/ds). There results in an obvious

manner

Theorem 4.7 The constructions of Remark 4.4 give rise to a variety of situations

where P(D)h = —szh and P*(D)QR = -SZQ with
(4.51) <h(x,s), Q2x,t)> = 8(s - t); <h(x,s), QE,s)> = 8(x - £).

Reading off &(x) = <1, Q(x,s)> from (4.51) as before we have an abundent source

of models for the developments in Section 2.3 (cf also Section 2.5).

Remark 4.8 It is worth collecting here some information about general transforma-
tions following Titchmarsh [1] and Mercer [1; 2; 3] (cf. also Braaksma-Schurtman
[1], Dijksma-deSnoo [1], Eringen [1; 2], Nasim [1], Walton [1]). First let f

and g be connected by the so called Fourier kernels

00

. o0
(4.52) f(x) = f k(xu)g(u)du; g(u) = f h(yu) f(y)dy
0 0
and let Mellin transform be defined by

(4.53)  M(E)(s) = £(s) = J £(x) x5 Ldx
0
with inversion formula
1 ctieo s
(4.54) f(x) = E;E-f f(s)x “ds.

c-i»

Then the condition for (4.52) is
(4.55)  k(s)h(1 - s) = 1.

This situation is discussed extensively in Titchmarsh [1] where numerous examples
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are given. There 1s no concern there however with the possible origin of such

kernels k and h.
Another approach followed by Mercer [l; 2; 3] examines transforms of the type
Q0
(4.56) f(\) = JmK(X,x)f(x)dx; f(x) = J E(AO)HB(A,x)dA
0 0

partly with a view of che possible origin of such kernels in differential problems

and we propose to discuss this. Thus first assume K(A,x) satisfies
1 . 2
(4.57) E [pK']" + [A"u - v]K = 0

with (4.56) in effect; then the form of H(A,x) can be determined in certain

cases. Indeed let
1, 2
(4.58) S-(pw ' 4+ [-pu - vlw=0
while for W(w,K) = wK' - w'K there holds
(4.59) (A1) = *PW(W,K)I = LOOM().
0

In this event multiplying (4.57) by w and (4.58) by K respectively and sub-

tracting we obtain upon integration
2 2
(4.60) (A" +u )rp(x)u(x)W(u,x)K()\,x)dx = LOIMG) .
0

Thus given the inversion of (4.56) there results formally

2,2 M(u) -

(4.61) Jm LB ,x)AA Eﬁi)u(x)w(u,x).
0 AT+

In view of the integral in (4.61) possibly diverging Mercer uses the identity
2 2 (7 2, 2
(4.62) l=(Q"+u )J exp[-(A" + uT)pldp
0

to write (4.61) as

0 2 o 2
(4.63) J eV OJ e} PLOVH(A,x)dAdp = Eﬁilﬂ§§bigiﬁ51 )
0 0 W)

Setting H_(A,%) = 3 AILOOHOL®  and W (u,%) = p(Du()W,xX) /M) with
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t = Az and s = uz one can write (4.63) as
L3 %
(4.64) LL[Ho(t ,x)] = wo(s ,X)

where LL denotes an iterated Laplace transform t > p = s (or a Stieltjes
transform). A standard sort of argument (cf. Sneddon [1], Widder [1]) yields

(cf. also Theorem 4.14)

(4.65) Ho(t%,x) - £ [wo(t%eiﬂlz,x) - wo(t%e_iﬂ/z,x)]

in/2

2 X) w(Ae_iﬂ/Z,x)_]
1ﬂ/2) M(Ae—iNZ) _

iAp(x)u(x) w(le
(4.66) H(A,x) =
L) - M(Ae

Theorem 4.9 Let (4.56) hold with K(A,x) satisfying (4.57) and assume (4.59)

where w(u,x) satisfies (4.58). Then (4.66) determines H(),x).

[}
e
]
i

Example 4.10 Take p v =0, K(A,x) = Sin Ax, and w(u,x) = exp(-ux).

Then L(A) = A, M)

1, and H(A,x) = %’Sin Ax from (4.66). If p=u-=1,

v =20, K(A,x) = Cos Ax, and w(u,x) = exp(-ux) we have L(}) = 1 with M(p) = u,

N

and (4.66) yields H(A,x) = Cos Ax.

T
2, 2
Example 4.11 Take p=x, u=1, v=m/x", KOQ,x)= Jm(kx), and w(u,x) =

m m

Km(ux). One obtains L(A) = A and M(p) = u and Re m > -1 1is required if

the integral in (4.60) is to converge. Here Km(z) = J cosh mt exp(-z cosh t)dt
0
m

for example or K (2) = csemm[I_ (2) - I (z)] where 1 (2) = exp(- EEE)J (iz).
m 2 -m m m 2 "Tm

Then from (4.66)
1-m
(4.67) H(A,x) = 11%f—— [(1A)me(iAx) - (—1A)me(—iAx)].

Using the identities

(4.68) K (2) = Ei-eimﬂ/zﬂl(zeiﬂ/z) __ni e—imn/ZHZ(ze—iﬂ/Z)
m 2 m 2 ™

and J (z) = l’[Hl(z) + Hz(z)] one can write (4.67) as H(A,x) = xAJ (Ax).
m 2 m m m

In anotherpaper Mercer assumes (4.56) plus the condition (for X > 0 and Re p >

0)
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A
A2+u2

00

(4.69) J K(A,x)w(u,x)dx =
0

for some function w(y,x); nothing is assumed now about differential equations.

Then defining
ism -ism
i 2 2
(4.70) Hs(t,x) = [w(e t,x) - w(e t,x)]
i a2 1 =22 1
it is shown that for suitable f(t“f(t) € L7(0,y) and t “f(t) € L (y,») for

each Y € (0,»))
4.71) 3 £ - 0) + E + 0)] =

lim j ?(c)J K(A,%)H_(t,x)dxd.
0 0

s+1"

Theorem 4.12 Under the conditions indicated formally H(t,x) = lim_ Hs(t,x).
s>1

Example 4.13 For K(A,x) = Sin Ax and w(y,x) exp(-ux) we get the Fourier

sine formulas and one notes that (4.60) with p u,= 1, L(A) = A, and M(u) =1

is the same as (4.69).

Another direction pursued by Mercer involves the extension of Theorem 4.9 to
kernels arising from higher order differential equations. The proof is different
and somewhat nicer so we include it; the procedure used for Theorem 4.9 is some-
what more refined however in treating integrals such as (4.61). Thus let Pn
denote any differential operator (linear) of even order n with formal adjoint

P:. Suppose
(4.72) (P + AMulx = 05 (p* - WPulw = 0.

Let P(K,w) be the bilinear concomitant of K and w defined by

d
- KP¥w = —
(4.73) anK Kin ax P(K,w)

(cf. Ince [1]) and assume

(4.74) ~P(K,w) = LM .
0
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Theorem 4.14 Suppose (4.56) holds and that the bilinear concomitant is separable

in the sense expressed by (4.74). Assume in addition that for x > 0 the func-

e—iﬂ/n —iﬂ/n)

tton A" lu(n ,x) /M(he

An_lw(ke_iﬂ/n

T "+ u™MM(e

,X)dA _
—iﬂ/h) B

(4.75) 1im f

R
uniformly in x >0 and u > 0 where T 1s the circular arc defined by

and 0 < arg A < 27/n. Then

n-1 in/n -
4.76) HOLx) = —niL(As(x) Im[-w(keiﬂ/ ,x)-J_
M(re T

Proof: From (4.72) - (4.73) one has

<]

4.77) -P(K,w)

="+ u“)f u(x)w(u,x)K(A,x)dx
0 0

and using (4.74) with (4,.,56) there results

(4.78) r LOVHQLK) gy o uul,0,

0 A"4y" Q)
Consider now the reglon |A| <R, 0 < arg A < 2m/n bounded by a contour
Then
(4.79) nu(x) J An-lw(ke-iﬂ/n,x)dk _ u(x)w(p,x)

2m1 c(x“+u“)M(Ae"i”E) M)

R 0
under the hypotheses stated. Writing f = f + J + f omi put A =
C 0 r RexPT

has no poles for 0 < arg A < 2m/n while

[A] =R

C.

t exp(2mi/n) 1in the last integral and then set X = t. Since J - 0 the left
r

side of (4.79) becomes

-im/n in/n

w0 -1
(4. 80) nu(x) f A [:w(xe X) _w(le
211 0 An4_un M(Ae—iﬂ/n) M(Aeiﬂ/n)

But by (4.79) and (4.78) we can»then conclude that (4.76) holds.

2

QED

Examples #4.15 Take P2 = Dx’ u=1, K(i,x) = Cos Ax, and w(u,x) = exp(-ux).

Then L(A) =1 and M(u) = u so the integrand in (4.75) is 1 exp(i)\x)/()\2 + uz)

and (4.75) holds, while 1 exp(ilx) has no poles for 0 < arg A < T. Hence

H(A,x) = - %%-Im(exp(-ikx)/ik) = %-Cos Ax.
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Remark 4.16 The requirement that the bilinear concomitant be separable as indi-
cated is somewhat ad hoc and seems worthy of further investigation. From our
point of view the interest of a formula such as (4.76) is that for u(x) =1
H(A,x) satisfies P:(D)H = -2"n with Pn(D)K = -A\"K while the inversion (4.56)
holds. This feature establishes contact with the formalism developed in Section

3.

2.5. Generalized translations. We begin by describing some work of Hutson-Pym
[1; 2] which generalizes the methods of Levitan {1; 3] and Povzner [1] (cf. also
Ehrenpreis {3]) where generalized translation operators are obtained by solving

equations
2 2
(5.1) [—Dx + q(x)]u = [—Dy + q(y) Ju

on intervals [0,m] for example or [0,©) with initial conditions u(x,0) =

f(x), Dyu(x,O) = hf(x), and suitable boundary conditions Dyu - hu=0 at x =

0 and Dyu + Hu =0 at x =7 say. Such problems can be solved by eigenfunc-
tion methods or by techniques of integral equations (cf also Lions [2; 3; 4]) and
the Hutson-Pym approach deals with more general and abstract versions of the matter
which reduce to and include the classical situations as special cases (some classi-

cal formulations are indicated later). Let h and v be two functions in say

Ljoc and consider the integral equation
1 y xty-t

(5.2) u(x,y) = v(x,y) + 3 j J h(s,t)u(s,t)dsdt
0 ‘x-y+t

for (x,y) E‘Rz. If A(x,y) 1is the triangle with vertices (x-y, 0), (x,y),

and (x+y, 0) the integral in (5.2) is over A(x,y) and one writes

(5.3) Hw(x,y) = %’J hw(s,t)dsdt.
A(x,y)
-1 ® n o
Formally a solution of (5.2) is u = (I ~H) 'v=ZHv with H =1 when this
0

o
makes sense. Let pk(f) = suplf(x)’ for x € K, K compact, and give Lloc
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the topology determined by such seminorms; for Lioc use seminorms qk(f) =
n

J |f(x)|dx. Let E be C functions in R or Rz with the Schwartz topology
K

of uniform convergence of p%f on compact sets for |a| < n., BSome routine calcu-

lation yields immediately for h,w € LTOC(RZ) and n >1
(5.4) %] < by (W) [p, () 1%*"/(20) ¢
%] < a0 e, 1% 2/2¢2n- D)1,

Now for a > 0 1let 0O(a) be the square with vertices (a,0), (-a,0), (0,a),

and (0,-a) so that [O(a) = A(0,a) YV A(U,-a) and (x,y) € O(a) implies

AGx,y) ©O(a). From (5.4) follows p (™) < gy(v) [py(m)1"a°"/(20)1 for X C

O(a) =0 and hence v converges uniformly on K. There results the conver-

gence in Lw and thus (I - H)-'l : Lw. -+ L°° 1s well defined and continuous
loc loc loc

since

n 2n

p (1 -7 < Ry [l 1% ™ 2o .

[+<]

n fe o]
. € :
Similarly one proves easily that for h € Lioe (resp. hE€E) H Lige * E
1

: %> £° (resp. E

0

n+1

(resp H : s E ) and (I - H) RN En+l

) are

continuous,

The integral equation (5.2) written as u = v + Hu 1is related to a differential

equation similar to (5.1) since formally
(5.5) Dzu - D2u + hu = Dzv - D2v
x y X y

and 1f v 1is a suitable combination g(x + y) + k(x - y) with h = -q(x) + q(y)

we have (5.1).

, o © n
Now take linear E, ¢ Lloc(]R) > Lloc(lR) (resp. E(R)»> ES(R)), 1=1,2, and
set
(5.6) Ef(x,y) = Elf(x +y) + Ezf(x -y

] [+

2 n n, 2
mapping L, (R)~> Lloc(lR ) (resp. E (R)~> E (R")). One defines then a
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ralized s LY 3
generalized translation operator T LloC(KO > Lloc

(R (resp EY(®)~ E*(R?))

as the unique solution of
(5.7) Tf = Ef + HTf

for f € D(T)., Since T = (I - H)-lE this makes sense. Next one wants a suitable
notion of boundary operators as follows. For continuous u evidently Hu(x,0) =

DyHu(x,O) = 0 and for Tf € C1 one writes

(5.8) Af(x) = Tf(x,0) = Ef(x,0); Bf{(x) = Dny(x,O) = DyEf(x,O)
X X
so that 2E1f = Af + J Bf and 2E2f = Af - J Bf. One proves then easily
0 0
n-1,_2 : n n n n-1
Theorem 5.1 Let n >2 and h€E (R°) with A : E - E and B : E ~»E

continuous linear maps. Then there is a unique continuous generalized translation

operator T : En(]R) > En(]RZ) satisfying for f € "

(5.9) Din - Din +BIE = 03 TE(x,0) = Af(X); D TE(x,0) = BE(x).

We recall now that convolution of distributions is defined by the rule <S*T,$> =
<S®T, ¢(£+n)> for say SE E' and T E D'. Here ¢(£ +n) = ng)(E,) is a

standard translation. The map T of Theorem 5.1 is also continuous from E(R) ~
E(]RZ) so its adjoint T¥* : E'(]R2)+ E'(]Rl) is continuous in the weak or strong

topologies. Therefore a generalized convolution is naturally defined by the rule
(5.10) u*v = T*(u8v)

for u,v € E'(R) and is amap E' x E' » E' continuous in the strong topologies

and in the weak topologies on bounded sets. If p=f and Vv = g we have
(5.11) <f*g,p> = Jf(X)g(y)(N)(X.y)dxdy-

Note that in a case such as (3.75) with T§ real and self adjoint satisfying

Tig(x) = T}gg(E) one can write for example

(5.12) I<T¢)<x.y)g(y)dy - [T§¢(x)g<y>dy - JT§¢<y)g<y)dy - f¢<y)T§g<y)dy
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so that (5.11) becomes

(5.13)  <f*g,¢> J Jf(x)T;g(y)tb(y)dydx

J¢<y) JT;g(y)f(x)dxdy

allowing one to identify f#*g with the integral JT;g(y)f(x)dx as in (3.75)

(note here that

{T;g(y)f(x)dx JTig(x)f(x)dx

Jg(x)T§f<x)dx = Jg<x)T;f<y)dy).

Now Hutson-Pym (loc. cit.) study the convolution of (5.10) to see when it is
commutive or assoclative for example and establish a number of results some of

which are indicated below.

First let M(K) be the Banach space of Radon measures with support in K so that
K' = (E%' = UM(K) as a set and the strong topology on K' 1s the finest locally
convex topology inducing the norm topology on each M(K). For T : EO(IO - EO(RZ)
continuous arising as in Theorem 5.1 one can easily show that for u,v € K' with

supports in K there is a constant cx such that || u* v||§'cK||v||||u||. Let

now Ll(K) C M(K) be the absolutely continuous measures with respect to Lebesgue

measure dA with Lé = ULl(K) as a set. For f € Lioc one writes fA or fdA

for the associated (possibly unbounded) measure. Using properties indicated above

one proves that if T : EO(R)-+ EO(RZ) is continuous with El’EZ : E9n L1 > g°

continuous when E° N L1 has the L1 topology and E° the topology of Lioc

then for t € K' and v € L1 both u*v and v*p belong to L1 The desired

K K"

properties of E E2 can be assured by similar properties of A, B for A,B :

1’

- Eo. For commutativity and assoclativity one has first

Proposition 5.2 Convolution in E', K', or Lé is commutative if and only if

o

Tf(x,y) = Tf(y,x) for all f in E or E . It 1is associative if and only if

(T®I)Tf = (I8T)Tf for all f in E or E°.
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Proof: For commutativity consider dx(f) = f(x) so that dx*dy(f) = 6x®5y(Tf) =
Tf(x,y) while dy*dx(f) = Tf(y,x) so symmetry of Tf 1s necessary in E' or
K' and the Lé case 1s routine., The converse is obvious. For associativity

one thinks of (T®1I)(g)(x,y,z) = (Tg(+,z))(x,y) and looks at for example

* * = * =
(dx dy) dz(f) ((6x dy) 862) (Tf) 6x®6y® GZ(TQI)Tf.
.
More relevant since it deals with the structure of T 1is the following

[+ 4]

Theorem 5.3 If convolution 1s commutative there is a function h € Lloc determin-

ing T such that h(x,y) + h(y,x) = 0.

[+ 4]

loc
vertices (x,y), (x+6, y+6), (x,y+28), and (x-6, y+8). Then Xg =

Proof: Suppose T 1s defined by h € L . Let S(x,y,8) be the square with
®(A(x,y)) ~ x(A(x+8, y+8)) + X(A(x,y+28)) - x(A(x-68, y+8)). For g a func-
tion of two variables write [g](x,y,8) = g(x,y) - g(x+38, y+38) + g(x,y+28)

- g(x-6, y+68). Thus if g(x,y) = JhTf over A(x,y) one has [gl(x,y,8) =
JhTf over S(x,y,8). Since Ef(x,y) = Elf(x + y) + Ezf(x - y) clearly

[Ef) (x,y,8) = 0. Let S(x,y,8) (= S(y+8, x-8, 8)) be the reflection of

S(x,y,8) 1in the line y = x and g(x,y) = g(y,x). Thus if convolution is

commutative (Tf)" = Tf. Now since [Ef](x,y,8) = 0 we have
(5.14) [Tf](x,y,6) = %J hTf;  [T£17(x,y,9)
S
1 1 ~ ~
= -[TE1(y+6, x-6,8) = - 5 JNhTf --3 I h(TE)™.
S S

0 and hence

Hence if Tf = (Tf)~ one obtains the equation J (h + h)Tf
S

(h + 1~1)Tf =0 a.e. Now Tf(x,y) may be zero but if hl + h2 only when Tf = 0

1 2
(h(x,x) = 0). QED

then Jh Tf = Jh Tf so modify h 1if necessary such that h(x,y) = -h(y,x)

00

Assume now convolution is both associative and commutative with h € L
3

loc

Then for f such that (T®I)Tf € C2 one has a.e. in R

(5.15) (h(x,y) + h(y,z) + h(z,x))(T8I)Tf(x,y,z) = 0.
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To see this let first h € E' and f € E2 and set u(x,y,z) = (T®I)Tf(x,y,z)
so that using Proposition 5.2 one has immediately u(x,y,z) = u(y,z,x) = u(z,x,y).
From Theorem 5.1 there results (Di - D;)u(x,y,z) + h(x,y)u(x,y,z) = 0. Since
u(x,y,2z) = u(y,z,x) one has similarly (Df, - Di)u(x,y,z) + h(y,z)u(x,y,z) = 0
and (Di - D)z()u(x,y,z) + h(z,x)u(x,y,z) = 0 by the same token. Adding gives
(5.15). For general h and f as indicated (5.15) follows by approximation.
This result can now be further refined as follows. Write F = {(x,y,z);
(T®I)Tf(x,y,z) = 0 for all f such that (TRI)Tf € Cz}. Then F 1s closed
and U = R3/F is open. Let U, = {(x,v)3 (x,y,2) €U} and VC U, be compact.
Take 1 a compact interval with 2z € I such that V x I CU, Let uE€ Lé(]R)
have support in I with u(I) = 1 and write T7(x) = Jh(x,s)dp(s). From Theorem
5.3 h(x,y) + h(y,x) =0 a.e. and hence for (x,y,z) € V x I h(x,y) = -h(z,x) -

h(y,z) = h(x,z) - h(y,z) a.e. Hence
h(x,y) = Jh(x,z)du(z) - Jh(y,z)du(z) = m(x) - m(y)

for almost all (x,y) € V. This leads to

Theorem 5.4 Let h € LolooC with convolution both commutative and associative.
2 o
If UUZ =R (z € R) then there 1s a function T € Lloc such that h(x,y) =

T(x) - m(y) a.e.

In general UUz is at least dense in ]R2 and h(x,y) = m(x) - m(y) locally a.e.
in a dense open subset of ]R2 with 7 depending on the nbh chosen. Recall now
from Theorem 5.1 that Af(x) = Tf(x,0) and Bf(x) = Dny(x,O). Let &f = £(0)

and Gl(f) = (Df) (0)

-8'f, Then A= (I®8)T and B = (I@Gl)T. If convolu-
tion is commutative Tf(x,y) = Tf(y,x) from Proposition 5.2 so (D® I)Tf(0,0) =
(I®D)T£(0,0) which can be written as 6186(Tf) = (6@51) (Tf) (i.e. in E'

61*6 = 6*61).

Theorem 5.5 If convolution is commutative then for Tf € C1 61Af = §Bf. If

1
convolution is both commutative and associative then for Tf € C ABf = BAf.
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Proof: For the first statement one has

(5.16) 61Af

#

61(1 ®S)Tf = 518 8(TE)

6861(Tf) = d(I@Gl)Tf = SBf.

For the second assertion one has then for x € R

(5.17) ABf(x) = A((I®D)TE(+,0))(x) = T((I®D)TE(+,0))(x,0)

(T®D)Tf(x,0,0) = (IRIBDB)(TOIYTE(x,0,0)

(5.18) BAf (%)

B(Tf(+,0)) (x) = (I®D)T(T£(+,0))(x,0)

((I®D)TB®I)Tf(x,0,0) = (I®DBI)(TBI)Tf(x,0,0)

(I8DRI)(IBT)TE(x,0,0) = (I®(DBI)T)TE(x%,0,0)

(I®(I®D)T)TE(x,0,0) = (IBIBD)(IBT)TE(x,0,0)

i

(IBI®D)(TR®I)Tf(x,0,0). QED

Now for h(x,y) = m(x) - 7(y) we set Lf = sz + mf and (5.9) becomes

(5.19) (L8®T)u = (I8 L)u.

For convenience in formulation assume here h € E so that "€ E and T : E(R) -~
E(]Rz) . For any continuous §$ : E(R) > E(R) the adjoint S' is called a
centralizer for a convolution * if S'(u*Vv) = (S'w)*v for p,v € E'. Thus

for fE€E

S'(uFV)(£) = p*v(sSf) = u8V(TSE)

while (S'p) #V(f) = S'pQV(TE) = ((S"BT)(uBV)(Tf) = uBV((S®I)TEf). Consequently

S' 1is a centralizer if and only if (S®I)Tf = TS; if #* 1is commutative then

also TS + (I®S)T.

Theorem 5.6 Let S : E > E commute with L, A, and B. Then §' 1is a central-
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izer. If S' 4is a centralizer then S commutes with A and B. In particular

L' is a centralizer if and only if L commutes with A and B.

Proof: If S commutes with L we have for f € E

(5.20) (LBI)(S®I)Tf = (LSOI)TEf = (SO I)(LOI)TE =

(S8 I)(IBL)TE = (SBL)Tf = (IBL)(SOI)TE

where (L®I)TEf = (IQ®L)Tf since Tf is a solution of (5.19). If S commutes
with A (S®I)Tf satisfies (S®I)Tf(x,0) = SAf(x) = ASf(x) = TSf(x,0). If S

commutes with B one has

(5.21) Dy(S@I)Tf(x,O) (I®DI(S®I)TE(x,0) = (S®I)(IBD)TL(x,0)

SBf(x) = BSf(x) = DyTSf(x,O).

Thus (S®I)Tf and TSf satisfy (5.9) and by uniqueness are equal. The second

assertion follows by rearranging the above calculations. QED

Next one examines sufficient conditions for commutativity and associativity and

we will simply state some results of Hutson-Pym [2] without proof.

[}

Theorem 5.7 Suppose h(x,y) + h(y,x) 0 a.e., h(-x,y) = h(x,y) a.e.,

Ef(x,y) = Ef(y,x) a.e. and Ef(-x,y) Ef(x,y) a.e. Then convolution is

commutative.

Let now h € E, h(x,y) = m(x) - n(y) as above with "€ E, and L = Dz + 7.

Theorem 5.8 Let T be analytic with A and B mapping analytic functions to
analytic functions. Let L commute with A and B with GB=51A. Then con-

volution is commutative.

Theorem 5.9 Let 7€ E and suppose L, A, B all commute with convolution

commutative. Then convolution is associative.

The smoothness requirements on T can be relaxed but we omit this. A simple
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concrete example of some of this is

Example 5.10 Let Af(x) = alf(x) + f(-x)] and Bf(x) = B[f(x) - f(-x)]. Then
A and B mnap analytic functions to analytic functions, (Af)'(0) = O = Bf(0),
and AB = BA = 0. L commutes with A and B when 7 1is even. Hence the

corresponding convolution will be commutative and associative.

Some aspects of the above theory are given a more abstract form in Hutson-Pym

[1] and we will report on this here. One considers translations T associated
with L and L 1is often a compact operator here; however very often n-th order
differential operators Dn have compact resolvants (cf. Goldberg [1]) and without
loss of generality one can assume L = D;l is compact. The corresponding results
will then be indicated below in Example 5.17. Let E be a normed space with dual
E' and bidual E". One will have three continuous linear maps A : E » E",
B:E' +E', and C: E" » E" where A =C restricted to E, B 1is the composi-
tion of the canonical map E' -+ E"' and A* : E"' + E', and C = B*. Thus some~
times B will be written as A* and C as A when no confusion will arise.

L will be a continuous linear map E + E" whose extension to E" 1is again called
L while L* ; E' > E' according to the conventions indicated. Let B(E',E")
denote continuous bilinear forms with its standard norm and one writes E'8E'

for the closure of E'®E' in B(E',E')' so that (E'8E')' = B(E',E') (thus

® means @ﬂ). For A,R € L(E';E') define A*®B* : B(E',E') > B(E',E') by
<(A*@ B*)f, (x,y)> = <f, (Ax,By)> = f(Ax,By).

A translation operator will be a norm continuous map T : E ~ B(E',E') so that
T* : B(E',E')' - E' and since E' 8E' C B(E',E')' we consider T* : E'8E' +~ E'
with T#*% : E" -+ (E' 8 E')' = B(E',E'). One says T 1is L admissable (or T
admits L) if (LO®I)T = TL = (I8L)T. This can mean (L**@I)T = T**L =

(I8 L**)T or (L¥*%@ 1)T** = T*X¥L*% = (I ® L*¥*)T** but these are essentially the
same and the meaning will be clear from context. A B-condition is a pair (a,A),

a € E', A€ L(E;E"), such that Tf(a,*) = Af for f € E. Thus T satisfies
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(a,A) 1if this is true or equivalently Tf(a,*) = Af for f € E". L will now
be assumed compact unless otherwise stated so that L* {is compact, and the ex-
tension of L to E" {s compact. Let OO(L*) be o(L*) - {0} and for X €

OO(L*) there is a projection Pi defined by

1
* = — *
PX 7l JFR(E,L )dg

where T surrounds A with no other points of GO(L*) U {0} inside or on
T; R(g,L*) = (L* - o 1f V,= PYE'  then
oY
Vv, = {x € E'; (L* - A1) "x = 0}

A

for sufficiently large Vv and dim V, < », If A + y then PfPﬁ =0 and 1if

A A

A : E' > E' commutes with L* then it commutes with Pi. Now the spectrum of
the extension of L to E" {is the same as o(L*) and for X € OO(L*) there is
a projection QX : E" > E" defined as above such that QX = (Pi)*. One will

write P, for Q, restricted to E or in E" and set U, = PXE" = {f € "

A

v
(L - AI) xf = 0} (same V., as above).

A

Now if T is an L-admissable translation operator set for a € E' an = Tf(a,*)
and Taf = Tf(-,a) (f € E). Taking adjoints the same requirements hold for

f € E". The definition says that T satisfies the B-condition (a,aT) and the
collection of such B-conditions determines T. Thus generically there will be
many translations T associated with a given L and one wants further (B)
conditions which determine T uniquely; for second order differential operators

L these took the form of boundary conditions. First we collect some elementary
facts and observe that 1f T satisfies (a,A) then A commutes with L. Indeed

for f €EE" and x € E'

i

(5.22) ALf(x) = T(Lf)(a,x) = (I®L)Tf(a,x)

Tf(a,L*x) = Af(L*x) = LAf(x).

Thus XT and TX commute with L. Next one has
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P i . * = = =
roposition 5.11 For X € UO(L ), TP)\ (I@P)\)T (P)\®I)T (P)\®P)\)T. For

€ *
A OO(L ), TUA C UA ® UA'

Proof: For f € E", x,y € E', one has

(5.23) TP EGx,y) = (DPE() = P, ( DE(y) =

(XT)f(P’;\y) = Tf(x,Piy) (ISP)\)Tf(x,y)-

In a similar manner TPA = (PAQ I)T and since P2 = Pk one obtains TPA =

A
(P)\SI) (I®P)\)T = (P)\®P)\)T. For f,g € E" now an element f ® g € B(E',E') 1is

determined by f 8 g(x,y) = f(x)g(y) and if Ul,U2 C E" Ul_®U2 is the subspace

of B(E',E') spanned by {f @ g; f € Ul, g € Uz}. The last assertion of the
proposition will follow by showing Py 8 PAB(E',E') c o, 8 Uy. Let f,...,f be

a vector space basis of 1 and let h € PA ® PAB(E',E'). Then for y € E'

A
. = . = . px e
h(e,y) Py 8 Pk)h( »y) Pk(h( ’PAY)) u,.
Hence there are scalars gl(y),...,gn(y) such that h(e,y) = ng(y)fk. The fk

are linearly independent and in UA so for each k there are Xy € VA (Pixk =

xk) such that fi(xk) =0 for 1 + k and fk(xk) = 1. Then B = h(xk,°) 50
8 € E" and
Pyg = Py (h(Px,,*)) = Py BP, (h(x,*))
= h(xk,-) = g
Thus By € UA and since h = Zfi® gy the result follows. QED

One denotes by ZUA the smallest vector subspace of E" containing every UA'
Then by simple calculation as above one can show that if Tl and T2 are two L-

admissible translations and either (a) for each X € GO(L*) f e UA and X,y

€ VX implies Tlf(x,y)

€
A

is weakly dense (i.e. weak* dense) in E" then under these hypotheses Tl = T2.

Tzf(x,y) or (b) for each X € OO(L*) fE€E and X,y

implies Tlf(x,y) T,f(x,y) then T,f = T,f for f & ID,. Thus if Uy

2 A
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Let now Comm L* be the set of operators on E' which commute with L* and
CommzL* the set of operators commuting with Comm L*. CommzL* is a commutative
ring with CommzL* C Comm L* and Pi € Comm L* for X € UO(L*). The foll;wing
basically algebraic facts are easily proved and we omit details. First the norm
closure V of ZVA 1s a module over CommZL* with each VA a submodule. Simply
note that if x € VA and A € CommzL* then Ax = APfx = PKAx € VA' Now one

says that {xi; 1 € I} CV {1s a set of generators for the module V 1f the
closed linear span of {Axi; A€ CommzL*; 1€ 1} 1s V. The index Yy of V {is
the minimal cardinal of a set of generators. Let Yy be the index of VA (YA <
©), Then clearly 1f {xi} generates V {Pixi} generates VA SO Yy <y.
Conversely 1if a set {xi} 1is such that {Pixi} generates VA then {xi} gener-
ates V. 1In fact one has Y = sup YA with a little argument. Finally 1f A €
CommZL* and f € ZU)\ then A*f € ZU)\ and (A*Q@I)Tf = (I @ A*)Tf = TA*f. To see
this note that A* commutes with PA and let x € E'. Since Tx commutes with

L, T: commutes with L* and A; hence Tx commutes with A*, For y € E'
(5.24) (A*Q® I)Tf(y,x) = Tf(Ay,x) = Txf(Ay)
= A*Txf(y) = TXA*f(y) = TA*f(y,x).

The following theorems now require some proving and we will indicate the idea

without spelling out all the details.

Theorem 5.12 Suppose XUA is weakly dense in E". Then an L-admissible transla-

tion T can be determined by <Yy B-conditions.

Proof: Let Y <« and suppose and T2 are L-admissible translations satisfy-

Y, where {ai} generates V. Then Tl = T2.

then Tlf(x,y) =

T
ing B-conditions (ai’Ai)’ 1<1<

To show this one need only show that 1f f € UA and x,y € VA

2
Tzf(x,y) (by previous remarks). But for x € VA there are Bi € Comm L* such

Y
that x = ZB,a,. Then
1 171
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(5.25) T £(x,y) = Tlf(ZBiai,y) = ZTlf(Biai,y)

= Z(B;@I)Tlf(ai,y) = ZTlB*if(ai,y).

2

Similarly y = chaj’ Cj € Comm L*, and one has Tlf(x,y) = ZZTlC§B;f(ai,aj).
Since Tl satisfies the B-conditions (ai’Ai) we have

. Y Y
5.2 = *B*
( ) T E(x,y) = ) Z(AiCjBif)(aj)

11

and the right side of (5.26) is independent of Tl so T1 = T2 acting on f. QED

Theorem 5.13 Let T be an L-admissible translation satisfying (ai’Ai) for
1 <1< s where {ai} does not generate V. Then there is an L-admissible
translation Tl + T satisfying these B-conditions. Thus if Y < e« T cannot be

determined by Y - 1 B-conditions.

Proof: This 1s proved using some lemmas which we summarize here. First one shows
that 1f W 1is a finite dimensional vector space, Lo : W->W a linear map, {xi}
a set of generators for W over CommzLo (i=1,...,s8), and {xz,...,xs} not a
set of generators of W then there is an A € CommzLo such that Axl £ 0 but

Ax, = 0 for 2 < i <s. The proof is routine algebra. Secondly let {ai} CE'
(1 f_i f_s) be such that for some X € OO(L*) {Piai} generates VA but

{PKa .,Pﬁas} does not. Then there is an A # 0 and an L-admissible transla-

gae
tion T satisfying the B-conditions (al,A), (32,0),...,(35,0). This requires
some work but there are basically no new constructions in the proof. Finally note

the obvious fact that if T T are L-admissible satisfying (ai’Ai) and

1’ 2

(ai’Bi) then Tl + T2 is L-admissible and satisfies (ai,Ai + Bi)' QED

Now (cf (5.10)) one defines a multiplication on E' as a continuous linear map

m:E' ®E > E' soif T is a translation operator we define
(5.27) x*y =T*(x 8 y).
It follows that T is L-admissible if and only if for x,y € E'

(5.28)  L¥(x-y) = (L*x) +y = x * (L*y).



144 R. W. CARROLL

Indeed for f € E" one has f(L*(x°*y)) = Lf(x+y) = TLf(x,y) while
f((L*x) = y) = Tf(L*x,y) = (LOI)TE(x,y).

Thus L¥*(x-*y) = (L*x) *y if and only if TL = (L ® I)T which is the admissibil-
ity condition. The other equation 1s similar. This shows that x > x * y and
y > x *y commute with L* and hence for A€ CommzL* (Ax) *y = Alx+y) =

x * (Ay). One says now that T 1is commutative etc if the product (5.27) is.

Proposition 5.14 Let T be L-admissible and satisfy (ai'Ai)’ 1<1i<s, where
{ai} generates V. Suppose ZUA is weakly dense in E". Then T 1is commutative

. % = A% .
if and only if Aiaj Ajai for each (i,j).

Proof: Define T' by T'f(x,y) = Tf(y,x) for f € E, x,y € E'. Then T' Iis

L-admissible and f(y - x) = Tf(y,x)

T'f(x,y) while f(x°*y) = Tf(x,y). Thus
T 1s commutative if and only if T = T' and this holds if and only if Tf(x,y) =
T'f(x,y) for f € UX and x,y € E' by previous remarks. It is enough to have

= c "
Tf(ai,aj) T f(ai,aj) for f E and here

]
1}

(5.29) f(Agaj) Ai*f(aj) Tf(ai,aj) = T'f(aj,ai);

* = A% =
f(Ajai) Aj f(ai) Tf(aj,ai).
The result follows. QED

One shows easily that T 1is associative if and only if (T® I)T = (I8 T)T where
T®I: B(E',E') ~ B(E',E',E') is defined by (T2I)f(x,y,z) = £(T*(x,y),z) =

f(x°*y,z) (similarly for (I®T)). Then one has

Theorem 5.15 Under the hypotheses of Proposition 5.14 T 1s commutative and

associative if and only if both A%a, = A%*a_, and A%A% = A%¥A* for all 1,j.
17 ji i3 i

Proof: First define SI’SZ

Szf(x,y) = (I8 T)Tf(x,y,z) for z € E' fixed. Then Si (1 =1,2) 1is an L-

: E~> B{E',E’) by Slf(x,y) = (T®I)Tf(x,y,2z) and

admissible translation. This 1s clear for S1 while for S2 one can write
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(5.30) (L@I)S?_f(x,y) = S?_f(L*x,y) = (I®T)Tf(L*x,y,2)=
Tf(L*x,y * 2) = f((L*x) « (y+2)) = f(L*(x+ (y~+2))) =
Lf(x* (y-2z)) = (I®T)TLf(x,y,z) = SZLf(x,y).

Similarly (I®L)52 = S?_L. Next observe that f(ai ry) = Tf(ai,y) = Aif(y) =

f(A’{y) so that a; 'y~ Afi‘y. If T 1is commutative we have then a; * (y- aj) =
. . = A%AK i . . = . . = A%AX i

ay (aj y) AiAjy while (ai y) aj aj (a:L y) Ainy. Now given T

commutative the following chain of equivalences shows that a necessary and suffi-

clent condition for associativity is that A’;A’J? = A;.‘A’i‘. Thus for appropriate

f,x,y,2z
(5.31) (TOI)T = (IT)T <= (T®I)Tf(x,y,z)=
(I8T)Tf(x,y,2) <= (T8 DTi(a,,y,z) =
(18 T)Tf(a;,y,2) = (T8 I)Tf(ai,y,aj) =
(I@T)Tf(ai,y,aj) = Tf(ai . y,aj) =
Tf(ai,y . aj) - f((ai ty) - aj) =
f(ai s (y- aj) = f(AH;*A’;y) = f(A?Ag‘y) =
A?A?y = AiA?y - AﬁA? = A§A§. QED

Theorem 5.16 Every continuous nonzero homomorphism ¢ of E' is an eigenvector

of L.
Proof: We can find y € E' such that ¢(y) f 0. Then for x € E'
(5.32) (L) (x) + ¢(y) = ¢(L*x) + &(y) = ¢6((L*x) = y)

= ¢(x - (L¥y)) = ¢ (x)d(L*y) = $(x)LP(y).

Therefore L¢ = %‘)L) d. QED
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We note also that if ¢ 1is an eigenvector as above then T¢(x,y) = ¢(x*y) =
P(x)P(y) = (08 P)(x,y) so Tp =¢8®¢. If T 1is a commutative associative L-
admissible translation, E' {is semisimple, and ZUA is weakly dense in E'" one
can embed E' 1into a function algebra on the ideal space I of E' as in the
classical Gelfand theory and some results in this direction are proved in Hutson-

Pym [1].

Example 5.17 To relate the preceeding to differential problems let A be an opera-
tor in E with domain D and suppose A has a compact resolvant for some A
which without loss of generality can be taken to be A = 0. Set L = A-l and say
A: E~>E commutes with A 1if ADC D and AAf = AAf for f € D. A translation
T 1is A-admissible if for f € D and x € E', Tf(x,*) and Tf(*,x) belong to

D with A(Tf(x,*)) = (TAf)(x,*) and A(TE(*,x)) = (TAf)(*,x). Then A commutes

with A 1if and only if A commutes with L and for E reflexive T 1is A-
v

admissible if and only if it is L-admissible. Recall that UA = {f; (L-)1) Af= 0}
for large enough VA and set WA = {f; (A - AI)VAf = 0}, Then it is easy to show
that for A + 0 UA =W 1 The preceeding results applied to this situation
yield ’

Theorem 5.18 Let E be a reflexive Banach space and A an operator on E with
compact resolvant. Suppose ZWu is dense in E. Then a translation operator T
associated with A cannot be determined by fewer than Yy = max dim wu B-conditions
(a,A) (a € E' and A commuting with A). There are sets of Y B-conditions
which do determine T and T 1s then both commutative and associative if and only
if A’/i*aj = Aa‘ai while AiAj = A,A,. The continuous nonzero homomorphisms of E'

it

are eigenvectors of A,

There is a great deal of material available on the normed rings associated with
generalized translation operators and second order differential equations (see
e.g. Leblanc [1], Levitan [1; 3), MarCenko [1], Naimark [2], Povzner [1] and
references there). Related spectral considerations arise in the inverse Sturm-

Liouville theory developed by Gelfand-Levitan [4] and in inverse scattering theory
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(cf. AgranoviE:MarEénko [1], Faddeev [1], Lang (1], Lax-Phillips [2], Levin [1],
Marcenko [2; 3]). We will recall some of the basic constructions here following

Mardenko [3]. Let Li(Dx)u = Diu - qi(x)u, i =1,2, and consider
(5.33) Ll(Dx)u = Lz(Dy)u; u = u(x,y);
u(x,0) = ¢(x); DyU(x,O) = YP(x)

(-2 < x <®; y >0}. One compares here with (5.1) for Ll = LZ and more gener-
ally with (3.1) for P(Dx) = Ll(Dx) and Q(Dy) = LZ(Dy)' The original work of
Levitan [1; 3] (cf also Lions [2; 3; 4], Mardenko [1], Povzner [1]) started from
this point of view for suitable choices of ¢, . One works with a Riemann func-

tion R(x,y,xo,yo) in a triangular region A(xo,yo) as before to obtain a

formula

(5.3)  ulx.y,) = % [6Cx +y ) + 6(x, -y )]

1 xo+yo,
+3 Jx Ly lw(x)R(x,O,xo,yo) - ¢(x)DyR(X,0,xo,yo)]dX-

o ‘o
. o2 ‘ ) . .
Let now eo(A,y) satisfy L(Dy)eo = =) e, with eo(A,O) 1 and eo(A,O) ix.
i
Then u(x,y) = eiAXeO(A,y) satisfies Diu = L(Dy)u with u(x,0) = e Ax and
%y L) = Di ~q(y). Put this in (5.34) with x_= 0 and set

D u(x,0) =
y

K(yo,x) = A [DXR(x,O,O,yo) + DyR(x,0,0,yo)] to obtain (Y = ¢")

iy y .

o o idx

(5.35) eo(A,yo) =e + J_y K(yo,x)e dx.
o

The operator I + K defined now by

X
(5.36) (I +K)f(x) = £(x) + J K(x,t) f(t)dt

-X

will be called a transmutation operator in the spirit of Section 2.3. It maps

iix 2 1idx 2 idx
De e

the solution e of = =) into the solution eo(A,x) of

L(Dx)eo = -Azeo satisfying the same initial conditioms.

+
Applying this fact to e_v\X and selected initial conditions we obtain
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Theorem 5.19 Let w(A,x,h) (resp. w(lA,x,®}) satisfy L(Dx)w = —Azw with

w(A,0,h) = 1, w'(A,0,h) = h (resp. w(X,0,») =0, w'(A,0,0) = 1) and set
(5.37) K(x,t,®) = K(x,t) = K(x,-t); K(x,t,h) =
X
h + K(x,t) + K(x,-t) + h J [K(x,8) - K(x,-£)]dE.
t

Then one has the formula

X

(5.38) w(},x,h) = Cos Ax + I K(x,t,h)Cos At dt
0
X

(5.39)  w(h,x,®) = E%B_J, J R(x,t,) smxxc s

0

The corresponding operators (cf. (5.36)) are denoted by T + K and I + K_ and

h w
as Volterra operators they will have inverses I + Lh and T+ L where for
example

b
(5.40) L“XX?& = w(h,x,®) + J L(x,t,®)w(}, £,o)dt.

0

If one sets now K(t,£) =0 for |E| > |t| it can be proved from the formula

(variation of parameters)

X
(5.41) e (A,x) = el +J Sin Ax=8) qepye (A,t)de
o 0 A o
and (5.35) that K(x,t) satisfies
L L(x +t) L t+ (x=-u)
(5.42) K(x,t) = 3 J q(u)du + 5 J q(u) K(u,£)dEdu.
0 t=-(x-u)

Theorem 5.20 The integral equation (5.42) has the unique solution K(x,t) which
is continuous., If g€ c¢® then K € Cn+1 in both variables and satisfies
K(x,-x) = 0 with

2
t

X
(5.43) L{D_)X = D_K; K(x,x) = L J q(&)de.
X 2 0

Similar theorems apply to the other transmutation kernels. For example L(x,t,h)

satisfies
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(5.44) DXL = LOIL; Lexux,h) = <h — L [ q(eyar
. X t * * * 2 Oq

with hL(x,0,h) = DtL(x,O,h). Consider next w(},x,h), K(x,t,h), and L(x,t,h)

for example and denote them by w(XA,x), K(x,t), and L(x,t) for simplicity.
00
Write C(X,f) = J f(x)Cos Axdx for the cosine transform and
0
00
(5.45) w(A,f) = J f(x)w(A,x)dx
0

(5.46) £(x)

i

f(x) + wa(E)K(E,x)dE;

X

o0

g(x) + J g(E)L(E,x)dE.
X

g(x)

Let K2 (resp. KZ(O)) be the space of L2 functions on [0,®) with compact
support (resp. with support in [0,0]). The space CKZ(O) of cosine transforms
of K2 consists of even entire functions g(A) with g€ L2 for real A and
such that |g(A)]| < c exp o|Imr]. Let 2(0) be the even entire functions g €

1
L for A real satisfying the same estimate. Let Z = UZ(0) with the standard

topology and CK2 = UCKZ(O); then 2 C CKZ, Let Z' be the dual of Z and

define C in 2' by duality for f€ Z and TE€ Z' as

o

<f, C(A,T)> = <T, J £(A)Cos AxdA>.
0

Now from (5.38) and the analogue of (5.40) for Lh plus the definition of

C(A,f) and (5.45) there follows from (5.46)
(5.47)  w(LE) = COLD; COLg) = wih,g).
One can prove now

Theorem 5.21 There exists R € Z' such that
(5.48) J:f(x)g(x)dx = <R, w(}A,f)w{r,g)}>

for f,g € L2 of compact support; R 1is connected with the kernel L(x,t) by

ERE]

the formula R = = (1 + C(L)) where C(L) = C(x, L(x,0)).

This is a form of Parseval theorem where R 1is called the generalized spectral
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function. The proof is based on constructing a sequence Rn(A) such that as n ~»
00

0, J Rn(A)w(A,x)w(A,y)dA + 8(x - y) (cf. Sections 2.3 and 2.4) and we omit
0

details here. As a consequence of Theorem 5.21 one can prove easily that
(5.49) f(x) = <w(A,f)w(),x), R>.

In the case when q and h are real (called the symmetric case) one has (cf

Section 2.4)

Theorem 5.22 1In the symmetric case there exists a nondecreasing function p(u)

such that for f € L2

(5.50) f(x) = jm w(/u, £)w(/u,x)dp ()
where the Parseval formula

J f(x)g(x)dx = J w(/ALL ) w(Al,g)dp(n)
0

also holds.

Remark 5.23 Let us underline the fact that we are not dealing with generalized
translations here. These would arise if in (5.33) one took Ll = L2 and say
¢ = f with ¥ =0 (growth conditions on gq are also imposed). The solution

u(x,y) can be obtained then via a Riemann function again and written as
A4 1
(5.51) u(x,y) = T f = 3 [f(x+y) + f(x - ]
00
+ J f(t)R(t,x,y)dt
0
(cf Levitan [1l; 3], Povzner [1]). The generalized convolution
Q0
(5.52) fog-= J ™ (£)g(y)dy
0 ¥
can then be expressed in the form

00

(5.53) fog = f*g+J

N[

J R(t,x,y) f(x)g(y)dxdy.
0 0

More generally feg = h 1s that function which satisfies
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(5.54) J J Ti(¢)f(x)g(y)dxdy = rd)(t)h(t)dt
o ’o 0

for an arbitrary Cm even function ¢. Symmetry properties of R 1lead to
commutativity and associativity - more or less immediate. If L = L1 + an
identity with norm H xe + £ = |A| + || f|| then L 1is a commutative normed ring

under o.

Remark 5.24 1In the spirit of Remark 5.23 and the spectral considerations pre-
ceeding this let us cite some results of Leblanc [1l]. This work illustrates and
refines some of the early Mardenko-Povzner ideas. Let Lu = L(Dx)u = Diu - q(x)u

and consider Lu + qu

0 with u(0) = a and u'(0) = b. A general solution

is written as w(Az,x) = au()z,x) + bB(Az,x) where o (resp B) is the solution
corresponding to a =1, b =0 (resp. a=0, b=1). Thus in the preceeding
notation u(kz,x) = w(A,x,0) while B(Az,x) = w(A,x,®). Povzner [1] studied

the associated Banach algebras with characters w(Az,x) and showed that when

{23
J (1 + x2)|q(x)|dx < ® the solutions of Lu = 0 can be written as
0

w(0,x) = Alx + ¢l(x)] + B[1 + ¢2(x)]

where ¢i(x) is bounded and tends to zero witﬁ ¢i(x) when x -+ ®, Leblanc puts
the associated Banach algebras into four classes (a,A) according as a =0 or

A =0 and refers to Marenko [1] for the case a $ 0, A = 0. Leblanc studies
the cases a=0, A% 0 and a+ 0, A+ 0, leaving the case a =0, A =0

open since it seems less interesting. First consider a =0, A + 0 and make the

hypotheses (weaker than Povzner [1])
” 38

(5.55) [ xlq(x)ldx < oy lim T (0,x) # 0.
‘0 x> ¥

It is mentioned that the condition on q is less natural than Povzner's condition
above but it gives a better estimate at « which is useful. We will state some

of the results without giving proofs. First (cf (5.39) so B(t,x) "~ K(x,t,®))

2
Proposition 5.25 Given the hypotheses above B(A",x) may be written
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X
(5.56) (%) =SB Ax J Blx,y) S22V gy
0

where B(x,y) 1is defined for O <y<x (=0 for y > x) and satisfies

X 00
J |B(x,y) |dy < K with J x|B(x,y) |dx < 2Ry. The map U defined by
0 y

00

(5.57) Uf(x) = f(x) + J B(t,x)f(t)dt
0

sends L' = L'(xdx) into itself with lue)| < &+ D €] .

Set L2 = L2(dx) now and recall a standard theorem due to Weyl (cf Titchmarsh

(z2n.

Theorem 5.26 There are a finite number of real negative values of Az such that

- 2
x lB(Az,x) is bounded. Denote these by Ai and set for f € L

(5.58)  TO% = J 0B x)dx;
0

M) =1+ J e eyrr?, e)de.

0
2
Then in L one has
~ 2 2
N £(A)B(A_,x%) %, 2
(5.59)  f(x) = ] —F——"- %J F0Hp0% 0 -1 5
L8l 0 M)

together with the corresponding Parseval-Plancherel formula.
Define now a product
(5.60) fog(x) = J J f(u)g(v)dudv

u+v>x>|u-v|

and set for Y € Ll

(5.61) 0% = f U(x) S—i%ﬂ dx.
0

Then there is ¢,y € Ll such that
(5.62) MW %=1+30D; M2 =1+ 40D

provided M(0) + 0 (this condition is equivalent to DtB(O,t) # 0). This requires
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some calculation which we omit. The product o of (5.60) provides L1 with a
Banach algebra structure whose characters are Sin Ax/A. Now invert (5.56) to
obtain

X

Hix,y) 8002, y) dy

(5.63) Sin)\ AX

=802 + f
0

so that H(x,y) Vv L(x,y,®) from (5.40). Set

Nshix |x BOZ,p
(5.64)  HCx,y) = HGx,y) = [ —p 3
0
n

Al e i

and define for f € L1

o

(5.65) WE(x) = f(x) + J H(t,x)f(t)de,
0

Proposition 5.27 W 1is a map Ll > L1 such that if M(0) % O l[Wflli cl £]

The proof involves using some facts which relate various transforms and we dis-
play some of this. Thus we have transforms r¥ and “ given by (5.58) and (5.61).
o]

Note that J B(XZ,X)S(Xi,x)dx =0 for kz >0 so H can be replaced by H in
0

(5.63) and thus

(5.66) (A% = wi(nd).

— 2
Since Wf(kn) =0 (5.59) becomes

2

o 2
z J rahen’ 0 24
0

Moy

(5.67) WE (%)

We note here the correspondences C(A,f) ~ E, w(A,f) v f, é ~v Wg  (ef (5.45) -
(5.46), (5.61), (5.65)). The relation C(X,g) = w(k,é) of (5.47) has an analogue

here in
N ~—
(5.68) & = Vg.

2
Theorem 5,28 Let E be the space generated by the B()n,x) and L1 =E®TI.
Then the image of L1 under W 1is equal to I. The product f-g = WIU(f) o« U(g)]
1

gives I a structure of commutative Banach algebra which is isomorphic to L

1
with the product o. The Gelfand transform algebras of 1 and L are the same
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relative to characters B(Xz,x) and Sin Ax/A.

The proof involves examining the relation (5.68) plus

P~ S~

~— —_
(5.69) feg="U()oU(g) = U(H)U(g)

~~

(5.70) ?= U(

~

Similarly using general characters w(kz,x) one can prove

o
Theorem 5.29 Let J (1 + xz)lq(x)ldx < @ gand consider the case a + 0, A * 0.

One can provide Ll(?l + x)dx) with a commutative Banach algebra structure whose
characters are w(kz,x) = aa(kz,x) + bB(XZ,x) which is isomorphic to Ll((l + x)dx)
] EN where Ll((l + x)dx) has the product feog + % f*g (prolong f and g

to be even for *) with characters Cos Ax + Sin Ax/A.

2.6. Miscellaneous topics. We feel compelled to make a few remarks here about

the application of some of the transmutation-transform theory of Section 2.5 to
the inverse Sturm-Lionville and inverse scattering problems following Margénko [3].
In addition to references already cited we mention a survey article by Durovin-
Matveev-Novikov [1] which should indicate some interesting new connections (cf.
also Maslov-Manin [1]). We use the notation of Marcenko in Section 2.5. The
inverse Sturm-Lionville problem involves recovering the problem L(Dx)u = —qu,
u'(0) = hu(0), from the spectral function R of Theorem 5.21. Thus basically one
wants q(x) given R. We continue to suppress the h 1in writing w(X,x) for

w(A,x,h) etc. and write formally

(6.1 oG = <), 22 x s
x
(6.2)  £(x,y) =3 07+ y) + 0 (x - yDI.
3

It is shown that in fact ¢ € ¢C with ¢'(0) =1 and &"(0) = -h so (6.2) makes

sense. Further if f(A) € CKZ(O) and <f(A)y(A), R> = 0 for all y(A) € CKZ(G)



MISCELLANEQUS TOPICS 155

then f()) = 0. These two properties essentially characterize spectral functions.
One now derives an integral equation for K(x,t) = K(x,t,h) as follows. The

function w(A,x) is a multiplier in Z and Z' so consider (R - %)W(A,x)

(recall R - %—= %’ c(i, L(x,0))). From (5.38) one has then

(6.3) (R - %)W(A,x) = (R ~ %)Cos Ax +
2 X
+ (R -2 J K(x,t)Cos Atdt.
™ Jo

Note now that Cos AaC(A,f) 3 [£(x +y) + £([x = y[)] while 1f () =

J g(§)Cos AEdE then ¢(A)C(A,f) %-J g(B)[f{x + &) + f(|x - EI)]dE. It follows
0 0
from (6.3) that
2 1
(6.4) (R -Dwl,x) v [Lx+y, 0) +L(|x~y|, 0]

X
+ % J K(x,t) [L(t +y, 0) + L(|t - y|, 0)}dt.
0

Express now Cos Ax through w(A,x) by a formula analogous to (5.40) so that if

F(X) = C(A,f)

(6.5) F(A) = J [f(x) + J L(y,x)f(y)dy]w(},x)dx.
0 X

Hence by Theorem 5.21 we have
(6.6) <F(A), Rw(A,x)> = <F(A)w(X,x), R>

= f(x) + J f(y)L(y,x)dy.
x
x

Q0
2
Moreover <F(}), %’W(A,X)> = <F(M)w(),x), % > = J F())[Cos Ax + J K(x,y)Cos Aydy]dA
0 0

X
= f(x) + J K(x,y)f(y)dy. Consequently
0

6.7)  <FQ), R - DHuli,0>

00

K(x,y)f(y)dy = J f(y) [L(y,x) - K{(x,y)ldy.
Y]

X

= J f(y)L(y,x)dy - J
X 0

Thus (R - %)w(%,x) ~ % [L(y,x) - K(x,y)] and using (6.4) this gives
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1
(6.8)  L(y,x) - K(x,y) = 5 [L(x +y, 0) + L(|x - y], O]
1 X
+3 J K(x,t) [L(t +y, 0) + L(|]t - y|, 0)ldt.
0
Thus for 0 <y < x one has the important integral equation satisfied by K

X
(6.9) f(x,y) + K(x,y) + J K(x,t)f(t,y)dt = 0O
0

where f(x,y) = %'[L(x +y, 0) + L(|x - y|, 0)] which is easily seen to be the

same as the expression for f(x,y) in (6.2).

Theorem 6.1 Given R € Z' satisfying the two properties indicated and ¢, f
defined by (6.1) - (6.2) the equation (6.9) has a unique solution K. K 1s con-

tinuous and has in both variables as many continuous derivatives as ¢".

Thus from (6.9) K(x,y) 1is expressed by means of the spectral function R and
K determines the Sturm-Lionville problem; the uniqueness of K implies there is
a unique Sturm-Lionville problem associated with R. The uniqueness proof 1s

based on showing that the homogeneous equation for any a
a

(6.10) gly) + J g(t)f(t,y)dt = 0
0

has only the zero solution and this follows from the first property of R indicat-

ed earlier. If ¢ € CQ one obtains from (6.9)

(6.11) L(DX)K(x,y) = DiK(x,y), 0<y<x<a

(6.12) q(x) = ZDXK(x,x); DyK(x,O) = 0,

That is q 1s defined by (6.12) and then appears in L(Dx)' Summarizing one has

Theorem 6.2 1In order that R € Z' be the spectral function of a Sturm-Lionville
problem L(Dx)u = —qu, u'(0) = hu(0) with continuous g it is necessary and
sufficient that (1) For any o > 0 there is no nonzero f(X) € CKZ(U) such that
<f(MN)y(A\), R> = 0 for all y(X) € CKZ(O) (2) The function ¢ defined by (6.1)
belongs to C3 with &'(0) = 1. The function q (defined by (6.12)) will then

have as many continuous derivatives as ¢"' and h = K(0,0).
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The proof requires some argument but we omit details since the important construc-—
tions have already been displayed. We will give next a brief introduction to some
techniques needed for inverse scattering theory based on the preceeding construc-
tions. This will serve to tie together some of this material and perhaps motivate
the reader to pursue the theory further; it also continues to provide examples of
the transform connections indicated in Section 2.3. The matter is beautifully
developed in Marcenko [3] at some length and we refer to this for inspiration.
o0

Consider again L(Dx)u = —Azu with u(0) = 0 while joxlq(x)]dx < oo, As x >
the.equation approaches va = -sz and one 1dea is to extract information about

q by comparing solutions at «© with v.

Proposition 6.3 For A 1in the closed upper half plane there is a solution
e(A,x) of L(Dx)e = —Xze, e(A,0) = 0, given in the form
iA © iA
(6.13) e(A,x) = e My J K(x,t)e1 tdt:
b

{oo]
with K(x0 = 3 J q(t)de.
X

Extimates on K(x,t) are also obtained but we omit this. Here K(x,t} =0 for
t <x and K satisfies an equation analogous to (5.42). One writes (I + K)f =

0
f(x) + J K(x,t)f(t)dt with inverse I + L where
x

(6.14) (I +L)f = £f(x) + J L(x,t)f(t)dt
p.4

y
(6.15) L(x,y) + K(x.y) + J L(x.t)K(t,y)dt = O.
x

Again K is characterized by L(DX)K(x,t) = DzK(x,t), DXK(X,X) = % q(x), and
lim DxK(x,t) = 1lim DtK(x,t) =0 as x + t > ®», Estimates on e(XA,x) are also
obtained which we omit in remarking that estimates on the various functions are
however very important for the theory. Another fairly routine construction now
provides for every A a solution w{A,x,©} of L(Dx)w = —Azw satisfying as

x>0

(6.16) wid,x,@) = x(1 + 0(1)); w'(A,x,@) =1+ 0(1).
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The function w 1s analytic for 1Im X > 0 and estimates comparing it there to

Sin Ax/\ are given.

Proposition 6.4 Let §(A) = e(-1,0)/e(},0) = S(-A) = s71(-3). For real A $£0

one has

(6.17) -gi%%§35§ifl = e(-A,x) - S()e(r,x).

The function e(A,0) can have for Im % > 0 only a finite number of zeros all of
which are simple and lie on the imaginary axis. The function Xe(X,O)-l is
bounded in some nbh of 0, This takes some proving which we omit. Similarly

one can show that 1 - S(A) 1s the Fourler transform of Fs(x) = Fé(x) + F:(x)

where Fé € Ll(-m,m), Fg € Lz(—w,w), and sup,Fgl < o, Now let ikk, k =
1,2,...,n, be the zeros of e(),0) ordered by 0 < Al < Az < ... < An and
mil = ||e(iAk,x)|| in Lz. In fact
m% = —e'(1h,,0)e (1, ,0)/21) .
k k’ k’ k

The function u(A,x) e(-2,x) - S(M)e(r,x), A € (0,»), 1s a bounded solution of

L(Dx)u = -qu, u(0) 0, with u(ikk,x) = mke(ikk,x). In fact such functions

o0

form a complete set of elgenfunctions; setting u(X,f) = f(x)u(X,x)dx one has
0

a Parseval relation

n 00
(6.18) (f,8) =) u(id, Hu(ir,,g) + 5%—[ u(A, HHu(r,g)dA.
1 0

One arrives at this by observing first that for f*(x) = (I + K*)f it follows

00

that E*(A) = J f(x)e(-Xx,x)dx where E*(A) denotes the ordinary Fourier trans-—
0
form of f*. Indeed from (6.13)

iA

(6.19) J f(x)e(-1,x)dx = J f(x)[e'MX + J R(x,t)e "t )dx
0

0 X

* ¥ -1
= J [£(x) + J £(E)R(E.x)dETe " Fdx.
0 0

00
Hence u(A,x) = E*(A) - S(X)E*(—A) with u(ikk,x) =m J f*(x)exp(-kyx)dx. Write
0 3

T for the right side of (6.18) and set
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n -\, X 0
) _ 2 "k 1 1ix
(6.20) F(x) = % mee + o Lo(l - S(A))e "Tdx

(6.21) F(f) = J F(x + y)f(y)dy.
0

2
Then F 1s a bounded self adjoint operator in L (0,) and writing out T one
obtains T = ((I + K)(I + F)(I + K*)f,g). Hence the Parseval relation (6.18)

1s equivalent to
(6.22) (T +K{(I+F(+K: =T,

Writing this out and using the fact that K(x,y) = 0 for x >y it follows that

(6.22) 1s equivalent to

(6.23) F(x + y) + K(x,y) + J K(x,t)F(y + t)dt = 0,
X

This integral equation for K 1is basic in the theory and one can prove

Theorem 6.5 The kernel K(x,y) satisfies (6.23) for 0 < x <y <« where F 1is

glven by (6.20) and from (6.23) follows the Parseval relation (6.22) or (6.18):

The proof uses (6.17) and other facts mentioned above. Now a typical problem in
quantum scattering theory involves recovering a potential q(x) from knowledge

of S(\), Xk, and m Theorem 6.5 allows one to do this by finding K(x,y)

"
and setting q(x) = -% DxK(x,x). The question reduces to specifying the proper-

ties required of S(A), Xk, and m  so that they represent scattering data for

an equation L(Dx)u = -qu with u(X,0) = 0. The crucial fact is

Property 6.6 The function S()\) 1is defined on the real axis with S(X) = S(-A) =

S_l(—k) while 1 - S()) » 0 as |X| -+ « and is the Fourier transform of a func-

tion

o0

1 idx
(6.24) Fs(x) = o J w(l - S{A))e "Tdx

1 2 2
which is the sum of Fé(x) and Fé(x) with Fs € Ll(-w,m) and Fs € L7 (-,).

For x > 0 one has J x[Fé(x)[dx < o,
0
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Another property which should be mentioned is that the number n of eigenvalues

indicated above satisfies

(6.25)

_ log 5(0") - log 5(=") _ 1-5(0)
2ni 4 .

Theorem 6.7 If Property 6.6 holds then (6.23) has for € > 0 a unique solution
K(x,y) € Ll(e,w). The function e(A,x) defined by (6.13) satisfies L(Dx)e = —Aze
with q(x) = =% DxK(x,x) and J x\q(x)ldx < w , Here F(x) 1is given by (6.20)
and, writing F:(f) = J F(t +y i 2a)f(t)dt, if I + F: has an inverse for a =0
one can take € = 0. °

Another approximation to a "best" theorem (cf. Theorem 6.9) is obtained by defin-

ing

(6.26) F

w+

f = J Fs(t + y)f(t)de;
0

0
J Fs(t + y)f(t)dt.

st

Theorem 6.8 Assume Property 6.6 and (A) the equation f + F;f =0 has n

S
the zero solution in L2(—w,0). Then the spectral data S(A), Ak’ m

linearly independent solutions in LZ(O,w) (B) the equation g - F_g = 0 has only
(k =1,...,n) arises from a problem L(Dx)u = —Azu, u(0) = 0, and q defined as

above satisfies J x| q(x)}dx < .
0

We omit the proofs of these theorems but include them to indicate the circle of

ideas. Finally putting all this together one has

Theorem 6.9 1In order that the spectral data S(}), Ak’ m

L(Dx)u = —Kzu, u(0) = 0, with J x|q(x)]dx < @ it is necessary and sufficient
0

that Property 6.6 hold with (6.25).

arise from a problem

For much more material in this direction and applications to modern work in

KdV equations see Marcenko [3].

We mention now a construction of the transmutation operator for Sturm-Lionville
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type equations of second order with operator coefficients following Androscuk [1]
(cf. also Gorbacuk-Gorbaduk [2;3], Levitan [4;6], Rofe-Beketov [1], Solovev [1]).

Consider u(0) = h € D(4), u'(0) = 0, and
2
(6.27) Lu = —Dxu + q(x)u - Au; Lu = Au

where u(x) € H, a separable Hilbert space, and A 1s a self adjoint operator
semibounded below which can be taken as A > 0 with A-l € L(H) without loss of

5

1
generality. Assume also that x + A°g(x)A %e CO(LS(H)) (q(x) € L(H) with q(x)
self adjoint and x > q(x) € CO(LS(H))). Then one wants to extend formulas such

as (5.38) and an analogue of (5.40) in some manner.

Theorem 6.10 Under the hypotheses indicated the equation (6.27) can be solved in

the form

X
(6.28) u(x,A) = h Cos/Ax + [ K(x,t)Ah Cos/At dt
Jo

where (x,t) -~ K(x,t) € CO(LS(H)) with K(x,t) = 0 for ¢t > x.

The proof involves working with the Integral equation (by successive approximations)

X Sin/A+ AL (x-t)
0 VA ¥ AL

(6.29) w(x,A) = CosvA+ Al x + J q(t)w(t,\)dt.

Using the formula in operators

x—-t

Sin/A+ I (x-t) _ 1 i/as 22,

(6.30) e =3 J e JO(/X (x-t)" -s7)ds
-Xx +t

one obtains a formula
(6.31) w(x,A) = CosvA+ Ax

X (x-t
+ J J R(x,t,T)Cos/A T Cos/A+ AL t dtdt
0-0

where R(x,t,T) € LS(H) and depends continuously there on (x,t,T). If h &€ D(A)

then w(x,\)h satisfies (6.27). Now CosvA+ Al xh 1is the solution of (6.27)

for q =0 and Cos/A+ Al xh = h Cos/X x + g(x) with
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X sin/A+ AT (x-t)

(6.32) g(x) = J Ah Cos/X tdt.

0 VA + A1
Since 1t 1s known that
/ 2 2
_ (x-t) -s
(6.33) Jo(/x (x_t)z _%y - % Cos/izrdrz y
0 v/(x- t) " -s" -1

one can express g(x) and hence CosvA+ AL xh 1n terms of h Cosv/A x (using

(6.32), (6.33), (6.30))). Putting all this in (6.31) gives (6.28).

Theorem 6.11 Let q(x), ALE -;5, exp/A t, and exp -/A t be strongly contin-

uous operator functions with gq(+) € Cz. For h € D(A) an inverse transmutation

q(x)A

is expressed by (6.34) below where H(x,t) 1is a weakly continuous operator func-

tion Ho > H_ (H(x,t) =0 for t > x).
X

(6.34) h Cos/A x = u(x,A) + J’ H(x,t)Au(t,A)dt.
0

Proof: Let E(A) be the spectral resolution assoclated with A and for such A

on E(A)H define the scalar product
2 2 2 2
(f,g)+ = (A%exp 2VA on f, A%exp 2VA on g)

(x0 > 0 some fixed number); let H+ be the resulting space. Set Ho = H and
let H_ be the corresponding negative norm space (i.e. let f € Ho so (f,u)0 =

Aesu> for u€H Q,f € HL (antidual) and || Qf” = supl(f,u)0=/|| u||+i [ f||°—

+!
H_ 1s the completion of Hy in the norm || f||_= I Qf” ). Now the vector func-

tion
(6.35) g(x,y) = Cosv/X xw(y,A)h
-5 Wx =y, DA+ ulx +y, Vbl

is a strong solution of Bex ~ gyy - Ag + q(y)g = Af(x,y) where g(0,y) = gx(o,y) =

0 and, taking g(-y) = g(y),

(6.38)  £0x,y) = (I~ A "q(y)) [“""y’”h;“(“y’”h].
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+
Let (exp/A 1) denote the transpose of (exp/A 1) : H+ > Ho so  (exp/A T)+ :

H0 > H_  and consider go(x,y) € H_ defined by

(exp/A 1) TAf(£,m)dq

(6.37) go(x,y) -1

2m ’
Q<(0,y,0 (=07 - (y - -7

Here (1,n,%) = Q < (0,y,x) 1is the interior of the cone (x--g)2 - (y--n)2 - 12 =
0 ith t < < < =
w vertex (0,y,x) (to,yo,xo), 0<g<x X and Po (to,yo,x ) fixed.

o
The function 8, is a weak solution of the g equation above for q = 0, i.e.
(6.38)  D(g_(x,), &) - Di(g_(x,5), 0) -
X o » 3 y o * k]
- (g (x,7), AD) = (f(x,y), A9)
for ¢ € H . For q(y) + 0 the function g(x,y) above is a solution of the

integral equation

+
(6.39)  guy) = 5 J (exp/A ;) q(n)g(gm);ﬂ? g (xy).
.y, (-0 - -m

The series solution g(x,y) of (6.39) converges over H+ then and one can write

. -£E+y-x
(6.40) g(x,y) = J J H(x,y,£,n)Af(E,n)dndE
0€+y-x
where H maps H0 into H_. Using the form of f(x,y) above and (6.35) one

obtains

(6.41) CosVX xw(y,\)h = % [w(x-y. AMh + w(x+y, A)h]
x~

+ J Hl(x,y,t)Aw(t,X)hdt.

0

Setting y = 0 (6.34) results where H(x,t) = H, (x,0,t). QED

Remark 6.12 1t seems appropriate here to make some comments about separation of
variables and tensor products in the spirit of Berezanskij [1], Carroll {27],

Cordes [2], B. Friedman [1], Ichinose [1: 2; 3: 4], Maurin-Maurin [3], Mohammed [1],
Reed-Simon [2; 3), Schechter [2). First let us review some of Ichinose's construc-

tions; material on topological tensor products, crossnorms, etc can be found in
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LaMadrid [1], Grothendieck [1], Shatten [1], Treves [1]. Let E and F be Banach
spaces and a a "reasonable" crossnormon E ® F (i.e. the dual norm o' 1is a
crossnorm on E' 8 F'); we recall that a crossnorm is to satisfy a(e ® f) =

[l ell ] £]] - A reasonable crossnorm o is said to be faithful if the natural con-
tinuous map E @d F~+>E és F 1s 1-1: a crossnorm o 1s uniform if for any

(A,B) € L(E) x L(F) sup|| (A 8 B)qu§_||A|]||B|| where the sup is over || uHaf_l.
Let A : D(A)CE->E and B : D(B) CF + F be closed densely defined linear
operators (the theory can be developed more generally but we are only interested

in such operators). Let P({,n) = I ¢ Ejnk and consider

jk

(6.42) P(AGI, I ®B) =z cjkAj ® B¢

with domain D(Am 8 Bn) = D(Am) 8 D(An) where m and n are the degrees of P
in £ and n respectively. Let A éu B be the closure of A® B in E éu F
which makes sense if o 1s reasonable and faithful (which we shall assume in what
follows - also for simplicity assume o 1is uniform). It can be shown then that
AB B= a8 DB B =18 B(ASE 1; sintlarly A1 § 1= ad DI and
if one assumes (©(A) and p(B) nonempty while it does not occur that one of the

extended spectra Oe(A) and Oe(B) contains 0 with the other containing

then

A B ja ok
(6.43) P(AB I,I @u B) = % Ciih 8, B .

Here Oe(T) = 0(T) for our purposes and we assume in general that 0(A) and
p(B) are nonempty. Let now P(A,B) be the class of polynomials such that: For
any open nbh W in &€ of P(0(A), 0(B)) there are nonempty open U (resp V)
with Juc p(A) (resp. Cvc p(B)) with "nice" boundaries 38U (resp. 2dV)
such that (a) P(U,V) C W (b) £R(£,A) (resp nR(N,B)) 1is uniformly bounded in
U ({resp V) (¢} P(E,n}([gli-[n[)_l is bounded away from O on UxV for

large |§| + ]n]. Now an extension T of an operator T 1s called maximal if

G(T) = G(T) and T has no proper extension with this property; if T 1is closable

then T = T. The following spectral mapping theorem then holds
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Theorem 6.12 Let P € P(A,B) and o be any reasonable uniform crossnorm. Then

(6.44) P(c(A), 0(B))

o(P(A B I, I®B))

o(P(A® I, I8BR).

This means in particular that (6.44) holds if 0o(A) # ¢ and O(B) + ¢ while
o(P(A® I, I 8B)) =¢ if and only if at least one of O0(A) or o(B) are empty.
For o faithful with p(A) and E(B) nonempty P(A® I, I 8 B) is closable so

P="7 and for P(o(a), o(B)) # T

(6.45) P(ARTI, I®B) = (Lc,

i a k-
JkA @a B) .

Thus when 1t does not occur that one of 0(A) and 0O(B) contains O while the
other contains ®« there results P(o(A), o(B)) = o(P(A @a I, 1I @q B)) =

o(F(A B 1,18 B)).

A closed densely defined operator T is said to be of type (86 M(8)), 0< GT <

T®

m, if p(T) contains the complement of the sector S(GT) = {z; |arq z| E_QT} and

| zR(z,T) || < M(®), © = arg z, outside 8(67) for 8, < O <m. If o is a

T
crossnorm as above and Aj is of type (Gj, Mj(e)), 0 < Sj <7, 6, + ek <

(i * k) then, taking j = 1,2 for simplicity and setting TR, = A1 8 I, 1A, =

1 o 2
I @u AZ'
(6.46) z O(Aj) =2 O(Ei) = o(Z mj)
= o((ZT,)7).
«( J) )
There are a number of results concerning when 2‘mj = (Z‘mj)‘ (cf. also Carroll

[27]1) and we cite (cf Mikhailov {1})

Theorem 6.13 Let A and B be m-accretive operators in Hilbert spaces E and
F with o the standard Hilbert crossnorm and let either (a) A or B 1is self
aljoint or (b) A and B are m-sectorial with semiangles BA. 6B such that

Tan 6, Tan 0, < 1. Then (A®TI+ 188 =a8 1+18 B and 0(a) +0(B) =
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o(A ®a I+1 8@ B).

Here an operator A 1is accretive if -A 1is dissipative and p(A) should contain
the left half plane with | A + u)'ln < 1/Re A for Re A > 0. An m-sectorial
operator A with vertex 0 and semiangle SA, 0 < GA < m/2 1is an m-accretive
operator with (Im(Ax,x)l < Tan SARe(Ax,x). Now going back to E, F and G
Banach let E be a bounded Boolean algebra of projections in G for example and
o (resp. B) a uniform reasonable norm in E & G (resp. F ® G) which we assume
faithful whenever necessary for a specific conclusion. The family E is said to
satisfy the Gowurin property G 1is there is a constant K such that for any
(finite) set E, € E of disjoint projections and any set A, € L(E,F) one has

i i
for uEERTF

(6.47 1] (o; 8 EDully <K s:pll Al Il -

This property is examined in Ichinose [3] and we omit the details here. 1In gener-
al if B : D(B) € G+ G 1is a scalar type spectral operator (cf Dunford-Schwartz
[1]) or a self adjoint operator with a countably additive resolution of the identity

E(d)\) then the property G guarantees the existence of integrals

(6.48) J [F(A) ® E(dV) v
o(B)

A~

in F 88 G for vVE E® G when F()\) : o(B) > L(E,F) 1is continuous and uniformly
bounded. Consider then polynomials such as (6.42) and write P(§,n) =
m
cm(ﬂ)g + ...+ co(n) where cm(n) $ 0. Then
v 3
(6.49) P(A,M) = [ c (M)A
3=0

is a closed densely defined operator in E with domain D(Am(n))

where m(n) 1is
the largest integer such that Cm(ﬂfn) $# 0. Assume condition (P) : P(A,n) for
n € g(B) has an inverse P-l(A,n) € L{E) which is uniformly bounded on G(B)

and take o = B for simplicity. Let Ov be an increasing sequence of bounded

Borel sets with E(Uov) = I and note that for example
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(6.50) 1lim P(A 8 E(G(B)ﬂov), I8 BE(O(B)ﬂov))u
Voo

= Lim [ e, a0 ® BEOBYG))

V00
- lim J [B(A,) 8 ECdn)]u
-0 o(B)ﬁcv

]
0

) cjk[Aj 8 J nkE(dn)]u P(A® I, I 8 B)u

a(B)

for u € D(Am) 2] D(Bn). The idea now is to represent ﬁ—l(A ® I, 18B) = §_1

51 . . .
(=P under circumstances indicated above) in terms of the integral, for v €

E®G,

1

(6.51) P v = J (p1a,n) ® E(dn) Iv.
g(B)

The details are straightforward using expressions such as (6.50) and one has in

particular

Theorem 6.14 Assume the projections E(dn) arising from the resolution of the
identity for B have the property G as above for E=F and o = 8 (uniform,
reasonable, faithful). Let P(A,n) satisfy the condition (P) 1indicated after
(6.49) while nkAjP_l(A,n) € L(E) and is uniformly bounded on o(B) for suitable
(i,k). Then P(A® I, I18B) = (F cjk(Aj éa Bk)f‘ and P has a continuous in-
verse given by (6.51) mapping E éa G dnto D(P) C ﬂD(Aj @a Bk) with norm

i s ok
RS 8, BOull, -

For polynomials as in Theorem 6.12, or even larger classes, there are spectral
mapping results and closure theorems (cf Ichinose [3]). There are obvious relations
here between formulas such as (6.51) and some of the development in Section 1.4

(see e.g. (1.4.63)) and we will expand upon this further in a Hilbert space con-
text following Berezanskij [l]. First let us recall some constructions invclving

so called negative norm spaces and generalized eigenvectors. Thus let H+ C Ho

be two Hilbert spaces with H+ dense and the injection continuous in the form

||u||o f_” u“+ (all Hilbert spaces will be assumed separable and of course
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| uHoi cl| uH+ can be handled by renorming). For f € H = we have Slf € H_;_
as before with Rf(u) = (f,u)0 and || lf”i [ f”o . The completion of H in

the norm H f||_= ” lfH is denoted by H_. Let O : H+ i Ho be the injection

and write (f,Ou)0 = (If,u)+ so that I = 0% : Ho - H+. Then H_  can be viewed

as the completion of H in the scalar product (f,q)_ = (If, Ig)+ and || f”_i
Il f||0 . A scalar product (OL,u)0 is defined for o € H_ and u € H coinciding

with the Ho scalar product for a € Ho. The map 1 extends to amap I : H_ -

A

H+ onto and one has (f,u)0 = (If,u)+ with ({(a,g)_= (IIOL,g)0 . Let 1 =01

H ~» Ho and set K = (i—l)!é;

o then K is a positive self adjoint operator in Ho

with D(K) = H+ and R(K) = Ho while (u,v)+ = (Ku,Kv)o. Consider K as a map
in Ho to H_ and form the closure in the space H_ to get an operator XK with

(£,8) = (Kf,Kg)_ and D(K)=H . One has U '=KK and (f,Ku) = (Kf,u)

(note

(f,Ku) = (Kf,KKu)_ = (Kf,n'lu)_ = (Kf, u)

1_-1

K1e=« e = 1f while If = I1f). One sets J = K *

and, for f € H_, K
and O =]K-l so that I = JIO . A further bit of notation involves operators
such as K mapping say H+ ad Ho with (Ku,f)0 = (u,K*f)+ so that (f,l(u)0 =
(l(f,u)0 as above; it follows that, setting Io = identity, ((Jt,l(u)0 = (Ioa,Ku)o=

-1 + +
* = * = € € -
(K Ioa,u)+ (I 'K Ioa,u)o (K Ot,u)o (for u€ H,, a Ho) and K can be re

+

garded as a map Ho + H_ by extension (replace I by I). Consequently one

writes ]K=K+ and I= J+; thus e.g. K extends K¥* = K taken in Ho.

We recall next that an operator A : Hl > H2 is Hilbert-Schmidt if for (any)

orthonormal basis ey in Hl the series ZH Aei”l?l < ®, A nonnegative operator
2

A has a finite trace if tr(A) = Z(Aei,ei) < », which again is independent of
the choice of orthonormal basis ey Let A be a self adjoint operator in H
with E(A) the corresponding resolution of the identity. Let H+ CHCH_ be
as above with corresponding operators K, K, etc.; one can also look at a chain

DC H - H CH_CD' where D 1is a dense nuclear space (for example D C Hl C

L2 C D' with D the standard Schwartz space). The continuous operator K
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Ho > Ho is Hilbert-Schmidt if we assume the embedding H+ =+ Ho is quasinuclear
2 _ 2 , 2
(by construction ||u|L+— ]|Ku||o and H_~>H/ quasinuclear means X||ej||o < =

for ej an orthonormal basis in H+). Consider 6(A) = l(*_]'E(A)l(_l (* in H
o

so K* = K) and p(A) = tr8(A) for Borel sets A C (~»,©), There exists an

operator function Y(A) such that 0O(A) = J P(A)dp()) and for f,g € H+ = D(K)
A

(6.52) (E(A)f,g) = (O(L)KE,Kg)

f (WAKE ,Kg)dp(A) .
A

Roughly the operator K*YP(A)K = K Y(A)K 1is a projection onto an eigenmanifold
corresponding to XA. Thus for any countable set of u € D(A) N H ~—with Au€ H
one has Y(A)K(A - AI)u = 0 a.e. for dp()A). Note here that if Av is a sequence

of intervals contracting to A with u as above then for f € H

(6.53) WK - ADu, £) =

O(Av)
lim _(—A_) K
vooe L PRA,

(A - ADu, £) =

1 -1,
iii 10w (E(8))(A - AD)u, K £) =

1 -1
lim ———_—»J (4 = A)d(E u, K “f).
o(Av) A u

v

The measure w(A) = (E(A)u, K-lf) is absolutely continuous with respect to p(A)
and a little argument for f 1in a countable dense set ylelds the remark above

since p()) a.e. the limit in (6.53) is zero.
To extend the treatment here to generalized eigenfunctions consider for u,v € H+
(6.54) (y(X)Ku, Kv)o = (K¢ (MKu, v)o

where P(A) = KY(AM)K 1is defined from H+ to H_ and will be Hilbert Schmidt.

Thus for wu,v € H+ (6.52) becomes

(6.55) (E@)u, v) = f (PMWu, v) do(r).
A
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Suppose D C H is dense, D C D(A*) (A* in Ho), and A* : D~ H is contin-
uous. An element ¢ € H_ 1s a generalized eigenvector of A for XA {if for

u€ D
(6.56) (¢, (A% - XI)u)0 = 0.

For symmetric A, A* D A and A* can be replaced by A 1in (6.56) when A :

D~ H+ is continuous. Now for any continuous C : U ~ H+ there 1s a continuous
C+ : H_~» D' defined by (C+u, u)o = (a, Cu)o as before and one defines A = A*+.
On D(A) we have (Af,u)_ = (A*+f,u)o = (f,A%w)_ = (Af,u) for u€DCD(A%) so
that A C A. Thus from (6.56) a generalized eigenvector is a solution of K¢ =
A¢. Purther one can take for D the space D(A*) = D+ with scalar product
((u,v)) = (u,v)+ + (A*u, A*v)+ so that D+ is a separable prehilbert space. 1In
any event every element. ¢ € R(P(})) sétisfies K¢ = A since (cf. (6.53) and

remarks there)
(6.57) (¢, (A - AI)u)o = (KY{MKv, (A - AI)u)o

= (Y(M)Rv, K(A - AI)u)o = (Kv, P(A)K(A - AI)u)o =0
(¢ = P(M)v,u as in (6.53)). Summarizing some of this we state

Theorem 6.15 Let D C H+ C Ho CH_C D' as indicated (H+ - Ho quasinuclear)
and A a self adjoint operator in Ho with D CD(A) and A : D~ H+ continu-
ous. There 1s a nonnegative finite measure dp(A) and an almost everywhere
definea Hilbert Schmidt valued operator function P(X) : H+ + H_  such that (6.55)
holds and R(P(X)) consists of generalized eigenvectors of A (i.e. Z¢ = Ap).
One can find a system of such eilgenvectors, orthogonal in H_ such that

o M2 =1 (o= 1,...,%) and for u,v€H,

N
A

(6.58) (EMu,v) = J ) ua(X) v, (W de ()
1

A
where uu(A) = (¢a(k),u)o. Thus (P(A)u,v)o =% ua(A)vu(A) or formally one can

say
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(6.59) P(Mu = I (¢u(x),u)o¢a(k)

(6.60) u = jm P(Mudp()) =} J (6, ,w) 9, Ndp(N)

(6.61) F(Au = J F(OP(Mudp(X).

Going now to an operator C =A® I + I 8 B with A (resp B) acting in a Hil-
bert space E (resp F) we can produce a resolution of the identity for C 1in
terms of resolutions E(dA) and F(dA) for A and B respectively. Thus
assume A and B are self adjoint for simplicity. Then C 1is symmetric and

one has

Theorem 6.16 A resolution of the identity in E® F for C=A8®® I +I8B is

provided by
(6.62) (Gy(e 8 £), (g 8h)) =
JW(E)\-Ue’ g)d (F £, ).
We note in this respect that as a weak integral (6.62) can be written
6.63 G, = E g I)d (I8F
(6.63) G, J_m( yoy @ DA, (10 F)
and part of the proof of (6.62) 1s contained in the formula for suitable e. f
(6.64) (C(e ® £), (g ®Nh)) =

J_mAdA(GA(e ® £), (g 8 h))

which formally follows from
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wkd [ J (E A=p®? g)d (F f, h)]

|
It o
o

8

ed]

(u + v)d (E e, gi} d (F f, h) =

—c0 —00

J u [:J d, (E e, g) d (F f, h) +

J [ J vd (E e, g) d (F f, h) =

(e,g) (Bf, h) + (Ae, g)(f,h) = ((AB I +I8B)(e®(f), g&h).
If f()) 1is now a bounded Borel function for example one has

(6.66)  £(C) = J f()\)dC)\ = J (£(A +uD) @ 4 (I 8 F)

00
since f(A + pI) = J f(A)dEx_u. Applying this to the resolvant RZ(A), Imz + 0,
-0
a little argument shows that the closure of C 1is self adjoint and has the resolu-

tion of the identity given by (6.63).

Let now E+ CECE_ and F+ C FCF_ be chains as before with quasinuclear
embeddings E+ - E and F+ -+ F, One obtains spectral measures Qp(k) and do(})
relative to A and B and the spectral measure Z(A) for € 1is given by

00
(6.67) z(A) = J p(A = wda(u) = (o * W(A).

o
Recall here p(A) = tr(EE(A)E) for example where we write K—l =0J =] when
considered as an operator in Eo. Then for the chain E+ 8 F+ c Eo [ Fo CE_®

F_ one has maps J 8 J' etc. and from (6.62)

(6.68) z(A)

[}

AY Al
) J_ (Ey_ uJe Jei)du(FuJ fi0 "6

I
ks

J_wo(h - u)du(FU-AT'fk, i'g) = J_mo(x - Wdo).
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Similarly there is a generalized projection operator P®(A) for C obtained
as follows. First by writing out (Gx(e 8 £), e' ® f') from (6.62) and using

(6.55) one obtains

ol

(6.69) G

A-u
J P(v) 8 P'()dp(V)do(n)

P(v) 8 P'(u)dp(v)do(w)
V4u<i

where P(v) (resp. P'(u)) 1is associated with A ({resp. B). Hence

d

81y =
(6.70) P () = 35y

J P(v) & P'(uw)dp(v)do(n).
VHU<A
Theorem 6.17 For A and B self adjoint the self adjoint C has spectral

measure given by (6.67) and projection operators given by (6.70). Further

(6.71) £(C) = J J £(v + WPM) 8 P'(u)dp(v)do(w)

and (6.70) can be expressed in terms of a Borel measure dpx(v,u) concentrated on

the line Vv + u = A in the form (cf also (6.85))

6.72) P2 JP(v)@P’(u)dox(v,u).

VHLI=A
The material sketched here on tensor products and spectral theory is clearly very
relevant to the further study of transmutation operators. It has been organized

and included here with that purpose in mind.

In this spirit let us indicate some essentially formal relations which suggest
further study. We consider operators P and Q as in Section 2.3 with

P(DX)¢(x,y) = Q(Dy)¢(x,y) and ¢(x,0) = f(x) with ¢(0,y) = (Bf)(y). Recall

]

<B(y,t, U(x,8)> where R(y,x)

that under suitable hypotheses ¢(x,y)

"

<Q(x,A), 8(y,A)> and U(x,8) = Tif(x) so that (cf. (3.78)) (f*g)(x)

<U(x,£), g(£)> is the generalized convolution associated with P and T.

Similarly let V(y,n) satisfy Q(Dy)V = Q(Dn)V with V(y,0) = (Bf)(y) and

suitable other conditions for uniqueness (V(0,n) = (Bf)(n)). Denote by s the
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generalized translation operator associated with Q so that V(y,n) = Sz(Bf)(n)
and set, for Bf = h, h ® g(y) = <V(y,n), g(n)>. Further recall that P(Dx)h(x,k)
= —Azh(x,X) and Q(Dy)e(y,X) = —Xze(y,A). For uniformity of notation there-

fore let us set —XZ ; ¢ and write H(x,u) (resp. O(y,u)) for the solutions

of P(DX)H =uH (resp Q(Dy)@ = p0) with the same initial values; thus H(x,—A2)=
h(x,A) and O(y,—kz) = 8(y,A). For convenience here we think of P and Q as
suitably self adjoint with o(P) = 0(Q) so as in Remark 3.18 T = H(x,P) and

s’ = 8(y,Q) and for spectral resolutions dE, and dF, of P and Q respec-

A A

tively one has

(6.73) ™ = JH(x,u)dEu; s¥ = JO(y,u)dFu.

Thus Pf(A) = <h(x,A), f(x)> corresponds to fan = HE(p) = <H(x,u), £f(x)> (di.e.
Hf(—AZ) = P£())) and Qf(X) = <B(y,A), f(y)> corresponds to f(u) = Tf(u) =
<O(y,u), f(y)> (d.e. Tf(—AZ) = Qf(X)). Then (cf (3.72) - (3.73)) corresponding

to inversions such as P = P.l of Theorem 3.5 one writes

(6.74) f(x)

Jf(p)H(x,u)dO(U);

h(y) fﬁ(v)e(y,v)do(v).

—~

Formally one has ™ = H(x,P) and g7 = O(y,Q) with ™f = H(x,w)f(u) and

~ ~ Pl

s7h = O(y,v)h(v) (thus eg. H(x,u) = T8 formally). We recall from Theorem 3.7
that ¢(x,y) can be writfen as  ¢(x,y) = <0(y,A), F(Mh(x,))> where F(}) =
<Q(E,N), £(&£)> = <h(£,)), f(£)> since § = h here (up to a constant). This

corresponds to a formula
(6.75)  $(x,y) = JO(y,u)H(x,u)f(u)dO(u).

Clearly ¢ gilven by (6.75) satisfies formally P(Dx)¢ = Q(Dy)¢ and

${x,0) = f(x). Similarly consider (cf (6.86) - (6.87))
(6.76) P(x,y) = Je(y,v)H(x,v)ﬁ¥(v)do(v)-

Again P(Dx)w = Q(Dy)w and Y(0,y) = (Bf)(y). Hence by definitions and assuming
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uniqueness with Bf(y) prescribed we have

Theorem 6.18(F) Under the hypotheses indicated the unique solution ¢(x,y) of
P(DX)¢ = Q(Dy)¢, o(x,0) = £(x), ¢(0,y) = (Bf)(y) 1is given by either (6.75) or
(6.76). In this event the kernels K and K below are inverses with Bf(y) =

<K(y,x), f(x)> and f(x) = <ﬁ(x,y), Bf(y)>.

1

(6.77) K(y,x) Je(y,u)}l(x,u)dc(u);

It

K(x,y) fe(y,vm(x,v)do(v).

Formally one can think of the formulas (6.77) in the form (cf (6.81))
(6.78) K(y,x) = O(y,PX); I~<(x,y) = H(x,Qy)

and one 1s generally motivated to express B in terms of T and §S. It is in-

structive to recall here that if P = —Di in LZ(O,m) with D(P) =

{ue Lz; u" € Lz; u'(0) = 0} then H(x,u) = Cosvix is a generalized eigen-
function and Tif(x) = %—[E(x +y) + E(x - y)] where E is the even extension of
f (thus Bf(y) = f(y)). Note that Cos/ﬂy f(u) = % J:[E(x+-y) + E(x-—y)]Cos/ﬁxdx
and recall that f*g = J Tif(x)g(y)dy (cf (3.75)). All functions are extended
to be even here and cleargy

S*g = <176(x), g(y)> = J V8 (x)g(y)dy
X 0 X

N

J [S(x+y) + 6(x-y)]lg(ydy
0

8|~

= 5 [g(x) + g(-x)] = g(x).

2
It is interesting to look at ¢ given by (6.75) for P =Q=-D in L (0,») as

indicated since then
(6.79) o(x,y) = U(x,y) = JCOS/E& Cosvux E(u)dc(u)

JICos/ﬂ(x +y) + Cos/i(x - ) 1EGwdo(w)

N~ N[~

(f(x+y) + f(x-y)] = Tif(x).
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Note also that (TV8* f)(x) = Tif(x) by a simple calculation and define

(6.80) <Ti, £(x)>

<Ti6(x), £(x)>

- 7 o) + By
so that (6.78) is to be interperted as
(6.81)  K(y,x) = 6(y,P )6(x); K(x,y) = H(x,Q)6(5)
and then (Bf)(y) = <K(y,x), f(x)> = <Ti5(x), £(x)> 1s correct.

Let us observe next a way of looking at kernels such as K based on Theorem 6.17.

Thus think of P =A and B = -Q and look at ¢ as an element of the null space

N(C) where C=A8T1+18®B actingin H =E ®F. Let E, CE CE and
o o o + [o} -

F+ C Fo C F_ as above and note (cf Maurin [2], Maurin-Maurin [3]) that from

(6.72) the generalized eigenspace H(A) for C can be written as

(6.82)  H(A) = J E() 8 F(udp, (v,1)
VHU=A

where E(v) (resp F(u)) are the eigenspaces for A (resp IB) corresponding

to values Vv (resp u). Suppose dim E(v) = dim F(u) = 1; then the elements of

H(A) have the form

(6.83) h(A) = J ch(u,v)[e(v) 8 f(u)]dpx(v,u)-
VHU=A

We remark that (6.72) can be written in the form (cf. Berezanskij [1])
@ 00
(6.84) P (X)) = [ P(A - ) 8 P‘(U)dupk(x = U,H)

where dupx(k - U,u) 1is defined by

(6.85) pA(k - T,T) - oA(A,O) = sgn T EE%XS‘J dp(v)do(y)

V+U<A
wE[0,1)

(for T <0 [0,7T) means [T,0)). Further it should be noted that (6.69) -

(6.72) are valid with any spectral measures since terms like P(v)dp(v) etc.
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will be invariant under changes of measure dp(v) = M(V)da(v) etc. Thus when
the measures are absolutely continuous relative to Lebesgue measure one can

simply use dv etc. to make some calculations, in particular to compute dpx(v,u)

i

or equilvalently dupk(x - U,W). Thus for example if dp(}A) do(A) = dz(A) = dX

on (0,®) one finds easily from (6.85) that duOA(X - U, du for u € (0,X)
and is zero for u § (0,A). If dp(}) =dx on (0,0 with do(\) = dx on
(-»,0) then dz(A) = dx on (-~,®) and from (6.85) again dupA(A - M,u)Y = dy

for u € (-», min(x,0)) and is zero for u € [min(A,0), =).

Now for Vv + p= 0 we consider Ae(v) = ve(v) with A =P so e(v) = H(x,v)
while Bf(y) = -Qf(p) = uf(u) gives f(p) = O6(y,-u) = O(y,v). The null space

N(C) will thus be associated with generalized eigenvectors H(x,v) ® O(y,v) =

H(x,v)0(y,v). Take O(A) = (0, and O(B) = (-,0) (e.g. A =P = -Di and

2
B = -Q = Dy) so pVvA and o VvIB above. For X =20 dupk(k ~ U,u) = dyu on

(-»,0) and (6.83) becomes, for do(y) = M(p)du

~
o
o]
o
~
=
L

0
= J ch(u)H(x,u)G(y,u)du
= J (ch(u)/M(u))H(x,u)O(y,u)dO(u).

o(B)

Note here that there is a shift in notation p <> g from (6.75) = (6.76)! Now
A,

for ch(u) = M(u) (Bf)(u) (B is the transmutation operator) the h of (6.86)

corresponds to the ¢ of (6.76). On the other hand setting v = -u in (6.86)

we have, for dp(v) = N(v)dv,

(6.87) h

[

J ch(—v)H(x,—v)O(y,—v)dv
0
= J (e (V) /N(V)E(x,-V)O(y,~=V)do(V)

a(A)
which corresponds to (6.75) with ch(—v) = N(v)f(v) since Y could be replaced
by -u in the HO of (6.75). This suggests the following assertion which we

state as a formal theorem without attempting here a complete proof.

Theorem 6.19(F) 1In the self adjoint case with o(P) = 0(Q) unique solutions ¢
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of Pp =Qbd, o(x,0) = £f(x), ¢(0,y) = (Bf)(y), can be obtained from (6.8.3) and
written in the form (6.86) - (6.87).

Remark 6.20 Let us note that (6.78) and (6.81) are in keeping with the require-
ment in Section 2.3 that <Q(x,A), 1> = 8(x) since Q = h here and in writing

for example
(6.88) §(x) = JH(x,u)dO(u)

one obtains O(y,P)$ = JG(Y,P)H(x,u)dG(u) = J@(y,u)ﬂ(x,u)dc(u) = K(y,x). In this

spirit one can then write
(6.89) (BE) (y) = <O(y,P)8(x), £(x)>.
Another way of writing (6.78) which displays S and T |is

(6.90) K(y,x)

~ A
szs T8 do;

s¥s '8 dp.

~ ~ N
K(x,y) J x

Remark 6.21 The formulations of section 2.3 are further combined with the pre-
ceeaing spectral considerations in Carroll [39] and a transform theory is develop-
ed, Thus given PH = puH, QO = p®, H(O,u) = O(0,u) =1, and H'(O,u) = O'(0,u) =
0 as above with P*Q = yQ and Q*Q = uﬁ satisfying <Q(x,uw), 1>o = 8(x) and

Qy,w, 1>o = 8(y) we write

(6.91)  PE() = <Qx,u), £(x)>

(6.92)  PE(W) = <H(x,), E(x)>

(6.93) MBF(x)

<F(W), H(x.u)>o
(6.94) PF(x) =<F(u), H(x,u)>p

(6.95) PF(x) = <F(W), x,u)>;

(6.96) g = <A(y,v), g(y)>

(6.97) Qg(v) = <B(y,v), gl(y)>
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(6.98)  AG(y) = <G(v), O(y,v)>p

(6.99)  Q6(y) = <G(V), O(y,v)>;

(6.100)  @QG(y) = <G(Vv), ﬁ(y,v)>p

where the subscripts O or ¢ indicates different spectral pairings in conform-

ity with our notation above. Then if everything fits together one has

Theorem 6.22 48 = 13—1, \/Q=*/J--l, P= P-l, Q= Q_l, B=8P, and B = B_l =

PA. This implies also Q-l =B and 'IP_l =JI1gH.

Observe that in Section 2.3 (equation (3.31)) we used the symbol T for £ and
2 for /A ; the particular nature of the kernels there made this permissable. For
further results on the transform theory see Appendix 2. For nonselfadjoint opera-

tors see also Marcenko [4] and Gasymov [6].
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APPENDIX 1

We will outline here someof the basic ideas from functional analysis which are
used in the text. The proofs are all standard and can be found for example in
Bourbaki [1; 2], Carroll (4], Dunford-Schwartz [1], Garsoux [1], Horvath (11,
Kothe [1], Marinescu [1], Nachbin[1l], Reed-Simon [1], Schwartz (1], Treves (11,
and Yosida (1] (ef. also Bjorck (1], Ehrenpreis [2], Rosinger {1]). The material
can be thought of as a kind of minimal working background. First assuming known
the concept of a vector space we define a seminorm in a vector space F over L

to be a function p : F *“m+ satisfying
(1.1) p(x +y) < p(x) +p(y): plox) = {a|px).

If in addition p(x) = 0 implies x = 0 then p 1is called a norm. Now a
topology on F consists of the prescription of a family of open sets @0 satisfy-

ing
Uou € 0 (any index set),
ﬁoa € 0 (finite intersection), F& 0, and ¢ € 0

(¢ being the empty set); F is a topological vector space (TVS) 1if the vector
space operations (a,x) *ax : £ X F~-+F, (x,y) *x+y: FxF~>F, and x +» -x:
F + F are continuous with this topology (see below). A neighborhood (nbh) of a
point x € F 1is any set containing an open set containing x. Thus a set is

open if and only if it is a nbh of each of its points and we denote by N(x) the
nbhs of x. In a linear vector space F one has N(x) = x + N(0) so the topology
is completely determined by N(0). Here, given a family N(x) satisfying (a)
every set in F containing a set in N(x) itself belongs to N(x) (b) Ni € N(x)
implies ﬁNi € N(x) (finite intersection) (¢} x € N if N € N(x), and (4d) if

V € N(x) there exists W € N(x) such that V € N(y) for all y € W, it follows

that there is a unique topology on F such that N(x) 1is the family of nbhs of

181
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x. Indeed one simply picks as open sets those O such that O € N(x) for each
x € 0. A family B(x) € N(x) 1s called a base of nbhs or a fundamental system
of nbhs at x 1f every N € N(x) contains a set B € B(x). N(x) 1is then re-
covered as the family of sets containing a set in B(x). A family B(x), pre-
scribed for each x € F, qualifies as a fsn, 1f for example (a) each B € B(x)

contains x (b) B,,B, € B(x) implies B, N B, D B, € B(x) and (c) axiom

1272 1 2 3
(d) above holds for B(x).

Definition 1.1 A locally convex TVS {abbreviated LCS) is a topological vector
space F whose topology is defined by a family of seminorms. Thus 1f Va(s) =
{x € F; pq(x) < €} then a fsn B(0) 1s taken to be the family of finite iuter-

sections of the Vu(c) with B(x) = x + B(0).

We recall also that closed sets are the complements of open sets and the closure
B of a set B, defined as the smallest closed set containing B, can be character-
ized as the set of x such that every nbh of x intersects B. Further,
directing the nbhs U of x by inclusion, if x € B then picking Xy EBRNU
one can produce a net Xy »> X. Recall here that a net in F 1is a pair (Su,z)
where Sa € F and > directs the set of o (i.e. a>8, B>y=a>y;

a > a; and given «,B 3y with ¥y >a and Y > 8). A net Sa is eventually in
aset B 1f FT R such that o 3_5 = Su € B; SOL converges to X < Sa is
eventually in every nbh of x. Thus in general a set B C F 1is closed if and
only if no net in B converges to a point in F ~ B. Hence closed sets, and
consequently open sets, are completely characterized by convergence properties.
Therefore the topology is completely described in terms of convergence. We
remark also that a topological space F is separated or Hausdorff if for any

X,y €EF I open sets U 3 x and V 3y such that UOV = &; all TVS will be

assumed separated unless otherwise stated.

Now to construct the Schwartz distributions in 'Rn let Km C Km+1 be an in-

n
creasing sequence of compact sets with UKm =R . Let Dm be the vector space

of Cc0 complex valued functions with support in Km. The support of ¢, written
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supp ¢, 1s the smallest closed set outside of which ¢ = 0; equivalently it is the

closure of the set of x where f(x) # 0. Define seminorms in D by
m

(1.2) N (¢) = sup|DP4|
P XER
m
P pl Py
where D™ = Dl A Dn with Dk = a/axk. Define now, with |p| = Zpi,
(1.3 V(R e) = {p €D 5 N (0) < el
(1.4) VK he,8) = (0 €D 5 N (@) <e for [p] <s).

1 1
Evidently V(Km, o s) = ﬁVp(Km, H) for |p| < s, and this particular set of

finite intersections for n = 1,2,... and s = 0,1,... suffices to define B(0)
in Dm as indicated in Definition 1.1. To verify that the vector space operations

(a,9) > ad, (d,9) > ¢ + ¢, and ¢ > ~¢ are continuous we recall

Definition 1.2 A map f : F > G between two topological spaces is continuous at
x 1If for any W€ N(f(x)) 3 V € N(x) such that f(V) C W. Equivalently f-l(U)

should be open for any open U.

For linear maps between TVS one need only check continuity at 0 (since N(x) =

x + N(0)) and this is routine now for Dm. We note also that N(0) 1in Dm has

a countable fsn B(0) as defined and thus closure and convergence can be discussed
in terms of sequences (nets are not necessary). Such a LCS will be metrizable
which means there can be defined on F = Dm a metric function d : F x F > R+

satisfying

(1.5) d(x,y)

| v

0; d(x,y) = d(y,x);

d(x,z) < d(x,y) + d(y,z)

and d(x,y) = 0 = x =y such that the sets Vn(x) = {y € F; d(x,y) f'%} form a
fsn at x. Such a metric can easily be constructed but we omit details (see
Carroll [4], Kothe [1]). We recall next that a net Sa in a TVS is Cauchy if

given any V€ N(0) J B8 such that § - 5, €V for a,y > B. Such a space F
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is complete if every Cauchy net converges. When F is metrizable it 1s complete
if every Cauchy sequence converges. (Unless otherwise stated all spaces will be
complete.) A complete metrizable LCS is called a Frechet space and a complete
normed space 1s a Banach space. The construction of Dm now yields, with a

routine argument for completeness, the result that Dm is a Frechet space.

Let now D be the vector space of all C00 functions with Fompact support in Rn.
Clearly Dm C D and we denote by L the injection 1 : Dm + D. We shall put
on D the finest locally convex topology such that all im are continuous. Here
finest means strongest in the sense of having the largest collection of open sets
or nbhs. We shall construct the nbh system explicitly and recall first that a set
B is disced if x € B and |aof <1 implies ox € B. A set B 1in a TVS over

R 1is convex if x,y € B and 0 < A <1 implies Ax + (1 - X))y € B. If F 1is
a TVS over [ Ilet Fo be the same spacé over R with multiplication by 1
considered as an automorphism of Fo. Then B C F 1is convex if it is convex in
F. Aset B is called absorbing if for x € F x € AB when || 2_%0. Given

a convex disced absorbing set B C F one defines the gauge of B or the Minkowskil
functional as pB(x) = inf{}; x € AB} for A > 0. Then Py is a seminorm and
B={x¢€ F; pB(x) f.l}. Thus 1f one has a TVS with a fsn consisting of convex
disced absorbing sets then the topology can be defined by a family of seminorms

as in Definition 1.1 so the space is locally convex. Now for D let Vm € N(0)
in Dm and write F(UVm) for the convex disced envelope in D of UVm; this 1is
the smallest convex disced set in 0 containing B = UVm. Let A be the collec-
tion of such F(UVm) and take it as a fsn for a topology T on D. Since Vm C
F(UVm) with im(Vm) = Vm we see that im is continuous. On the other hand if
im is continuous for a locally convex topology T' on 0 and V 1s a convex
disced nbh of 0 for T' then V 2 T(U(V N Dm)) with v N Dm € N(0) 1in Dm
since i;l(V) =vVnN Dm' Hence V€ N(0) for T and T 1is stronger than T'.
The sets B = F(UVm) are absorbing since they are taken as nbhs of 0 and

(v,x) >~ yx is continuous; hence the topology T 1is locally convex and indeed

the finest locally coavex topology on D such that the im are all continuous.
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The space D with this topology is called the strict inductive limit of the Dm
and one easily checks that it is independent of the defining sequence K C K 1
m ™

with WK =R". We remark also that if Q cr" is any open set and K C K
m m m+1
is a sequence of compact sets in § with UK = Q then one defines D(R) in the

same manner.

There are other equivalent ways of defining the topology of 0 (cf. Schwartz [1],
ngmander [1]) but the above method is perhpas the most revealing. A crucial
property of this topology; which allows one usually to replace net arguments by

sequence arguments, is determined by

Theorem 1.3 A linear map f : D > F, F a LCS, is continuous if and only if each

restriction f = fID : D > F is continuous.
m m
m

To prove this simply note that f is continuous < f-l(V) € N(0) in D for
VE B(0) in F. Take V convex and disced so that f-l(V) is also and then
f—l(V) € N(0) in D = f—l(V) n Dm € N(0) 1in Dm which is equivalent to saying
fm is continuous. We now define the Schwartz distributions in R" as the space
D' of continuous linear maps D - C; this is called the (topological) dual of D
(similarly one obtaind D'(Q) for £ CR" open). That it is not a trivial space
follows from the Hahn-Banach theorem below but one can also produce elements of

D; directly. For example the & "function" is defined by (¢ € D)

(1.6) 8(0) = <8,¢> = ¢(0).

If f€ Lioc then f determines an element f € D' by the rule

00

(1.7) <f,p> = J f(x)p(x)dx.

The idea in constructing distributions is partly to have a space where one can
differentiate the objects at will so that a theory of differential operators can
be developed. That this is possible and natural follows now from the fact that

if f € Cl(IU for example then
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<f, ¢p'> = Jf¢>'dx = —Jf'd)dx ~<f', o>,

Then if T € D'(R") we define
= - >
(1.8) <D, T, ¢> = =<T, D¢

where Dk = 3/3xk.‘ This makes sense since the map ¢ ~ Dk¢ : D> 0 {is obviously
continuous so that ¢ - <T, Dk¢> : D> T 1is continuous and defines therefore a

distribution.

We will define some further spaces of distributions now and then give some addi-
tional general information about functional analysis which should be of use in the
text. First for TE€ D' one says T =0 in an open set cr" if <T, ¢» = Q
for all ¢ € D(Q) where D(Q) 1is the space of ¢” functions with compact Sup-
port in . UQ where T = 0 4is open and its complement is defined to be the
support of T (written supp T). Thus x € supp T 1if T + 0 1in any open nbh

of x. Let now E = Cm(HJS (no restriction on supports) with topology defined

as follows. Let K CK be a sequence of compact sets as before with WK =
m mt+l m

R and define Np(¢), Vp(Km,e), and V(Km,E,S) as before but referred to func-

tions ¢ € E. Then take the sets V(Km, %3 s), m=1,2,..., n=1,2,...,

s =0,.,..., as a fsn at 0 for E., This is a countable family and E will be
metrizable; since it is also easily seen to be complete £ 1is a Frechet space.

Next let S be the space of ¢” functions on R" decreasing as lxl + o, along

with all derivatives, faster than any power of 1/|x|. Thus if P(x) is any

polynomial and Q(D) any polynomial in the Dk then P(x)Q(D)¢ 1is a continuous
bounded function on R" when dE€S. As a fsn of 0 in S we take the sets

(k =0,1,...; 9 =1,2,...; m= 0,1,...)

(1.9 umk,q) = (o€ S; 1+ |xI%)*oPy] i;ll‘}
for Ipl <m and x €R". Thus one is dealing with seminorms Nm k = SuP nP K
for |p| < m where o, k(d)) = sup (1 + |x[2)leP¢] for x €R". Again we have

a countable fsn and S 1is easily seen to be complete; hence S 1is also a



APPENDIX 1 187

Frechet space.

The two spaces E' and S' paly an important role in the theory of distributions
(recall F' 1is the space of continuous linear maps F - L). One must show of
course that E' C D' and S' C D' (it does require proof) and then one can

prove that E' is the space of distributions with compact support. The space S'
on the other hand provides a natural setting for the Fourier transform defined as

follows. For ¢ € S set

o]

(1.10) F(d) = d(s) = J $(x)exp i<s,x>dx

-0

where <s,x> = insi. The inversion formula is (cf Titchmarsh [1] for proof)

(1.11) T(&) = ¢(x) = L o J $(s)exp(-i<s,x>)dx.

(2m) " 4 e

It is easily seen that F: S > S 1is an isomorphism of LCS. Next we recall the

Parseval formula (<, > 1is simply integration)
(1.12) <Fp, V> = <¢, Fy>

valid for functions in S. Let T € S' and consider the linear map Y - <T, Fy>
: S> L where <,> denotes S - S' duality. Since F: S > S is continuous
this determines an element of S' which we denote by FT so that <FT, y> =

<T, fP>. This extends F to a map S' » §' which will be an algebraic isomor-

phism.

In order to define convolution, and for other applications in Chapter 1, we need
the idea of tensor product. Thus let F and G be LCS and define B(F,G; C)
to be the space of bilinear forms F x G > L. (The constructions are algebraic
until otherwise indicated.) Let A = A(F, G) be the set of all formal finite
linear combinations Zuj(fj’gj) with uj € L. Then let us define a vector
space structure on A by uZuj(fj, gj) = Zuaj(fj, gj) and Zaj(fj’ gj) +
ZBk(fk, gk) = Z(u2 + 82)(fg, gg) where the £ indices include the j and k

indices. Let Ao be the subvector space of finite linear combinations with
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coefficients in € of elements of the form (f1 + f2,g) - (fl,g) - (f2’g)’

(f’gl + g2) - (f,gl) - (f,gz), (of,g) - a(f,g), and (f,0g) - a(f,g). Then the
tensor product F 8 G 1is defined to be the vector space A/Ao. If b € B(F,G; T)
we can extend 1t to be a linear map b : A > & by the rule b(Zaj(fj,gj)) =
Zajb(fj,gj)

/\//\o to define a linear map é : FOG~>C. Similarly 1if é 1s a linear map

and since b vanishes on Ao we can factor it through the quotient

F®G~> T it defines a bilinear map b(f,g) = é(f ® g) from F X G to €. Thus
one has a 1-1 correspondence {algebraic) between B(F,G; L) and L(F & G; )
where L(H; K) denotes linear maps H > K. The tensor product can also be
characterized in terms of a universal factorization property (see e.g. Carroll
[4]). Next let us recall that if E 1s a TVS there exists a unique (up to iso-
morphism) complete TVS denoted by E such that E 1is isomorphic as a TVS to a
dense subspace of E. There are various natural topologies on F ® G for LCS
F and G due to Grothendieck [1}. The w topology 1s characterized by the pro-
perty that L(F @“ Gy T) = B(F,Gy T) where L and B refer to continuous maps;
we will not have occasion to use the W topology. The € topology on F & G
is the topology of uniform convergence on products of (convex, disced) equicontin-
uous sets in F' x G', Here a set H C L(E; T) = E' 1s equicontinuous if given
€ the set ﬁh'_1{|z| <g} for h'€H is anbh of O 1in E; equivalently
VEN) 1in E such that h'(Vv) C {|z| < g} for h' € H., Thus a net e, > 0
in F ®€ G if <e.s (f',g"')> + 0 uniformly for f' € A and g' € B when AC
F' and B C G' are convex, disced, equicontinuous sets; the completion in the
€ topology is denoted by F @E G. In general the m topology is stronger than
the € topology and when E 1s a so called nuclear space the canonical injection
E @ﬂ F->E @C F 1s an 1isomorphism into, for every LCS F. Most of the distribu-
tion spaces are nuclear but we will not explicitly use this property. Now for
S D; and T E 9; one can identify S, 8 Ty with the distribution W € D;,y
defined by <W, ¢(x,y)> = <8, <Ty, o(x,y)>> = <Ty, <S_» d(x,y)>> for ¢ € Dx,y'
Here one notes that there 1s a natural map D; ] D; into (Px <] Dy)* =

L(Dx ] Dy; T) defined by extending the map <S 8 T, ¢ & > = <S,p><T,YP> and
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*
thus W acts like Sx ® Ty in (Dx 8 Dy) . But W can easily be shown to be

continuous D + € and since Dx 8 Dy is clearly dense in Dx we have
> >
A 1

] 1
W=S§_®T in D which gives an algebraic map D 8 D into D_ . The
X y X,y X y X,y
Schwartz kernel theorem, which we do not need, states in fact that
v oA L} A L} 1
" = D = D D Iy . Iy
Dx @e Dy . x( y) algebraically and topologically (for suitably defined

topologies). Using the tensor product one can now define the convolution § * T,

when it makes sense, by

(1.13) <8 * T,%> = <8 B T,¢(£ + n)>

) 1
for ¢ € Dx’ s € Dx' and T € Dx' One must be careful with supports here since

(€,n) > (€ + n) does not have compact support in general. It can be easily
' ] '
demonstrated that if S € Ex and T € Dx however then S * T € Dx is well

defined. For suitable functions S and T of course
(8 * T)(x) = J S(x-y)T(y)dy.

Further it is easily verified that Dkd * T = DkT and also Dk(S * T) =

Dkd S *T = DkS * T =8 % DkT assuming S * T makes sense. We mention two

0
more spaces which play a role in convolution. Let OM be the space of C func-

tions on R such that Dp¢ is bounded by a polynomial (depending on p). Thus

£0P$  is bounded for £ €S and ¢ € OM and we say ¢, > 0 in OM if for any

p and any f € S one has po¢a + 0 uniformly in R". Define further OC =

1 1
c . . o =3 -— -
FOM (OM S evidently) and stipulate that gy OC converges FSa con
L} 1

]
verges in OM' Then OM is the space of multipliers S ~ § and OC maps

) 1
S * S under convolution.

It will be useful to define also the idea of the order of a distribution. Let

7" be the space of C" functions with compact support (i.e. Dp¢ ec® for

n

m m
. = C i = .
fp| < m). Clearly D uUp (Kn) where K K, are compact with U K =R

1
Topologize Dm(Kn) in the obvious manner and put on Dm the finest locally con-

vex topology such that all in : Dm(Kn) » D™ are continuous. The same construc—

tion also applies for Dm(Q) when © C R" 1is open. One has a sequence of
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'm "ml

1
continuous maps Dm+l > ™ and injections 0 =~ -+ D where D™ = L(Dm;E). A

1
-1
distribution is said to be of order m if it belongs to D ™ but not to D™

L)
It can be shown that every T € E is of finite order for example. If one writes

0 .
K for the strict inductive limit of Cg(Kn) ={¢ €C; supp¢C Kn} then K is

'0

1 1
defined to be the spaceof Radon measures on RP(K =D ). If TED ™ then 3 a

finite family up of measures such that T = Z DpUp (IPI < m) where the deriva-

1] 1
tives are in D . If TEE"=0D"

1
NE and ¢ €E™ 1is such that Dp¢ =0 for

x € supp T and [p] <m then <T,$> = 0.

We mention also an elementary but useful fact about convergence of vector valued
functions. If t € R and f(t) € F where F is e.g. a TVS then f(.) has a
limit 2 as t - to if for any sequence tn - tO f(tn) »> L. Another standard
fact is that if E and F are LCS with F complete and f is a continuous
linear map from a dense subspace ACE to F then f can be extended by con-

tinuity to a unique continuous linear map f : E > F. Now let us turn to some

observations about duality theory.

Theorem 1.4. (Hahn-Banach) Let p be a continuous seminorm in a complex LCS
E and suppose given a linear form £ defined on a closed subspace F C E such
that |(x)] < p(x) for x € F. Then 2 may be extended to a continuous linear

form 2 on E with |i(x)| < p(x) for x €E.

In particular if x, € E define £ on {xo} = {ax o €L} by 2(ux0)=(xp(x0)

0 0}

]
and extend & to E. This gives the existence of nontrivial elements of E sa

1
one has nontrivial duvuals E for E a LCS since continuous seminorms exist.
Now let us define a set B 1n a TVS to be bounded if it is absorbed by any nbh

of 0 or equivalently by any V € B(0); this means B C AV for |A| > A One

0
notes that Cauchy sequences are bounded. Two TVS F and G are said to be in

duality if there 1s a bilinear form <+:»«> on F x G with the properties (1) for
any x # 0 in F there is a y € G such that <x,y> # 0 (2) for any y # Q0 in

G there is an x € F sguch that <x,y> # 0. Clearly if F is an LCS and F'

its dual then the natural pairing < , > establishes a duality between F and
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'
F Let F be dual to F with F an LCS. Then the strong topology B(F ,F)

'
on F is the topology of uniform convergence on bounded sets of F; seminorms of

) )
the form pB(f ) = sup |<f ,f> for f € B bounded can be used. One can use

here as a fsn the polars of closed bounded disced sets B C F where the polar

B° of a disced B is

B ={f €F; |[<f 5] <1 for f €B}.

)
If F 1is a normed space then the strong topology in F  has the norm determined

L 1 1] '
by Ilf ‘] = sup |<f ,f>| for ||fll < 1. The weak topology O(F ,F) on F is
) ) ) )
the coarsest topology on F making all the linear maps f > <f ,f> : F > T
) 1]
continuous. Thus F C EF = HFE and o(F ,F) 1is the induced product topology

1 4
with a fsn of O consisting of finite intersections of sets {f €F ;

)
<f ,f>| E_E]. A barrel in a TVS 1is a closed, convex, disced, absorbing set and
a space is called barreled if every barrel is 2 nbh of 0. A Baire-space is a

topological space such that every countable union of closed sets without interior

points itself has no interior point.
Theorem 1.5. A complete metrizable space is Baire. Every Baire LCS 1is barreled.

As a corollary we see that every Frechet or Banach space is barreled and a further
elementary argument shows that D is also barreled. Now let E and F be LCS
and consider the vector space L(E;F) of continuous linear maps E > F. Let V
run over a fsn of O in F composed of convex closed disced sets and B run
over all bounded convex disced sets in E. The strong topology in L(E;F) has a
fsn of 0 composed of sets N(B,V) = {u € L(E;F); u(B) € V}. The weak topology
or topology of simple convergence has a fsn of 0O composed of finite intersec-
tions of sets N(x,V) = {u € L(E;F); u(x) C V: x € E}. A set H C L(E;F) 1is then
strongly bounded if H C AN(B,V) for Ix] Z_AO or equivalently U y‘(B) C AV

) 1

‘—.
for y €H or equivalently BC A Iy 1(V) for y € H. Thus it is required

[ '
that Oy 1(V) for y € H absorb every bounded set. Similarly H C L(E;F) is

_ v
weakly bounded <= My 1(V) for y € H absorbs every point. A set H C L(E;F)
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[ '
is equicontinuous if Ny l(V) for vy €H 1is a nbh of 0 in E. Obviously

if H C L(E;F) 1is equicontinuous then it is both weakly and strongly bounded. On
the other hand it is easy to see that if E 1is barreled then every weakly bounded
H C L(E;F) 1is both strongly bounded and equicontinuous. Now for V a convex
disced nbh of 0 ina LCS F one says a set A CF is small of order V 1if
for any x,y € A it follows that x - y € V. A set B CF is said to be precom-
pact if for any V as indicated there is a finite covering of B by sets x5 + V
which are small of order V. One knows that B is compact < B 1is precompact
and complete, It is easy to show now that if H C L{E;F) is equicontinuous for
LCS E and F then the weak topology on H 1is equivalent to the topology of

uniform convergence on precompact subsets of E and this leads to

Theorem 1.6. (Banach-Steinhaus) Let E be barreled and Un € L(E;F) a sequence
converging simply to a map U0 : E+ F. Then U0 € L(E;F) and Un + U0 uni-
formly on precompact subsets of E. If Ua € L(E;F) 1is a simply counded net con-
verging simply on a dense subset E CE to a map U0 : E+ F then U0 € L(E;F)

and Uu hd U0 uniformly on precompact subsets of E.

Recall next that a set A in a TVS E is said to be relatively compact if A

is compact and compact means of course that any covering by open sets has a finite
subcovering. A topological space is locally compact if every point has a compact
nbh. C(E;F) means continuous maps E *+ F, not necessarily linear; we cite

then

Theorem 1.7. (Ascoli) Let E be locally compact and F a TVS (both Hausdorff
spaces). Then H C C(E;F) 1is relatively compact for the topology of uniform con-
vergence on compact subsets of E < H 1is equicontinuous and for all X € E the

set H(x) = {h(x); h € H} is relatively compact in F.

One can show that B C D 1is bounded = B C Dm for some m and is bounded there,
Using the above theorems it then follows that bounded sets in D or E are rela-
tively compact. A LCS which is barreled and in which every bounded set is rela-

tively compact is called a Montel space so that D and E are Montel spaces (as
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also is S). These facts allow one to assert that if a sequence Tj €D is
weakly convergent then it is strongly convergent; also Dk : D' > D' 1is contin-
uous in the strong topology. We mention also in passing that U and D' are com-
plete and D', E', and S' are Montel since the strong dual of a Montel space is
Montel; E' and 8' are also complete. If E is a TVS with strong dual E'
then e € E determines a continuous linear map e' » <e,e'> : E' > L embedding

E into E". 1If this map is onto E is called semireflexive and if in addition

the strong topology of E" coincides with the topology of E then E 1is called

reflexive. The spaces U, §, and E are all reflexive.

Next let u : E=> F be a continuous linear map where E and F are LCS. Then
u 1is continuous from o(E,E') to o(F,F') and its transpose YW:F' > E' is
continuous from F' > E' and from o(F',F) to O(E',E). Here one writes
<u(e),f'> = <e,tu(f')> and O(E,E') for example is the induced topology from

EE' = HE,E. In fact any linear u continuous for o(E,E') and o(F,F') can be
represented as <u(e),f'> = <e,tu(f')> where tu is continuous for o(F',F) and

o(E',E). The Mackey topology T(E,E') on E 1is the topology of uniform conver-

gence on closed disced o(E',E) compact sets in "E'.

Theorem 1.8. (Mackey-Arens) A topology T on E 1is compatible with the E - E'
duality (i.e. yields E' as dual) if and only if T is a topology of uniform

convergence on sets coverin E' which are convex disced and O(E',E) compact.
g g » P

Thus a topology T on E yields E' as dual = o(E,E') C T C t(E,E'). Further
if a linear u : E+ F 1is continuous for o(E,E') and o(F,F') then it is con-
tinuous for T(E,E') and <T(F,F'). If E 1is barreled its initial topology must
be T(E,E') and in particular, using the Tichonov theorem, the strongly closed
unit ball in the dual E' of a Banach space E 1is weakly compact. A geometric
version of the Hahn-Banach theorem asserts that if A 1is a closed convex set in a
TVS E and x ¢ A then they are separated by a closed hyperplane. As a conse-
quence every closed convex A C E 1is the intersection of the closed halfspaces

containing it. Since closed hyperplanes are determined by E' the closed convex
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convex sets in E are the same for all topologies compatible with E - E' dual-
ity. In fact the bounded sets in E are the same for all such topologies. Next

we mention

Theorem 1.9. (Theorem of bipolars) Let ACE with E a LCS. Then A00 is

the closed convex envelope for O(E,E') of A and O.

A few facts and definitions about vector valued functions and distributions will
also be useful. The space K was defined earlier in discussing the order of a
distribution and its dual K’ 1is the space of Radon measures. Denote R" or m}
or any open { C R" by E and define K(E) 1in the same way; if one has a compact
E use CO(E) instead with uniform convergence and measures are elements of the
dual. Let 4 €K' and z' € F' (F isa LCS over R) and let f : E* F be
continuous with compact support (we speak then of f € K(E,F)). Then x >
<f(x),z' : E» R 1is éontinuous with compact support and one sets ¢(z') =

f <f(x),z'> du. This defines a linear form on F' and hence an element of Fr¥
(* denotes algebraic dual) which we call u(f) or f fdu so that

< ffdu,z'> =< ff(x),z'> di. We note that O(F'*,F') induces on F the topology
o(F,F'). If h : E~ [0,1] is continuous with compact support, h =1 on

K = supp f, and C 1is the weakly closed convex envelope of f(E) in F'* then
f fdu € u(h)C C F'* for any positive u. If the closed convex envelope in F of
a compact set is compact then WM(f) € F and this holds whenever F 1is complete

for example or in the weak topology of the dual of a Banach space.

Now for ¢ € K(E) and 1 < p <« write Np(¢) = ( IE 1¢(x)[pdu)1/p. For h >0
lower semicontinuous define f* hduy = sup f ¢du for ¢ < h. For any g>0

f* gdy = inf f* hdp for h > g lower semicontinuous. Let F be a Banach space
now and FP(E,F) be the space of all functions E = F, defined everywhere on E,
such that Np(f) = (I*I[f(x)llpdu)l!p < ©, With Np as seminorm FP(E,F) is
complete but it 1s not Hausdorff. Let NP(E,F) be the adherence of 0 in
FP(E,F) and LP(E,F) the closure of K(E,F) 1in FP(E,F); then LP(E,F) =

LP(E,F)/NP(E,F). We know if f € K(E,F) and F is Banach then ffdu € F;
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further llffdu|| f_f||f(x)||du = Nl(f). Hence f ~ ffdu : K(E,F) ~ F is contin-
uous when K(E,F) has the topology of Ll(E,F). Since K(E,F) 1is dense we can
extend this map to Ll(E,F) to define ffdu € F. Since any real measure can be
written M =p - U with U+ >0, U- > 0 one can speak of integrating with
respect to any measure; complex measures can also be handled routinely. A func-
tion f : E~+ F is said to be scalarly integrable if for any 2z' € F'

x> <f(x),z'> 1is integrable. If for example F 1is reflexive Banach and f(K)

is bounded for K compact then a scalarly integrable f satisfies ffdu € F.

For F Banach f : E~> F 1s p-measurable if for any compact KCE and € > 0
there is a compact K' C K with p(K N K') < e and f continuous on K'. Equi-
valently f is p-measurable < a) for every 2z' € F' x ~ <f(x),z'> 1is measur-
able and b) for any compact K C E there is a denumerable H C F such that

f(x) €H for Y almost all x € K.

Define now D'(F) = L(D;F), F' a LCS; no topology will be needed here but it is
instructive to think of D'(F) = D'@E F. Let Dk = 8/8xk and define Dk in
D'(F) as the extension by continuity of D, 8 I in D' ®E F. This is continuous

in the & topology since if UC D" =D and V C F' are equicontinuous, ¢ € U,

f' € Vv then

t = _ t
<Z DT, <] £, ¢ 8 f'> <Z T, 8 fa, D ¢ 8 £'>

and DkU is equicontinuous with U. Clearly one has

Ty — Ty — ]
<I DT ® £, ¢ 8 £'>=<I<DT, ¢> £ ,£'> =< <f ,£'> DT 4>

and this leads to the determination of DkT’ T € D'(F), by either of the rules

<DkT, o> = - <T,Dk¢> in F or <D T,f'> =

1 : 1
K <T,f'> in D'.

Dy
A few more general facts should be mentioned. Let L : E > F be a linear operator
defined on a dense linear set D(L) CE {(E and F can be general LCS). The
graph G(L) of L 1is the set of pairs (e,Le) Ex F for e € D(L). L is
closed if G(L) 1is closed and L 1is closable if GZET is a graph (i.e. G(L)

_ [ *
contains no elements (o,f)); L 1is the operator with graph G(L). D(L ) is the
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set of f' € F' such that e » <Le,f'> : D(L) > € 1is continuous when D(L) has
the topology of E. Extending by continuity we get an e' = L*f' € E' with
<L*f‘,e> = <Le,f'>., L 1s closable if and only if L* is densely defined and
then L = L**. A family T(t) € L(F), F Banach, is called a strongly contin-
semigroup if T(t+1) = T(t)T(t), T(0) = I, and t > T(t) € CO(LS(F)), 0 <t <oy
other kinds of groups and semigroups are defined in Chapter 1 and we need not deal
with them here. The infinitesimal generator A of T(t) 1is the linear operator
defined for x € D(A) by Ax = lim (T(t)x - x)/t as t » 0. D(A) 1s dense, A
is closed and for t > O, Dt T(t)x = AT(t)x = T(t)Ax for x € D(A). The resol-
vant RA(A) = (AL - A)—l is defined for Re A>w, where w, = lim log lIT(t)|]/t

0 0

as t > and

(1.14) RA(A)x = f”exp(—kt)T(t)xdt

0
Theorem 1.10. (Hille-Yosida-Phillips-Miyadera) A necessary and sufficient condi-
tion for a closed linear operator A with dense domain to generate a strongly
continuous semigroup T(t) 1s that there exist m > 0 and Wy such that

ot - A)_n|] <m/(A - w for real X > w, and all integers n. In this event

0) 0

HTe) ] < m exp wgt.

A corollary is the classical Hille-Yosida theorem which states that a necessary
and sufficient condition for a closed densely defined linear A to generate a
strongly continuous semigroup of contractions is that ||(A\I - A)_lll < 1/x for
A > 0. In a Hilbert space A generates a strongly continuous semigroup of con-
tractions 1f and only if it is a closed maximal dissipative operator with dense
domain. A dissipative means Re(Ax,x) < 0 for x € D(A) and maximal dissipative
means A 1s not the proper restriction of another linear dissipative operator.
Amap A : E~>F, E and F Banach, is called open if it maps open sets to open
sets or equivalently if |[|e]] < cffael| for e € D(A). If A 1is a closed
densely defined linear map E - F then the following are equivalent: (a) R(A)
is closed (b) R(A*) is closed (c) A 1is open (d) A* is open (e) R(A) =

* * .
{f; < £,£'> =0 for f' EN(A )} (f) R(A) = {e'; <e',e> = 0 for e € N(A)}
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(here N and R denote nullspace and range respectively).

Theorem 1.11. (Banach) Let E and F be complete metrizable TVS. Then every

continuous linear map u : E > F, onto F, 1is open,

A corollary is the closed graph theorem stating that a linear map u : E~> F

(into) is continuous if and only if G(u) = graph u 1is closed (E and F com—
plete metrizable). We recall next that a Banach algebra B 1is a Banach space
which is an algebra over T with [[xy[{ f_[[x[[ [[y[l. We assume B 1is commuta-
tive and has an identity e with |]e]] = 1. An element x is regular if xnl
exists and otherwise singular. The group G of regular elements in B is open
with x - x_l continuous. An ideal I C B 1is maximal if I C B properly and is
not contained in any other ideal. B/I is a field if and only if I is maximal
and in fact B/I = T; for x € B one writes x for its image in B/I and one
can write X = Aé with ||%|| = |A|. This identifies % with A. The spectrum
0(x) of x 1is the set of A such that x = Ae 1is singular and the resolvant
set p(x) 1s the set of A where x - Ae 1is regular. The resolvant is again
Rk(x) = (>\e—x)_l defined in p(x). 0(x) 1is a nonvoid closed bounded set and

Rk(x) is analytic in p(x), vanishing of «, and satisfying
R, (x) - Ru(x) = (u- X)RX(X)RU(X)-

If ¢ : B> T 1is a continuous homomorphism then ker ¢ = I is a maximal ideal.
The converse also holds and the set ¢B of maximal ideals is called the carrier

space. ¢B is a weakly closed subset of the unit ball in B' and one writes
o(x) = %(9). ¢B is thus (weakly) compact and the map x > % : B C(@B) from B
into the space of continuous functions on a compact Hausdorff space is called the

Gelfand map. One sees that x_l exists if and only if %X does not vanish on

®B. Further o{x) 1is the set of values taken on by =x(¢) for ¢ € ¢B.

Let now f(z) be an analytic function in a nbh of o(x) and T be a smooth

closed curve enclosing o0(x). Then consider
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(1.15)  F(x) = E%I J e - x) " TEO) A
r

Clearly F(x) € B and ﬁ?;)(¢) = f(%(¢)). One has

Theorem 1.12. Let Z be a closed bounded set in & and H(Z) the algebra of
functions f analytic in some open ubh Qf of Z. Let DCB be the set of
elements x € B with 0(x) € Z and for x € D define Jx : HE) + B by

Jx(f) = F(x) where F is defined by (1.15) with suitable T Then (a) Iy is

.
an algebra homomorphism (b) f(A) = 1 1implies F{x) = e (c) £(A) = XA implies
F(x) = x (d) If fn(k) converges uniformly on a compact nbh K of X, fn

analytic in an open nbh of K, then Fn(x) converges in norm.

In general the spectrum o(L) of a linear operator L € L(F), F Banach, is
divided into three parts: (1) the set of X € 0(L) such that AI - L 1is not

1 -1 1s called the point spectrum OP(L) (2) the set of A for which AI - L
is 1 -1 with (AL - L)F dense in F but not equal to F 1is called the con-
tinuous spectrum OC(L) (3) the set of XA such that (AI - L) 1is 1 - 1 but
(AT = L)F 1s not dense in F 1is the residual spectrum or(L). Similar consider-
ations apply to closed densely defined linear unbounded L. For such L o(L)

may be bounded, unbounded, void, or all of L. We assume p(L) 1is not void how-
ever in general. Then if H(L) 1is the set of functions analytic in some nbh of

0(L) and at ® and I 1s a suitable smooth curve enclosing o(L) one can write

= f(w L
(1.16)  £(L) = £(=)I + 57 f £(DR(,L)dA

where R(A,L) = RA(L) = (A1 - L)-l. Similar conclusions to those of Theorem 1.12
hold for such L, namely (fg)(L) = £f(L)g(L), o(f(L)) = f(o(L) U {=}), etc. A
subset A C o(L) which is both open and closed in o(L) 1is called a spectral set.
For such A there is a function f € H(L) equal to 1 on A and O elsewhere
on o(L); one writes E(A) = E(4,L) = f(L). The map A = E(A) is an isomorphism

from the Boolean algebra of spectral sets to the algebra of projections E(A) and

(1.17)  E(Q) = E%I f 01 - 1) lax
r
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where T surrounds A but no other point of G(L). Let us now go to a Hilbert
space H and let B be a commutative * algebra in L(H) (i.e. B 1is a com-
mutative Banach algebra of bounded operators with involution * which is simply
A~ A* here). Adjoin a unit e, the identity operator, if necessary. Then B
is isometrically * isomorphic to C(¢B) (A ~ g) and we write T : A =

C(@B) -+ B (this result is due to Gelfand-Naimark). By a theorem of Riesz there

is a measure U on A such that
T(H)x,y) = [ £MN)dur,x,y).

Further du(A,x,y) = du(x,y,x) and for each Borel set o € B there is a self-
adjoint spectral measure E(0) with u(8,x,y) = (E(8)x,y). One has E(0)A = AE(0)
for A€ B and T(f) = j f(A)AE(A) for f € C(A) (we write dE(A) = E(d\) occa-
sionally). Applied to a bounded normal operator L (LL* = L*L) these results
yield a spectral family of projections E(0) such that E vanishes on p(L)

while f(L) = f f(A)dE(A) for f € C(o(L)). This is called the spectral resolu-
tion of L. 1Iun fact for each complex bounded Borel function f on o(L) set

f(L) = f f(AE(dX) and f -+ f(L) 4is then a continuous * homomorphism of the
algebra of bounded Borel functions (sup norm) or ¢(L) dinto L(H) with 1 -1

and A > L. For L selfadjoint one has

b-§
J [R(u-ie,L) - R(p+ie,L)]du

(1.18) E(a,b) = lim +—
2mi a+6

€+0

§+o
Let us spell out a few more details for the selfadjoint case where o(L) 1is a
subset of (~=0,») and L may not be bounded. Let E(dA) be the resolution of

the identity or spectral resolution for L. Then for f a Borel function on

a(L),
D(f(L)) = {x € H; [ If(>\)l2 (E(dA)x,x) < =}
and (f(L)x,y) = f f(A)(E(dA)x,y). Further

(1.19)  R(,L) =r %(—if—) ;) E (L)
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one can also proceed somewhat differently and, taking H to be separable, it will
follow that there is a measure space (M,u), u finite, a unitary operator
U:H-> Lz(M,du), and a real function f on M finite a.e., such that

X € D(L) <= £(*)(Ux)(*) € LZ(M,du) and if ¢ € U(D(L) then ULU_1¢(X) = £(A)d(N).

-1
If h 1is a bounded Borel function on R define h(L) = U T U where

h(f) Th(e)
is the operator on LZ(M,du) acting as multiplication by h(f(A)). Then the map
¢(h > h(L)) from bounded Borel functions into L(H) 1is a (unique) algebraic *
homomorphism, norm continuous, and satisfies (a) 1f Lx = Zx then ¢(h)x = h(g)x
() h>0=8(h) >0 (c) Iif h (1) > h(1) pointwise with [|hn]|w < M then
$(hn) > $(h) strongly. Clearly h(A) = XA corresponds to $(h) =L but A has
to be obtained here as a limit of suitable bounded functions hn(A). A vector

x €H 1s cyclic for L if {h(L)x; h € qx(‘m) = dn functions vanishing at «}
is dense in H and if x 1is cyclic H = Lz( R.dux) where dux is determined by
f h(A)dux(A) = (x,h(L)X) and L becomes multiplication by A. 1In general H
decomposes into a direct sum of cyclic subspaces so that M above 1s a union of
copies of R and the function f(A) above arises in selecting a finite Y and
inserting Radon-Nikodym derivatives. The spectral projections arise in another

common notation as PQ = XQ(L) where is the characteristic function of .

9
For x €H (X,PQX) is a Borel measure on R denoted by d(x,Pyx) and a bounded
Borel function h determines h(L) by (x,h(L)x) = f h(A)d(x.PAx); this satisfies
the properties (a) - (c) etc. above and by uniqueness of $ must coincide with

h(L) defined there as U_lT

h(f)U' If h 1is an unbounded Borel function define

then
D, = D(h(L) = {x € H; [ [h(1)|? d(x.Byx) < )

and Dh is dense in H. Symbolically h(L) = f h(k)dPA and clearly dP, = dE(A).

A
Formula (1,18) holds also for unbounded L.

Still another point of view involves representing H as a direct integral of
Hilbert spaces IQ H(A)dv(A) which diagonalizes L (cf Carroll [4], Dixmier [1],

Maurin [1]). This is similar to writing H as L2(M.du) above where the
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Radon-Nikodym derivatives represented by f(A) are incorporated into dv. Gen-
erally let Z be a locally compact Hausdorff space and V a positive measure on
Z. A family or field of Hilbert spaces on 2 1is a map ¢ - H(Z), H(z) Hilbert,
and one looks at H = [[H(Z) with elements Z »+ x(Z) € H(Z). The field H(Z) 1is
measurable if there is a vector subspace E CH such that (a) for x € E

[ ||x(c)||C 1s measurable (|| ||C denotes the norm in H(Z)) (b) 1if y € H
is such that g - (x(é),y((,.))C is measurable for all x€ E then y € E (c)
there is a (fundamental) sequence o € E such that for each 7 € Z the closed
subspace of H(L) generated by the xk(C) equals H(Z). 1In particular H(LZ) 1is
separable. The elements of E are called measurable vectors and we let K be
the set of such vectors with l]x||2 = f ||x(€)l]§dv < ®©, This gives a prehilbert
structure on K with x = 0 meaning =x(C) = 0 a.e. The associated Hilbert space
will be denoted by H = fg H(Z)dv. A family A(Z) of linear operators in H(Z)
is called measurable if ¢ - A(Z)x(%Z) 1s measurable for x € H. An operator A
in H 1is diagonalizable if it is represented by functions A(z) 1in H(Z). 1If

A 1is a (suitable) commutative * algebra of operators in a separable Hilbert
space H with spectrum A ‘v @A then there 1s a measurable field of Hilbert spaces
H(Z) on A relative to a (basic) measure v such that H=H = fg H(z)dv and
the Gelfand map becomes an isomorphism ﬁn(A) onto the algebra of diagonalizable
operators. Applied to a selfadjoint operator A in H, possibly unbounded, one
obtains a direct integral over a possibly infinite interval such that A corre-

sonds to multiplication by ¢£.

It is appropriate here to indicate also the construction of generalized eigenfunc-
tions in the context of rigged Hilbert spaces (cf. Berezanskij [1], Gelfand-Silov
(31, ghulyan [1]). There are various ways to approach this and we simply choose
one. Thus let H be a Hilbert space and ¢ € H a dense nuclear space with con-
tinuous injection (everything separable) and think of U C L2 as a model situa-
tion. We will not dwell here on nuclearity; a main fact needed is that in ¢
bounded sets are relatively compact. For h € H the map ¢ » (h,$) : ¢ > & is

continuous and determines an element fh € ¢' written <fh,¢> so that we have
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$ CHC¢'; ¢' will be the antidual or conjugate linear dual. If dEX is a
spectral family of projections in H for example and o©(A) = (Exe,e) for e€ H
fixed one can show the existence of X, € $' such that <XA’¢> = d(Exe,¢)/d0 in
the sense of a Radon-Nikodym derivative. Indeed e = Exe considered as a func-
tional on ¢ 1is of strongly bounded variation since ¢ is nuclear and one writes
Xy = dEAe/dO. Now let H(e) be the subspace of H generated by the e, = Exe.

The Xy associated to e are orthonormal and complete in the sense that for

o €H(e) N O
(1.20) ¢ = r X 07Xy d0 (1)
a.2n  |fo]]? =r |<x, 0>} 20 00

and if <XA ¢> = 0 for all A then ¢ = 0. We note here that <XA’¢> = <¢’XA>'

Further
(1.22) E(A)e = f Xxd¢(x).
A

The space H can then be decomposed as an orthogonal direct sum of spaces H(ea)
and one has associated elements Xi € ¢'. Then for any ¢ € ¢ there results
(1.23) ¢ = E r; <¢,X(;>x§fd0d()\).

Let now A be a continuous linear operator A : ¢ +~ & with (Ad,¥) = ($,A) for
¢,y € b. Then A* : 9" > d' is continuous and extends A on &. If A admits
a selfadjoint extension to H then it has a complete system of eigenelements Xy
in ¢'. 1Indeed one starts from the associated resolution of the identity E, =

A

A
E(A_.) and constructs X, as above. Then

(L26)  <hg,8> = <x,Ab = Lin (KBS a0)
. 1 ”
- lin 55y B@e, fm AGE,9)
= lim —2 ME)E, ¢) = 1im —=< ( AdE.
= limggy (e AE@EG) = limFay (e, L )
1 XdEAe
= 1im G0 (JA AdEAe,(b) = lim (JA OC(AT’ P) = <>\X>\,¢>‘
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so that AXA = Ax For example if one takes for A the Sturm-Liouville operator

3
Ay = —-y" + qy for q € Coo real with say y'(0) = 6y(0), 6 real, then the XA

satisfy —x; + qxx = AXX' If e, is a system of generators for H = L2(O,w)

relative to EA set OQ(A) = (Exea,ea) and xa(x) = ha(x)y(x,k) where y(x,2)

is the classical solution of Ay = Ay (take here & = D). Set do(A) =

z hi(k)doa(X) and FQA) = [ y(E€,A)$(€)dE. Then ’

o

(1.25) p(x) = [ y(x,A)F(A)do (1)

and this can be extended to an isomorphism between L2(0,w) and L§ since

|l¢|lz=f; 16 G0 | 4ax = Jo |FQ) | 2do ).



This Page Intentionally Left Bl ank



APPENDIX 2

Notation of (2.6.91) - (2.6.100) with a few minor changes in expanding the frame-

work somewhat to fit the model situation of P(D) = Lm(D) and Q(D) = D2 (cf.

Section 2.3). Thus let in (2.6.91) and (2.6.96) (cf. Carroll [39]; Remark 2.6,21)
(2.1) P:E-E; A F>F

with inverses ¥ and 42 given by (2.6.93) and (2.6.98). Let in (2.6.92) and

(2.6.97)
1] 1
(2.2) PiE-T ; Q:F->TF

with inverses P and @ given by (2.6.95) and (2.6.100) (with notation changed
to o' and p'). The "twisting" transforms P and § given by (2.6.94) and

(2.6.99) will in general be unbounded operators (cf. below)

(2.3) IP:E‘O->E; Q:EO-’F.

Let us use the model indicated above to put together a realistic picture. Thus

(2.4) H(x,1) = R™(x,A) = 2™ (k1) O 3 Ox)
(2.5) Q0x,1) = 2727 (o) "2 ) LR (kL 0)
(2.6)  O(y,1) = Cos Ay; §(y,i) = % Cos My

for u = ~>\2. Then

m+y . N
(2.7)  BEQ) = 2 B )] = F)
2" (m+) ™

2™ (1) -m-%
(2.8) BF(x) = —xn;l—%‘*‘— ]Hm[)\ F(A) ]

-m-% L
and similarly for P and P, x ™ f(x) < >\m+7f(u) under Hankel transformation.
. 2 2
Now for suitable m, ]Hm will be an isometric isomorphism L7(0,®) - L7(0,*) and
3 ~ ~ —m-sn
we choose E = {f; xm+7f(x) € Lz} with E{j = {f; X m /2f(u) € L)%} = Lz(—m,(); do)

-m-% -m-5
where do = (-p) ™ %au/2/=5. Take now E' = {f; x " ‘f(x) € Lz} = JE (thus we do

205
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not identify E and E') and take 1%0' = (ﬁc)' = {?; Am%?(u) € Li} =

LZ(—w,O; do') where do' = (—u)m+1/zdu/2/-$. Note that the duality P - (ﬁc)'
for example is expressed in terms of the 'basic" measure dA = du/2\/—_u by the
rule <E,'§> = f E(u)g(u)dk. For Q we take F = L2(0,°°) =F and F =F =
L2(0,°°; dA), in identifying these spaces with their duals. Then the following

diagram displays the spaces and maps in a clear manner.

(2.9)

Theorem 2.1. The diagram (2.9) is a typical model of a transform theory based on

transmutation and in addition to the formulas of Theorem 2.6.22 displays the iden-
. * * * * * *

tifications 8 =P, /A =8, P =P, and § =@ which yield B = (§B) =PQ

* *
and B = (PQ) = @P.

A few further remarks are appropriate here and we refer to Carroll [39] for an
extensive treatment. First from Bf{y) = <B(y,x),f(x)> and 8 given by one of
its determinations (2.3.45) we see that f should have n derivatives when

-5 <m<n-% so B will not be defined on all of E. Another way to see this

and to specify D(f) 1is to write
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1
(2.10)  OBf(y) = r AT (0) Cos Aydh
o
A~ 1
where f(u) = )\m+/2F()\) from (2.7) with F € L)% . In order for ®Bf € L2 =F we

want also /f(u) € L)% so D(Q = ¥ nF. Similarly for B = f.Q we have G =

Jlg € F = L)% and PG is given by the formula (2.8); thus for PG to lie in E

~

—m=l . A
AT™ /ZG()\) € L2 or G € EG. Hence D(P) = F N . We note also that
N

we want

writing Bg(x) = <y(x,y),g(y)> with Y(x,y) = <H(x,H),l(y,H)> one obtains

-2m
r -%
(2.1 vouy) = ROy = s hy DT

(cf. (2.3.26)). A further study of (more general) formulas such as (2.6.90) is

also conducted in Carroll [39].
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